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AN A X #00] H =5 3ot o] Z A 817] 9 sto] W 5ol & E8h=
QRS vk PAAL 0% A 20 g 27 b
Aol

(@ 7Hvy () —5 <1 < 148014 B Cmgol
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=
A
(o2}
A
[\
S
=2
>

(e) WY x; < —30174‘4 xp > 12ia ol delef sl tish vylx) =

o]t AR HE Y FF2 ol Hel7] FEA T M 57k ng}
2o @5 vxn) A E FeE HF T 5 AL 5708 SojEE
AAE e vn)d g= o2 W s =02 wl= 34 Srd= 2

Ul 3ol A e g Xl A ths e g X2 vkE 4 Qlk
- d d d d d
X:zvp()ﬂ)aix]—"'—ZX}LTXK—Z.X}L_Hm‘FzX;\‘_Fzm‘F'"+2xma

2 Y2 pEp=x+x3+ 45,22 FJHA U CFF0| 1,
Vo(x1)E W 5ol tisl & pE AT JEZF {v(x)}, 22 HE o
ol Fth J&EF {vi(x)}:S 27 ©F (Dol o3 X & ceF 228 U
BTN X9k A G X FHA AWA F5x0E 9ol 9
A ko 00] ofY i, xF ol A e X2 28] 2vo(x;) <O0(p =0)S
BESlEZ X £0o|th 2322 U] BE oA X £00]Th
XecdReEa Uy FERFANA X A7 w2l XE U
gre] Rg oA X9} Zo] Wi Al B3 AolH MAA S WE G

£ Qe 4 Atk 5 e X9y 09} 22 2w thach
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e}

B M - R AEKAA AAR pia1 & pis TFFME
Ak WEF Y S AAH Feghol 05 A =5 SRR Y
o] FZRE 77tolo| M AR EE Y] BE HEFANL Y| FA M =
N eima+e)& 58l Mol E0171 A AA oM = fci+e)E 53
U7tk o] AL 0] &5t MY B F M - RE ¢ r+eo A ¢i+¢e

7AYo AR DAL e} Zolels el e B4

u
oX,
1o
ok
¥
%0,
b =

A 0] 2.5.11. [B] FANEmY t}YEA Noj Al So] 2L AF3HS 7
& 12}

N' = NUyD* x D"

o] Ao AHES] ZH]OxD" o] FAOxD" *ENHEL] o] 7
(belt sphere) 2} 11 F-E T} o] u] FZ(belt sphere)=0N' o] EYHAm—A—1
Z}-¢le] o]k
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T3l —gE WY 0AEY] 7 S NI HES T = Aok =, g9
mAE2] e 170tk 28 B2 "y H g= 2F st 0= m
AEE ztett -
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Al 2 2] WEES At E B3y fo] gt 28 siH
b, 7bst o 2 224 H(sphere)$} AR 3 W (projective plane)ol|] T 3

] AL

o
of

o 3.1.1. [B] 29 F~ P E
82 = {(x1,x2,%3) | x] 4+ 23 +23 =1}
2 HJolslu BAgs f:8? - RE oF237 Zro] F 9 51k,
flx1,x2,x3) = x3

olZA Fo]st g f& F&E x39) U oF 3= 0] $F(height fuction) 2} 11

Sto) f7F i Hol= A2 28 2A9] Qoo FxEA oof thdke]

foo ' 7t | BIbsdlre Ao]B g x| $2o] Fx Aol tjs) 2FuiH)
Huy]

A HAL Bupo] ek FEAE oy (x,x0) = (x5, /1 (2 +22))
2} 5131, Wrubrol o 3k FEAE 05 (x1,x0) = (v1,%2,— /1 — (2 +2))

2} 5pAL 28] W o] AL dso 0y (x1,x2) = (x1,x02) S R T3 +xF =1
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of 4] C= o] B2 §*= v 112]-¢ T} YA 71 H Cf.

