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1. Introduction

Let R = k[x0, x1, · · · , xn] = ⊕i≥0Ri, k an algebraically closed field

of characteristic 0, and let I be a homogeneous ideal of R, A = R/I.

The Hilbert function of A, HA : N → N, (or sometimes H(A,−))

defined by

HA(t) = dimk Rt − dimk It.

We consider standard Artinian algebras A = R/I, where I is a ho-

mogeneous ideal of R. The h-vector of A is h(A) := (h0, h1, . . . , hs)

where hi = dimk Ai = dimk Ri − dimk Ii and s is the last index such

that dimk Ak 6= 0. We call s the socle degree A. Moreover, we shall

assume that I does not contain any non-zero forms of degree 1 and n

is defined as the codimension of A.

Let R = k[x0, . . . , xn] and let A = R/I be a Cohen-Macaulay ring of

dimension d. Let

0 → Fn−(d−1) → · · · → F1 → I → 0

be a minimal free resolution of I. A is a level algebra if Fn−(d−1) =

Rm(−s), for some s > 0.

The sequence {hi}i≥0 (with h0 = 1 and h1 ≤ n) is called an

O-sequence if there is a homogeneous ideal I ⊂ R such that if A =

R/I then HA(i) = hi. In particular, the h-vector h = (1, n, h2, · · · , hs)

is called an O-sequence if there is an Artinian quotient A of R whose

h-vector is h. The h-vector h = (1, n, h2, · · · , hs) is called a level O-

sequence if there is an Artinian level algebra having h-vector h (see
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[1]–[5], [7]–[9], [11], [13], [14]). Moreover, we say that the sequence is a

Gorenstein sequence if it is a level O-sequence with hs = 1 (see [2],

[4], [9]). When hs 6= 0 we say that s + 1 is the length of the sequence.

For graded Artinian level algebras, it has been recently studied (see

[2]–[5], [7], [8], [11], [13], [14]).

Let A be a ring and M an A-module. An element a of A is said

M-regular if it is not a zero-divisor on M , i.e., if M
a→ M is injective.

The set of the M -regular elements is a multiplicative subset of A.

We say a1, a2, · · · , ar is an M-regular sequence (or simply M -

sequence) if the following conditions are satisfied:

(1) ∀1 ≤ i ≤ r, a1 is not a zero-divisor on M/(a1, a2, · · · , ai−1)M ,

(2) M 6= aM .

When all ai belong to an ideal I we say a1, a2, · · · , ar is an

M-regular sequence in I.

A total order on the monomials of each degree is said to be a term

order if

(1) x1 > · · · > xn, and

(2) m1 ≥ m2 implies mm1 ≥ mm2 for any monomials m, m1 and

m2.

The lexicographic order is a term order defined to be xi1
1 · · ·xin

n >

xj1
1 · · · xjn

n if and only if

(1)
∑

it >
∑

jt or
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(2)
∑

it =
∑

jt and there is s such that it = jt for t < s ≤ n and

is > js.

Let S be a subset of all monomials in R. S is a lex-segment if a

monomial m of degree d is in S, then every monomial m′ of degree d

in Rd such that m′ > m is in S. Let I =
⊕

t≥0 It be a graded ideal

of R. We say that I is a lex-segment ideal if for every t ≥ 0, It is

generated (as a vector space) by a lex-segment.

Let I be a lex-segment ideal of R = k[x, y, z] with Hilbert function

H = (1, 3, 4, 5, 6, 4, 3). Then the minimal free resolution of R/I is

0 → R2(−7) ⊕ R(−8) ⊕ R3(−9) → R(−3) ⊕ R5(−6) ⊕ R2(−7) ⊕

R6(−8) → R2(−2) ⊕ R3(−5) ⊕ R(−6) ⊕R3(−7) → R → R/I → 0.

As we see from the minimal free resolution of R/I above, we cannot

say if the Hilbert function H is level or not.

The goal of this thesis is to prove that the h-vector

(1, 3, 4, 5, . . . , 6, 4, 3)

cannot be level in general (see Theorem 7) using the theory of inverse

systems or Macaulauy duality (see [6] for more details).
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2. Inverse Systems

We now recall a very interesting method for construsting Artinian

level algebras. This method is based on the idea of Macaulay’s In-

verse Systems. We will only give a quick review of the method and

refer the reader [6] for more details.

