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Al 2%
5ol o] E 2 EA

o] Zell A= whiweol tish A oletal mhEw= g 2letr] ¢l Hach
20153 A o5t A} gt

2.1 "jF< A9
3741 B2bol A o] w5 ] Aol the Tt 2t
R0 1. B8] 34H¢] F7 Riof wjgd ) 2 wjmd ol E o

H(knot) o2} g}
Wi K& Wol A A2 wf et o]u] 2] vl K9] tholo 1
& (knot diagram)o|2t1 510, Wi KE A= 2] ¢ral HEPA|A K'o] THE
o] Auj v K'-2 K} 5] (equivalence) 2t et
& T 28O E [ 198 2)e Al QS (trefoil knot)¥} 8743 il
(figure eight knot) 2] Tho]o] 138 Liepfct.
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19 2: 824 wiE

=

22 T EHA]

- g € € - -

Aok § = {)cil"xizl2 ...xi]:k \x,-j € {xl,xz,...,x,,},e,-j € 7} thotod et

59 48 B v, x,0) BA o]t 1L, W sell= Qole] &
A2 a =" x kb= x? g of] TSkl

i sz Em |

&, €& €, &y
— 1 2 k 1
ab =X X, X X Xy Xy

2 Aol Q4to] ol ek s}t o] AAelA ab € SU W albE
%

89 2. FAFx1,x2,...,x, 0l HIo}] B Z]FRAFE 2 Y H = e A

7free group) o] 2} 5} 1 R AE& A 7] A(free basis) 211l BT,

2 (G,)°l thete] Z Go] RRAT Ho| the-L AT [ He
o GO] FE L (subgroup)©|Tt.

1. Y99 a,b,c e HO| tJ5}o] (a-b)-c=a- (b-c)o] A HE St

2. FE5 7t Hol et



3. REac Ho tgte] G a o] Ho Qltt.

B9 3. GO FEZNO] 99/ a€ Gof tfato] aN = NaQ uf F7
NE& FRE 7 normal subgroup) ]2} orct. QJofF(coset, {aN|a € G})
E o] 35S BHfactor group) o]} 5+ G/N 0 2 E S}

1A x = {x1,%2,..., X% } 2 BAE = it F(x)QF 7 Gof| tfs}o]
ARl o E5FAM v F(x) = G7F AoE uff AR wo] SH(kernel)
ker(y)2] €

2 2 2612} R = {[[aria 'a € F(x),r; € v C ker(y)}
of ker(y)7t El=r = {ri,r2,....rn} & A5 e RO Y4551

consequenced} SHCt.

Aol 4. xofrZ FHH (x: 1)y o HA|(group presentation) 2} 5F17, o]

o x5 A4 Bl(generator), v A QX relator) 2f 11 2FCF.

o FA] (x:r)yol tisto] xof ro] P4o] L7t GOl H HA]

4
Bl
>
=
:
o
<
wn

:s)ofl tiste] ZHz} rak 9] consequence=2] et

2 R, ST o1}y i FEJAMS v F(x) = F(x)/R = |x:r|,y(a) = [a],a

F(x)ot ot EEFAVEY F(y) = F(y)/S=y:s[.Y(b) = [b],b € F(y)°]
A

Ao, o F=EJAVS f F(x) = F(y),f(rj)= s2] consequence (r; € 1)

m

ol )to] Mol BE FA AL (xix) = (v:8) iy =Y/ & WL

T EEFAS S [x x| = [y s|o] EARIT(E thol o] 17l A1)



Aol 5. = HA (x:r)@ (y:s)of tjofo] HEA] ALEFf:(x:r) = (y:s),

g:(y:s) = (x:1)°] (fg).2F (gf )« 7F FSAFTOIH = HAAT f, g2

FHA] -EX](presentation equivalence) 2} THC}.

—

FA] (x:r)ol diste] oht T2 o R Bt x| 5 ®

T-1. r9] consequence sE A Q1 Ao & 7}gttt.