B zZkFFzA A AAEE 5 B H WA Bk A=
~1_ 2, 2 Afooy) _  —x Afody) _
fooy =4/1—(x7+x35)0]BEE axlN = \/17(x%+x§)’ &)sz - \/1,(x§+x§)
o] Hrk 28] B & (0,0)0 A AIZ o] SAekry. ESE A (0,0)2

0
A E L Hfoy11(0,0) = o] Tk detH 1) # 00| 2
0 -1

2 F4H e dAFe] Hu A Ep20]BR YAF 1] 2HE 0] ]S
Hr) e Pkl AE fooy! = —\ /I - (2 4+xd)ojmz W)

4 Wets) _ o 4] o) A A
V1-(3+3) o V1-(3+23) ol "t Z2E B2 (0,0)°4 A

ZA gL m8 YA (0,0)9] AAFEL H ypy1)(0,0) =

o k. detH ;. 1

2 QA -1 0d s o] tiSHT f= 42 dAH e A 5hE

A
o
|o
i
rr
>
o
o,
W=

(projective plane)2] 3 EF &of tf 3] Lo} X =}

o) 3.1.2. [B]33HY R EFE FUHR A AFES A= RE JHE

o RgHe 2 s A E P2 Dgle] 728 A
otk o] ofd o of H (x, xwﬂ) 141 FH I (x1,%2,x3) & A =



(V1,32,33)= A 0 (x1,x2,x3) = (Qyy,0y2,0y3) = THE3f= o] of
Y gl o) ZA)of stk &, 9 2 AL P2o] = Ao] Ao] oz F=

dogEzdolt 28 B2 [x),x,x3] = [y1,y2,y3] o] HLF.

H 2AE o] g3 PP HAEYS B 5 Uk Pro] Yoo
A e, x2,530 00 Bl 2 +y3+33 =19 F (v1,32,y3) ] 2 S WHE5}
ozt EA ] o] 71A] (y1,y2,y3) & B 7579 Folrk Yo 2 Fof
A [reyx0,x3]2 &2 (vi,32,3) 22 Gl 2] 7] w2l [y1,y2,3]
ANAT (y1,y2,y3) 2 Th= A4 8 — P2S 9d<=0] FAFolT) 2=
HIYE o]ng AL ofn] 2] ¢l PP I E o).

P o] ARG S = PP AFY o] e 2Tk o] AFY A2 87 0] =
(1,72,33), (=y1,—y2,—y3) S P?o] 22 o & Hul=2—1 Apalol L.

g4~ f: P2 > RE thed} Zo] o] 3pA}.

alx% + agx% + a%
X7 +x3 4 x3

fx1,x2,x3])) =

i
&=
[
=,
o
2,
Q
o)
&
k1
et
My
g
Mo
&
RS
X,
52
lo
(g
il
~
[N}
do
=,
iy

OI'EH%ZXI' i'§— _Z/—gﬁ‘]—_ﬂ Xi 7£ 0?_7 szoﬂl ng [xl,X2,X3] =
g Ze B U= P2 A golck o & Sofi=20] W kg Zo]
A o) U9 ol 2318 FAFFEA (X, %) 7F EA B

Yol HojEl fol A Hro) BAE2Z U fo] ZAFFEA (X),Xs)
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EES L e
- a1X12+a2 +azX;
f(XlaXZ)_ X12+1+X22
AA zk= 27] A3l Xy 00 tfsl] f& v]ZoFH
ai 2X2{(a3—a1)X12+(a3—a2)}
0X> (X2 +X}+1)2
| Eek a3 > a;(j = 1,2) ] ¥ o) 002 ¥ X, = 0] of
o5 X = 09 o[ A] fo] S48 f |x,—0= L& 31H
£l _ 611X12+ag
L ¢ I
ojct. A2} & o]FE X, 9 th3l f x,—0= P|ZolH o] p]iEo] 09 A
I X; =00] AL Fx]o]r}. o] FFE AL H FE2Y U U+
Fol AAFE WEA X, =X, =00 c) S U I9] fo] YAHL oz
FEA4 (X1,X)+= gF (0,0) o]tk 22 B Z [x1,x,x3] 9 A1 [1,0,0], [0,1,0],
[0,0,1] o] U9l ol A] 7 &+ QA o] H .
o] YA ZofA fo] sAHFE-S ) zHd 2] o] JEL BF09 FE
o]tk Uy ol A1 9] A [1,0,019] sljA] & & &
2(02—611) 0
2(a3—a1)
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ol Uyl A9 A1 [0,1,0] 9] 34 &2