Let R = k[x1, · · · , xn] and S = k[y1, · · · , yn]. We can consider S as

a graded R-module by: if F ∈ Sj then xi ◦F = ( ∂
∂yi

)F . We extend this

action in the obvious way and note that the action lowers degree on S

and hence S is not a finitely generated R-module.

There is an order reversing function from the ideals of R to the R-

submodules of S defined by:

ϕ1 : {ideals of R} → {R-submodules of S}

where

ϕ1(I) = {F ∈ S|G ◦ F = 0 for all G ∈ I}

This is a 1-1 correspondence whose inverse (ϕ2) is given by ϕ2(M) =

annR(M) = {r ∈ R | r · x = 0,∀x ∈ M}. In fact, we denote ϕ1(I) by

I−1, which is called the inverse system to I.

It is very easy to construct I−1 (and this is at the heart of the proof

of the 1-1 correspondence). One first observes that the pairing

Rj × Sj −→ S0 ' k
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is a perfect pairing and so Sj can be identified with R∗
j (the dual vector

space to Rj). If V is a subspace of Rj we write V ⊥ for the annihilator

of V in this pairing. Then, if I ⊂ R is an ideal and Ij its jth graded

piece, then Macaulay observed that:

(I−1)j = I⊥
J .

It follows immediately that

dimk(I
−1)j = dimk Rj − dimk Ij = H(R/I, j).

It is a simple consequence of this last observation that I−1 is a finitely

generated R-submodule of S if and only if R/I is Artinian.

Remark 2.1. There is another way to define Inverse Systems which

considers S as an R-module in a different way. In this other method,

we consider the contraction operations, Dxi where, if F is a monomial

in Sj then

Dxi(F ) =

{
0, if yi does not divide F,
F/yi if yi divides F.

We extend this action to all of S in the obvious way and recall that

when the characteristic of k is 0, this action is equivalent to the one

described above. The contraction operation has the advantage that

it doesn’t end up increasing the sizes of coefficients (see [6] for more

details).
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The really interesting connection between inverse systems and what

we’ve been considering is the following theorem of Macaulay. We con-

tinue with notations as above.

Theorem 2.2 (Macaulay). Let I be an Artinian ideal of R and I−1 its

inverse system. Then I−1 has exactly νj minimal generators of degree

j if and only if the socle of R/I in degree j has dimension exactly νj.

Remark 2.3. 1) This gives us a new interpretation of the socle vector

of an Artinian algebra of the form A = k[x1, · · · , xn]/I. The entries of

the socle vector tell us the number of generators of the inverse system

of I in each degree.

2) Since we are interested in level algebras (Atrinian, say, with socle

degree s, type c and embedding dimension n) then this theorem tells

us how to make all of them. We look at every subspace of Ss =

k[y1, · · · , yn]s of dimension c and form the R-submodule of S generated

by that subspace. The result is a level algebra of the type we are looking

for and every level algebra of socle degree s, type c and embedding

dimension n arises in this way.

Example 2.4. Suppose we would like to construct a level algebra with

socle degree 4, embedding dimension 3 and type 2. Macaulay’s The-

orem says we have to look at a two dimensional vector space of S4,

where S = k[y1, y2, y3] and take the inverse system it generates.
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For example, consider the vector space of S4 generated by F1 = y4
1,

F2 = y4
2 + y4

3 and F3 = y1y2y
2
3. The inverse system, call it M generated

by these three elements of degree 4 will have M3 = 〈y3
1, y

3
2, y

3
3, y1y

2
3, y2y

2
3, y1y2y3〉,

M2 = 〈y2
1, y

2
2, y

2
3, y1y2, y2y3, y1y3〉, M1 = 〈y1, y2, y3〉, and M0 = 〈1〉. So,

if I = annR(M) and A = k[x1, x2, x3]/I then the h-vector of A is

(1, 3, 6, 6, 3).
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3. Non Existence of A Level O-sequence

First, we need the following lemma to prove the main theorem.

Lemma 3.1. Let R = k[x, y, z]. If I is a homogeneous ideal of R such

that R/I has the Hilbert function H = (1, 3, 4, 5, . . . ), then two minimal

generators of I in degree 2 have a linear common factor.