(x:r) = (x:rU{s})
T-2. r2] ¥4 ro] r— {r}2] consequence|H r& TA QA

(x:r) = (x:r—{r})

T3. x9] 447} obd F(x)9] 914 5 A4 L] A7tsha atg
2y (& BAAA A7RITEO = [GE F(x) 2 BAd 94)

(x:r) = (xU{y}:ruy ¢}

T-4. x| ¥4 x7F x— {x} o] YA Z o]FojH EXHIE x = Eo|H x&

ARQOIA AA ST AR PAAR x e A7 Gt

(x:r) = (x—{x}:r—{x &}

9] Y|7FA] HFH-2 Tietze B 8H(Tietze move)©|2} 5}l Tietze HEO 2

o HE

FA] (x:r)ol] oJ5te] A (y:s)E AT W F BA (x:1r)2 (y:s)E

6



Tietze = X|(Tietze equivalent)2tal Stct,
A 1 (Tietze A [10]). 7 FA] (x:x), (y:s)7F78Fo] L f:(x:r) = (y:
s), g:(y:s)— (x:r)7F HA] Tx[o]H (x :r) 2} (y: s)+= Tietze 5X|o]CF.



Al 37
5 thsd 2ug

ol FollMe miEa wFohs 7Fg AR 2 viEel o
5lo] A 2]51al o] & o]-85Fo] &elAtE ) 2 (Alexander matrix) & GLol=
e Aeshart B E
t] A (elementary ideal)7} 24t t}gk2](Alexander polynomial)o]| ths}

o] A olstaat g,

O
filo

—

&

QreiE YR PolHe 7] i ofo]

9] 6. 3219 FZIR3 ] Q= o F KR — K 9] 919]9] 7] H(base point)
po°ll Bo}e R —K O] 7|22 n(R> — K, po) & Pl K ©] B & knot group)
ozt gt

R? — K2 AAFO|ER2 R — Ko T Th2 A pjof thate] 7127
T(R3 — K, po) ¢} m(R3 — K, py) = & 5 (group isomorphic)o|c}. o] 2i3t
o]+ 7|7 (base point) AJ2¥ste] n(R? — K) 2 7+eds] A H

gtolgato] AE| ¥ (reidmeister move)-> 18 B} ZHo] A|71z| &2

7J oJ gt vjF tholo] 1§ o] gfolHuto] A E H Yol oo Db 2] et
AP =7 A w57 52 942 #gho] gint. matA] wigto] 2tolduto]
HEg ol oo EWlolgt A& Ho|d mjEto] iEe FAFe] &

£} 15 (polygonal knot)& §8H7H©] A0 o] 20i7] mlo]
ok AFSAE 2R R, P(x,y,2) = (x,3,0)0] J5ke] th2te wlE-g
AHGARE T ek o]m1 22w trelolLsolet gt mj thol



19 3: 2tolduto] 2F ¥

o1 12l0] ] 7 olAFe] Aol 2 el 4 WAks) ek, A WA A
SOl T o5 o] A1) BHAAE A g ol Y1
(regular position)2} gttt
A PR = R, P(x,y,z) = (x,,0)0] oJsto] AFgE %914
o7k o5 chojol Tale] o] Aad o, G wet ulg colo] el
Moz 92 WA 5 old|2 WA £ @A, BX ofd2

re
Jb

FAT F 912 DASHE T DAY Aolo] mAHHo] obd T HL

EAG FEL W tholol 1 2079 2202 et

F(x)7} 2o i B7L w59 Be duujaso Hdd o, &5
AL ¢ F(x) = (R? — K, po)= a7} R? — P(B) o] Q)= <=7 & (simple
path)2} 5} ¢(a) = [a] 2 2Jgheh a2 pooll A R*eH HayatA A= a2

A2 171A] o] 57t § af] Al o= Y QA aE whebA o]5stal

a®] EHOA #2082 R* e Py pod Aot FH7HA] St



po7tA ol &Rt Bl (loop)oltt. ae tiE2] ol AL el
LEZ TS Fol FFelal & 1 LHIAE A v =AtE Y