0 2(az —ap)

o]a1 Usoll A 2] YA [0,0,1]9] sljA ¥ &2

otk a; < ay < az o] 2 & det(H) #£00] Hr}. 18 B2 fi= BAglso]
ok =k A F [1,0,0]2 X3 7F00] 32 YA A [0,1,0]-2 X F7F10] 12
AAH10,0,1]& R]Z 7} 271 H ok

2B g P2 S a go] dlER o] Hrl.
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231 32k vhgAl ek shAt.
Aot BATE M - R EA

23} 2ol

SIA o

UR) Uk

URHU R UhU--

ROumiuniu..

M

b 2 g2 2 5 97w N

2 NojgT 3

=4
2 2] 2 (genus) 7} k70 91

A A oH;

23 Hghal &ch a8 d

a

S e

3
214 2~ (genus) 7} k9l FE E 4

-
-
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b
)
oy
e
=

3tk elw N - f9}

N* =M —int(N) o] 2taL
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RS o] Bk 28 mE N o) Aae) A5t Mo 285 9} 2.
Z N 159 ol Zou 7 k7folt} Z2|B & N* 2 No|t} 1A

olFA ME EH3 AL Ay ke 3] 7F=F SH(Heegaard splitting) ©]

A2l BET N A 1859 W FEkrle] Aoz £

a1 o] 2 3t Y55 v gt SH(meridian) o] 2} - 23 my,my, -+, 2 &
EHEAL vl LA Nl Ao W T b mi,m3, - mi 2 A2 3L
N 9] 1E-E Mo A 2] 2l S0l B2 N*9] 2|t e Mol A £o]

aHB g 3 7}5%_‘—@M:NU¢N*01W Hol= A @ ON* — ON
ol ml A & Tk} ot Aol 3t

= Q(my), 2 = @(m3), -+, = @(my)

Aol 321, [5] A2 k72l HEHIT] N2 ONH o] HAH dofzl &
= w o, e A A A= (Nun o, k) & M2 3] 7FE tfo]

o] 7 #(Heegaard diagram) ©] 2} 11 22

<]

fis

i)



BRAe 322, [5] 3]7F= t}o]o] 28 (Nsuy,u,- -+ ux) S 7 Y SHA
M2e] o2& Y EFYlES 2 sk

A2 k) Q1 ASuH NN o] k7l o] M2 4Ql b &3 5
A, w0l AYE FARAE (Nup, o, )= M| 3] 7HE T
ojo]Z2 g} o] oYt} 3| 7t= tholoj 2ol H7) Y& B FE XL
pis 2, s WEF N9 O 23150 k7 0] o X Aty

(Nsui,u2, -+ k)

o] A (ONsp1,po,--- ) 7t 8% 0] o] oF Tk,

ol 3.23. [5]32H¢ AFYFZHPP 2] 3] 71E tho]o] 2 & Fropi AL P

o s Bee AdHE PE BT AAE Ho]

(H
)
o
&)
.
Mo
ogh

P’ =run'urrunr’

ae8]Bg PP Y19 3 7tE 28-S JpRTL A2k 1¢]

L
Wl

HFE] N-& YA E & A(solid torus) S' x D>} n] 253 o]r}. §'o] 3
805 27 31o] {80} x D> 1] ] ] ¢k mo] 2} 3}31 ON o A] W 2] T] Ok m
I} 3t FHoj A vhif= thss ©FE] F 4 1S F X% E(longitude) 2} 3171 EHC
vl 2] ] ok me] A e 2 sl A & 2] 2(solid torus) = 2] &9 ARl
o FAdHE FAFES] HYL F IR hrk 2efA] of 7] oD
o FAFEIZH S x {9} o] FEfo] Bol <

*
m,

o
ot
T,
=
(=}

o
K

222 ¥ ON-H 2] 7] H(base point) ©] xg = (80,00) ¢! 7] &7 11 (N, x0)
2 29} s oltk 2822 FXFE+ YA H(generate) o] F T} 32}
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>

el
of,
ol
N
T
rlr

anj
o
ol

F Ef 2] Al ZE(cell) EEE Fo]FITE
PP =duelulue’