Proof. Let I be an ideal in R = k[x, y, z] so that the Hilbert function

of A = R/I is

1 3 4 5 · · ·

Let 〈F, G〉 = I2 and assume that F and G be a regular sequence. Since

4 and 5 have a maximal growth in degrees 2 and 3, we see that I does

not have any generators in degree 3, that is,

R1I2 = I3

= 〈Fx,Fy, Fz,Gx,Gy,Gz〉.

Since dimk I3 = 5 = 10 − H(R/I, 3), we have that one of Fx,Fy, Fz,

Gx,Gy and Gz is a linear combination of the rest of 5 elements.

Without loss of generality, we may assume that

Fx ∈ 〈Fy, Fz,Gx,Gy,Gz〉.

Then

Fx = aFy + bFz + cGx + dGy + eGz
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where a, b, c, d, e ∈ k, and so

F · (x− ay − bz) = G · (cx + dy + ez) ∈ (G)

Since F and G are a regular sequence, we have that

(x − ay − bz) ∈ (G),

which is a contradiction since deg(G) = 2. In other words, F and G

cannot be a regular sequence.

Note that k[x, y, z] is a unique factorization domain. Hence

(x − ay − bz) | F · (x − ay − bz) = G · (cx + dy + ez)

implies

(x − ay − bz) | G or (x − ay − bz) | (cx + dy + ez).

However, if (x − ay − bz) | (cx + dy + ez), then F = α · G for some

α ∈ k − (0), that is, dimk〈F,G〉 = 1, a contradiction.

Thus (x − ay − bz) | G, that is, G = (x − ay − bz) · L for some linear

form L ∈ R1 and so

F · (x − ay − bz) = G · (cx + dy + ez) = (cx + dy + ez) · L · (x− ay − bz)
⇒ F = (cx + dy + ez) · L.

In other words, F and G have a linear common factor L ∈ R1, as we

wished. �

Now we are ready to prove the main result.

Theorem 3.2. The h-vector H = (1, 3, 4, 5, . . . 6, 4, 3) is not a level

h-vector.
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Proof. First we shall prove that H = (1, 3, 4, 5, 6, 4, 3) cannot be level.

If it were, let I be an Artinian level ideal in R = k[x, y, z] so that

the Hilbert function of A = R/I is

1 3 4 5 6 4 3 0 →.

By Lemma 5, two forms in I2 have to have a linear common factor.

Without loss of generality, we may assume that

I2 = 〈xy, xz〉 or 〈x2, xy〉.

Then R1I2 = 〈x2y, x2z, xy2, xyz, xz2〉 or 〈x3, x2y, xy2, x2z, xyz〉. In

other words,

H(R/R1I2, 3) = dimk R3 − dimk R1I2 = 10 − 5 = 5 = H(R/I, 3).

This means that I3 = R1I2. Similarly, we have that

R1I3 = 〈x3y, x3z, x2y2, x2yz, x2z2, xy3, xy2z, xyz2, xz3〉

or
〈x4, x3y, x2y2, x3z, x2yz, xy3, xy2z, x2z2, xyz2〉.

Thus

H(R/R1I3, 4) = dimk R4 − dimk(R1I3) = 15 − 9 = 6 = H(R/I, 4),

i.e., I4 = R1I3.

Hence, I has no generators in degrees 3 and 4. I.e., we have that

(I≤4) = (I≤2) = (xy, xz) or (x2, xy).

Now we suppose (I≤4) = (xy, xz).

Let S = k[X,Y,Z] and F , G,H ∈ S6 be such that 〈F,G,H〉⊥ = I.

Since (I≤4) = (xy, xz), we may assume that
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F,G,H ∈ 〈Y 6, Y 5Z, Y 4Z2, Y 3Z3, Y 2Z4, Y Z5, Z6,X6〉.

So, let

F = a1Y
6 + a2Y

5Z + a3Y
4Z2 + a4Y

3Z3 + a5Y
2Z4 + a6Y Z5 + a7Z

6

+aX6,

G = b1Y
6 + b2Y

5Z + b3Y
4Z2 + b4Y

3Z3 + b5Y
2Z4 + b6Y Z5 + b7Z

6,
H = c1Y

6 + c2Y
5Z + c3Y

4Z2 + c4Y
3Z3 + c5Y

2Z4 + c6Y Z5 + c7Z
6,

where ai, bj, c` ∈ k for every i, j and `. If F , G and H are linear

combinations in k[Y,Z]6, then the fifth contractions of F , G and H have

at most two variables, that is, Y and Z. This means that H(A, 1) ≤ 2,

which is a contradiction since H(A, 1) = 3. Hence we cannot have

three forms F ,G and H in k[Y,Z]6. Thus, without loss of generality,

we may assume a = 1.