T Fe I | 1,

89 7. Hi& Ko tjo}o] viv= AT B A FoJ5 ei= AFZFF o] 1 viny; =
0,i # joIrt. {x1,x2,...,x,} 0] K] Qu]g Ao gj-§== A l(gener-
ator)o] 11 {91,0a,...,0,} 0] BA I} (relator)d o T(R> — K, po)2] FEA]
(presentation) (x1,X2,...,Xy : V1,V2,...,0, )9 Wirtinger IEA|(Wirtinger pre-

sentation) o] 2} itk (28 [5 2F17)

uﬂ%ﬁi—]—?—ﬂ ?:']1—(2— _J"_Ji_/\] (xl,xz,...,xn : 917927'--7‘711)(1)01]/‘—1

10



A xlﬂ \ ‘xsll s

—t —t

Xe; Xe,

. —1.—1._—1
Vj = XicXe, Xe, X5 Xg, Xg,

I8 5 AR £

ojlm g
D= (01 0im1) " (Pipr oo D) !
ojth. &, g WARJIA = U A (n— 1)7] ] A NAES] dd4te = 39

ot oh2hA] Wirtinger EA| =

A A

(xl,xz,...,xn . Vl,...,ﬁifl,ﬁile,...,vn)q)

o]t

oAAl 1. Y o5 K(ZFH 1) AL x1,x0,x30] 2 FARIRE §) =
x5 g v = x axaxg 9y = xg oxxg ol o ofakA] K O] w7 o]

I 5. ©
3L Fa

r

3 L1 -1 -1 ~1
(R — K) = |x1,X2,X3 1 X5 X1X3X] , X5 X2X|X,

11



o]t

Tietze 53] 0] mFafx3 = x| 'xox1 S o Y5

H ©O

TC(R3 — K) = \xl , X xflxglxlxlexgl\

= \xhxz L X1X2X1 :x2x1x2|
ofc}.

) 8. Y8t 2.9} 7 Gof diste] g ZG={ala =Y} mgw nk € Z,

gk € G} o] GO E 2 Fo} LG tjofo] tfg elgko] Fol & ufl, (ZG,+,)
= 2@ group ring) °| 2}l Q.

1Y mgi+ > mgk = (mi +ni) 8k

2. (Oomgr) - (Q_mg) = (min)gr- g

N9 9. - P} o} AYHE 217}] -5 Y2 x;ol Tfeho] 78
ofJA] vl E(derivative)

d

— 1 LF — ZF
ox;
2 999 a,b € LF o ts}o]
0 da  db
a—x](a—l—b) = E)Tc]—i—aixj
0 da ob

12



; 0, i#]
2. W _§, =
ox; ij =
I, i=j
d(kxi)) _ 7 0x;
3. ) — dn
o _ xf-lg
4. ox; — x—1 4
ax;l . —1 Bx,-
J T T

AA 2. 2o L]t FeFof 4] 9] njE-2 g3} Zro] AlXkek 4~ it

d
232 1.1 23 -2
=— (X3X7X3 XX Xy — X5X3X1X, X3)
BX3
3 1 3
2. 3%~ 2.-32 -1 -1 2X3—
= (1 —x3x7xy " —=—— — x3X7x3 "X5X; X3 ) — (%3
x3—1 X3 —

I +x§x§x1x£2)

= (1 —x3xiag > (3 + x5+ 1) —xaxiag xdx 'xg )

— (x%(x% +x3+1) —i—x%xgxlx;z)
232 1 71)

= (1= (03! 3 +257) — i gy g

— (x%(x% +x3+1) +x§x§x1x2_2)

X = (x1,%2,.. ., %) 7} Gt FO ZF-§71 2 0] v = (ry,72,. .., 7)<
T+ EA (x:r)& 1852 E5HAMY v F — F/R = |x : r|9} opl st
At (abelianizer) o : F/R — F/(RU{[x;,x;] :i,j =1,2,...,n})E &2
2 §dolsl ST 4 9L oPsh AV ool of3) A7) ohustE 28

H=F/(RU {[x,-,xj] i, j= 1,2,...,n})0]a]— SFAF.([x7, %] :xixjxflx;l).