TefA] PP=Pro Al ZE B3 LUel Uete] TR 3o 2 FolZiT 18
B Z (P xy) 2w (P xy) 27,5 H=r)

A AH 2R E g B3 3 us PPY] F]71E thojo] 2@ o2
Fold md 22 WFoz 2 HAof strfe AS & ok 29
2 I ONG EYAHFE 3 Foll v]EEF A filope 1 St x D2 —
S' x 0D*& o]-§3d}o] T} BZEZ f: (I,0]) — (S' x dD?,x9) L & U]
Ald = 3tk

f(t) = (4mt, +2mr)

o 919 gojolAl S' xop* o] th et FHEL Zhez FolA 1 I FLE
xo = (0,0)0]c}. 28] E P39 3]7lE rtlo]o] 1L ]S I
ok

719 2: Po] 8] 74 tholo] 1 [3]

of 3.2.4. [3] 39} C2o B {(z1,22) | a1 + |z2* = 1} S I A
HZAL p,g= AFeg=0] 32 p > 29 t3] (p,q) = 1°]2Fal 3FRE ZF3HA
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1<qg<p-—12t3 7IF3x. 2] k€ Z°]3Z w=exp(2n/—1/p) ]
of 5

(21,75) = (W'z1,w2))
duf o F A (21,2)F (2,4)S 3L AL 5 (21,22) ~

(z),25) 8t FE3IAE 18] H dA ~+ & X]d A (equivalent relation)

o1z o] #A ] o 3t 579 FFIE (p,q)2] #Z=FZHlens space) 2}l

i

2z

e

L(p,q) =S/ ~

H2FZL S = 5 Qe 23l 3319 A o)L 3= L(p,q)

>

=<
of,
o

&)
T,
rlr

)
Y

ol

)
=
™
il

o
N

O
S
5
30,
A

o] zko] Bo 2 HFE (80,00)F & - ATk 282 F=Z f:(1,0]) —
(Sl anQ,xo)%

f(t) = (4npt,2nqt)

o= G5z o 714 x, = (0,0) o]tk pE Fzof o3 LpEL}E g
w g3 FHoz ottty apxl. 28 ¥ (N,u)2 L(p,q)2] 3]7F=
tfo] o] z g o] o}.
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3.3 4z ©FA 9 4

T A 7 4xpd ol L AF ol ASHH E o] 88

+ 2k 9l ulE (Laudenbach) 2} 3 of] L} (Poenaru) 2] 57 wh-Z ol 3=

H (attacing region)2 H Y J 7} itk =, 08 & Do) 3 A

1o
i
rlr
4z

_‘f_
A o) gE S (framed circle)T o] UERdTh 1152 AR ¢

Sl o3l g R} o
] 4E w52 oS! x (0,0)2}F A R3ekol A 159 HhiH(normal
bundle)] 7 F A 2 £ (orthonormal framing) e = {u,v} ol &3] 2 A}
E(framing) e= @(x,A,V) = (x,Au+wv)ol &3 ZF A} o Ko W}
T 2 E<LW A (right hand law) S AF8-8Fo] 3hute] R B 7 ol Th&
vE 2R a8 B R g2l Kol B A2 n(S0,) = Zol| o3l vf

Aot 4 Y 5L ZAATHAELS 05 upS k¥l Lo} B2 WE R

oY 2AMEL MATL 0:5' xD? =R C

—_—

t}. o] 24 Jeh= EQA(framed circle) 52 C1,Ca, - ,Cr
o2 BH3E o3 71AH C=g;(S' x (0,0)) 22 7rdsHA R 2]

Aol 33.1. [O] (N:Cy,Ca,---,C)E 4XF9 T} YA o] AH] tlo]o] 2
ojgkal gtrf. of 7] 4] N2 0l 53} 195 o] & 2l En}fr] o]k
A e3.32. [B]SPere] AR o] MR Hel FHEC, G-, G
AL =ClUCU---UC= & F(link)2F2Z 3FC].

ofLfe] thes &3l 4 C1 2 2 7 H J=ZE v 5(knot) o] 2F FE
ol J3+ 783 W& ME59 A 24 g otk
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T A AR A T B3 T4 €, Gl tiE 259 W] 9l

©9 € CAFol 9] A d(linking number) 1 A7 2 A Th A A
(linking number)+= Link(Cy,G) 2.2 A AT C13 9] g &o] vl
% Link(Cy,G)- BH Al 9=tk G133 G 7 A A Al = 2ol A 29
I8 LAY AAAY +12 AEAH AAAHE-10] Fo|Xh
ZHA o] A A Y &2 FAIS o] A AA A= Y
#=e EF HoHH Link(C, )& F+ W AL #4547 "k

XX

I7 3 g3 tholoj oA AX A R £T 3

o) 3.3.3. B4 7~ SHE
St={(x1,x, - x5) [ 5+ a5 = 1}
2 ST HAFS f:50 RE t}23F Zo] F 54,
flxr,x2,-+,x5) = x5
o] GA Fe]st gt fE F3E x50 tht = o] G (height fuction)2f 1

ghok 2 2] H 22k 79] oA F YA F (0,0,0,0,1)8] XE=00]37 ¢
0,—1)°] X F=47)Hr) 2e8]Bz2 4200574

-

&
i
fu

A7 (0,0,0,



RV
oX,
i
e
tn
M
et
o
A
™,
O
N

ojtk. 2e]u 2 §te] An] tlo]o] 2 (DY) 2.2 H]o] Y= tho]o] 2
#o] Hrt.

o 334. [5] > x 2] HEHE ) tfsf FolH AL FF f: 57— R}
g: 8% - RE Z0] 8 (height fuction) 2 23l 1 <A < B9l &l
A,Bof T)3l] 3t F = (A+ f)(B+g) : 8> x * - RE #o]3}xL. 28]
W 589 2 45 ABE WJHH Fe §? x§9] Z2347) At
Shrel §* x $2 9] 929 A (p,q) & A sIAE 22|12 H po] ZA =
2HEAE (xi,:0) 2} 3t H g 2A F2FEAE (y1,) 2L AL

H 3 (p,q) 8 24 FA2FHEAE (x1,x,y1,02) 22 F& 5 Aok
¥ —L(B+g)olZ =LA+ [)olBRZA>|f|o] B> g ] A,B
& «gste fo AAH pool A $(po.q) = 0211 g2 FAH g,°041
3 (p.g0) = 01Tk 22] 22 Fo] 4AHE FEE (poyqo) o] Fol
AEE poetgod AEES Foz FIHLL fof g0 YAHL 270
B8 F& AE7H0,2,2 283249 YA 47071 EAjshe A g

J(A—D)(B+1),(A+1)(B—1),(A+1)(B+1)

§? x §? = D*UD? x D*UD?* x D* UD*

ojtk. 2e]B 2 §* x §22] Au] t}o]o] ZHE (D*: C1,Cr) E o] F oA
ek D' o] A ID* =SB of A 28 59] Bo]i= 7} o] A o] Q=]
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AL & QoL 2822 C\3 G2 o ZE5(linking number)= 15 7}

13 4: 571 B 3]

2|2 22Fo] Eframe) 0L 7T 5, §*x $29] #]n] tholo] 1 e L

0 0

217 5: 8% x 5 An] thejo] L= [3]

o 3.3.5. [5] CP*o] HERT] sl Lofi . C={(z1,22,23) |z €

-—

)
C, i={1,2,3}}& 328 Bz groleta i) 22318 HaA1 g3
A

W

CP’:= B9 29 Hopzg 7H gAoln 43& A= C
FRFolA S BE A FgolTh o] 7] FHA 2 Ha)
oju]spA] el dukA o2 CP2o] bl 4otk E e o] L} A= A
k. A F o2 C 9 F (u1,22,23)2 CP2 o] F

AL o] & a,2,53]2E AR [21,22,23] = [wi, w2, w3] Y
=

Nu
o
o

lo
6

[m
K
1)
e,
&
2
N
e Hu

N

A2 (21,22,23) = (owr, 0wz, 0m3) 21 G o] ofd B2 a7} &
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A a) <ay <azol] O3 &= f: CP?> - RE H 2 3}A%

a |z’ +ax )zl + a3 |z

f(Zl 22 Z3) =
o 21 [* + |22 + |z3)?