13



B9 10. FE |aijllmxns

of] o]ofo] ot uff o] PG  HA] (x:r) 2] YERIe] FE(Alexander
matrix)©] 2} g},

J
) Y o
ZF — ZF = Z|x:x| = ZH

e 2. 0520 HA] (X:1) = (X1,X0,. - Xy 1 11,7250, 1) OJA] 25
, 9J7]A] R r 9] consequence®} o SF AFLF
(abelianizer) o.: F /R — F /(RU{[xi,xj] :i,j=1,2,...,n}) o]2} }2F o]
mj ot Ao g =tk

Ay F = F/R =

ay(x) =oy(x;) i, j=12,....n

T e EA (xi1) = (x1,00, . X 1 71,72, 1) O A BAI VR 1y

= —1, & —& €l /n. T o=
Lxxlesz x x8 XXX (g, =DH)E2 TAHT]

= oy(xX jixz X W Xs 1x;k£k .. .xjffzx;gl)
= Oc'y(xKxgl)
= ay(xe) oy(vg ')

= ouy(xe) ory(xs)

14



whebA () = oy(ag) ol et O

)
a1 = owa(xyx—yxy) =oay(l+xy—y)

=1—1+41?

d
ap = (Wa*y (xyx — yxy) = ory(x — 1 — yx)

wa A SFe b e A H1 i —1q—elor

Ao 11. 2 HA] (x:1) ] L FH Ay = |aij| ZFS0] oFHd F+
kol tiste] A°] (n—k) x (n—k) F-2FH FE2] 25 Y == of
ojt] dE kA 7]E ofo]t] (k-th elementary ideal) O] 2} SF1 Ex(A) 2
FHot] (n—k) >mQl F-2 Ex(A) =0, (n—k) <0 -] Ex(A)=
1.2 Y& ofo]r] g 2 g ofgtt.

D) x (n— (k+1) BEFL] ALA]0] 4 Ao o]

2 Ey CEg 0t

A 3. 7o 2ghro] ke 2] " FH o] Tol(unit) S T 2
ek

15



S RN ZH = L], p(3 L _waiti) =17" Y0 aiti (n a; #
091 i 5 7P 22 el tiste] a7t ZH 9] @8]0 H ab = ba= 131 a2] <
H b(€ ZH)7} AR 1 =p(1) = p(ab) = p(a)p(b)°| 22 p(a)E Zl!]
o] h9jolrt. Z[1] 9] ©9l= +1%O|BR p(a) =1 "a = £10]Th. wHetA]
a = +r"o|th. O

oA 4. Aje) Hl5-0] ohelile] e A — Hl_mz el erE @
o (1—14+12)2 G E ofo]C] 0|7 k > 20] B E(A) = 1.2 5=

ofo]t] o]t
% 2 ASA'S] thste] W A7} oS el wetA’o] D w4~ A

g Lt FES o] Hetel H ol s A1EA 57HA] ol tiste] Frg st



G ASEA'S] (n— k) x (n— k) B2

(¢}

i

)

Ex(A)o]ct.

HOR E(A) = E(AT)ot.

Ex(A)

ER R

g

3~ 4.

2 A9 o4

2

5.

Ey(A")o]Al F7}d

k+1(A) =

CE

JEA T o B R Ei(A)

[e}

1o

ol

s

ol |
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Wol EFD 49 BBA] (1—k+1) x <n—k+1>94 BRaYel
DAL 09k AP A (n—k) x (n— k) FEAL| YAz

Ex(A") C Ex(A)o]tt. kA Ey(A) = Ey(A")o]ck.