AFgFwo] Jol sk iy o2 ol LS 1 8F L 7; 091
21,22,23) 9 A UE Fo]e}A}). 28] W U= CP? 2] 7] 21ko] Tk
22 23

Zl = 7722 -
<1 21

oz YolF 22l F2FEA T SA T (Z1,22) € ol-& 5k

a1+ a2 |21 |* + a3 | 23|

f(Z21,2,) =
L+ 21)* + |2

oz & dut Hdz=X;+v-1Y,(j=1,2) o] e} 39, |z, =x7 +

Y? otk fE 4709 W5 (X1,Y1, X, Y2) €] F2 HE5hE ALY F A

f
CP> —» RE3709 YAHE 71X 159 A F+=0,2 1831 4°]T],
aeEZ CPY AELTL

CP? = Dp*uD?* x D*UD*

o] c}.

[1,0,0)9] 2 #=00] 1 o] Fof tf-g3}= LBD* =D ={[1,22,23] |
22 + |z3|* < 138 ZFRITE [0,1,0)9] A #=20]12 o] 285 tf-g3}
£ Z70]D*E=D*={[z1,1,0]| || <1} 22 FofFcl Y F D ND?
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C={[1,¢°,0] | 0 € R}y 7} Hr} ze]m2 CP29] #u] tfojo] =
D*:C)2 Do} FA D =P EEF e YcE FHHL)(C

rlr

—~

= 5 = 2F 4 (unknotted curve) 2. 2 4] Z gl iS5 (unknot) O] Lf
L SL ol 5(trivial knot) ©]TF) C9] E(frame)S g 10|t} Z#EZ
CP22) A cholo 1S 33} Zo] P & o

1% 6: CP? #u] tholo] 13 [3]

o 3.3.6. [ 246 Yfishtail) F= F = {[x1,x2,%3] € CP? | x123 = x3 +
xaxholok [B] o] A& WE Eefo]l G A4l & A7 W 3lpe] XH7] i
ZWself intersection) S 712l St kol B QlH §Po] FHE 2y 2t
5, WEHIL 2 A 2873 Zo] 1HE 2HES 717 B2 BALE 5

e

a9 7: F] An| tholoj 13 [2]

AXZ(cusp) C+= C = {[x1,x2,x3) € CP? |x3x2 —xl} |cF 3] o] A
S W& Eelo]di} JHE A7) 18 87 o] 0E(frame)S 7FT
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s 5 8t = FU —Foleh o] uf F7€ me} o]t Age 2

Hso] Fio]e] A QE u] F(belt sphere) 7} —F 2] 2H 2] £o]+=
“H(attaching sphere) 2 2282 2 0ES 7}7 23 50] E4] Hrl o] uj
2ol AFE thea Zo] 1Al 5 2W 59 FAE v AR o] B2 E

ado s f 2
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Abstract

Study on 4-dimensional manifolds
using Morse theory

Ji-Young Hwang

Major in Mathematics Education
Graduate School of Education
Sungshin Women’s University

Supervised by Ki-Heon Yun , Ph. D.

We study handlebody decomposition of a smooth manifold by studying
Morse function which is defined on it. That means, we can find different
handlebody decompositions of a given smooth manifold and we also find
some relations between these two handlebody decompositions. It gives a
strong method whether two given smooth manifolds are diffeomorphic or
not.

At first, we will define Morse function and we will study the existence
problem of Morse function on a given closed smooth manifold. After that,
we will find a method how to change the Morse function to another Morse
function which are defined on the same smooth manifold. By studying this
kind of modification of Morse function, we can find two operations, handle
sliding and handle cancellation, which do not change the smooth structure

of a given smooth manifold.
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Lastly, we will find several examples of Morse functions which are
defined on closed surfaces, closed three manifolds and some easy example

of 4-manifolds such as $*, $2 x §2 and CP>.

Keywords : manifild, morse function, handlebody
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