Tietze move 1: AL x = {x1,x2,..., %, } T TAIJNZ v = {r1,72,...,7m}
62 o|Fojx HA] (x:r), re consequence s7} F7He ZA| (x:rUs)o
oto] (x:r) — (x:rUs)o] =& Tietze H2to|t}. s7} ro| consequence
O]E_Es:Hizl(akri’Z"ak )2 EH

(ax]) G’Y(a ( rﬁal )+a1ri1 al gj(aﬂg‘lz )+

18



= habad § i ] P —1
o (axj) ( (ax])+ (Cll i _1) (axj) Y(alri| a; )(X’(ax])
a 122 71 a i2
Hrarla G Hrart e P G
=1 —1 2 . Pr —1 day
Yarrf ay arfiay V(5 2) + o+ el a v )
J k=1 J
- or ! day
+y(] [(art a; ar-"—)x( ax’j’)—v(H(akrika; 1))7(5))
k=1 k=1
or; da
_ pi— 1 i odr
= oG+ DG~
n <a“2>+ (@ 4oty )Y() —y(22)
day . or; day
+ --+y(a—)+y(al(rp +or 4 1))y (87) (gj))
ar;
= aY(ap )G + Y @p2¥(52) + -+ Yap)(5)

A (x:0)T (x:rUs) 2 A= LAY FE A A2 Gt
PP | FA WA 2, 3] eJsto] FA| o] B2 Ex(A) = Ex(A)o]Th.
Tietze move 2: Y x = {x1,x2,..., %, } T JAJZ r = {r1,r2,...,rm}
O = o]Foql HA| (x:r), x9| Y27t obd A yE FTHEAIA
y={C8(Ce F(x)9] A 2 9a))7t A (xU{y}:rU{C})ell Histe] (x:
r) = (xU{y} :rU{y{"'})o] E]i= Tietze Hgto|th.

or, ¢! ¢!
G =001 %) = (%) <1
J

19



olal, A (x:r)¥ (x:rUs) 2 A== LY YL A A" ti5to]

A O
A=
a 1
O] B2 A ~ A'O|T}. Wk Ey(A) = E¢(4')o]ck. 0

Tietze A& ©]-g§oto] 7hdst & BA|Z st o]2HE I

A0 12, o520 FF HAL (X:1) = (X1,X2, -, Xy S 1,120 oy T) 2] SFE]
e G AsF-2o] oftl kol 5] AS] BE (n— k) x (n— k) S22
Po] Y o] HefForrg kA o (ke knot polynomial)
ole} ol Ay &2 BT (n—k) >mel FLo Ay=0, (n—k) <09

20



|52 Wirtinger EA] (x: r)2 n7] 2] AL} (n—1)7129] #A Q]
Aw BAHT o] mAO] TN A AT A =

E\(A) = Ey(A)o]th. B8 A9l BE (n—1) x (n—1) <
A shibe] HEAEe] APANE 00] ohHE Ei(4)S AR AAHE
ofo]t] o]k,

39 13. 194 b o] A& FEE] @ 4](Alexander polyno-
mial) 0|2} SF1 1& o] AC Hot.

fu
=S
el
ol

A 5. A 5] Fesie] P A= ‘“Hz e en e

of She A TFFATE A) = 1 —1+12 o]tk

21



o] Aol Az A2} QAT thabAl, 7|2 ofo|t] g& Toret

41 A 5] E2e G

N

e

22



7} =k 1822 A = 101 E= 12 AAELE ofo]t]dolthk > 1)

4.2 Torus WJ5(7T(2,2¢+1))

N\
AN

2+ 1H WA= of

rr
lly

719 7: Torus &

I[Pl EAH vl 5 tho]o] 18-S AF8-51] Torus W5 2] w572

(R — K) = |x1,x2 ¢ (x1x2)8x1 = (x2x1 )82

o] Hck. o] 2HE FelitE WYL TFahul,
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Abstract

Algebraic invariants of knot based on elementary ideal

and Alexander polynomoial

Yeseul Kim
Mathematics Education Major
Graduate School of Education

Sungshin University

Knot is an embedded circle in a real 3-space R? or a closed 3-dimensional
sphere S3. In the article we studied knot group, a well known classical invari-
ant of knot, Alexander matrix which is obtained from a finite group presen-
tation of knot group via Fox’s free differential calculus and its elementary
ideals and Alexander polynomial. Especially, we studied some conditions
when two knots share the same Alexander polynomial or elementary ide-
als. Finally, we give several explicit computation of knot group, Alexander
matrix, elementary ideals and Alexander polynomial for various family of

knots.

Keywords : Alexander polynomial, elementary ideal
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