Now consider all the contractions of F , G and H. They may be

viewed as vectors in k7 as follows:

DX(F ) = X5

↔ (0, 0, 0, 0, 0, 0, 1)

DY (F ) = a1Y
5 + a2Y

4Z + a3Y
3Z2 + a4Y

2Z3a5Y Z4 + a6Z
5

↔ (a1, a2, a3, a4, a5, a6, 0)

DZ(F ) = a2Y
5 + a3Y

4Z + a4Y
3Z2 + a5Y

2Z3a6Y Z4 + a7Z
5

↔ (a2, a3, a4, a5, a6, a7, 0)

11



DX(G) = 0
↔ (0, 0, 0, 0, 0, 0, 0)

DY (G) = b1Y
5 + b2Y

4Z + b3Y
3Z2 + b4Y

2Z3 + b5Y Z4 + b6Z
5

↔ (b1, b2, b3, b4, b5, b6, 0)

DZ(G) = b2Y
5 + b3Y

4Z + b4Y
3Z2 + b5Y

2Z3 + b6Y Z4 + b7Z
5

↔ (b2, b3, b4, b5, b6, b7, 0).

DX(H) = 0
↔ (0, 0, 0, 0, 0, 0, 0)

DY (H) = c1Y
5 + c2Y

4Z + c3Y
3Z2 + c4Y

2Z3 + c5Y Z4 + c6Z
5

↔ (c1, c2, c3, c4, c5, c6, 0)

DZ(H) = c2Y
5 + c3Y

4Z + c4Y
3Z2 + c5Y

2Z3 + c6Y Z4 + c7Z
5

↔ (c2, c3, c4, c5, c6, c7, 0).

Since H(R/I, 5) = 4, we have that a matrix

A =




0 0 0 0 0 0 1
a1 a2 a3 a4 a5 a6 0
a2 a3 a4 a5 a6 a7 0
b1 b2 b3 b4 b5 b6 0
b2 b3 b4 b5 b6 b7 0
c1 c2 c3 c4 c5 c6 0
c2 c3 c4 c5 c6 c7 0




has rank 4, and hence
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A1 =




a1 a2 a3 a4 a5 a6

a2 a3 a4 a5 a6 a7

b1 b2 b3 b4 b5 b6

b2 b3 b4 b5 b6 b7

c1 c2 c3 c4 c5 c6

c2 c3 c4 c5 c6 c7




has rank 3.

We now consider the double contractions of F and G, where we

identify a polynomial

α1Y
4 + α2Y

3Z + α3Y
2Z2 + α4Y Z3 + α5Z

4 + βX4

as a vector (α1, α2, α3, α4, α5, β) ∈ k6. Then we obtain

DX,X(F ) = X4

↔ (0, 0, 0, 0, 0, 1)

DY,Y (F ) = a1Y
4 + a2Y

3Z + a3Y
2Z2 + a4Y Z3 + a5Z

4

↔ (a1, a2, a3, a4, a5, 0)

DZ,Y (F ) = a2Y
4 + a3Y

3Z + a4Y
2Z2 + a5Y Z3 + a6Z

4

↔ (a2, a3, a4, a5, a6, 0)

DZ,Z(F ) = a3Y
4 + a4Y

3Z + a5Y
2Z2 + a6Y Z3 + a7Z

4

↔ (a3, a4, a5, a6, a7, 0)

DY,Y (G) = b1Y
4 + b2Y

3Z + b3Y
2Z2 + b4Y Z3 + b5Z

4

↔ (b1, b2, b3, b4, b5, 0)

DZ,Y (G) = b2Y
4 + b3Y

3Z + b4Y
2Z2 + b5Y Z3 + b6Z

4

↔ (b2, b3, b4, b5, b6, 0)

DZ,Z(G) = b3Y
4 + b4Y

3Z + b5Y
2Z2 + b6Y Z3 + b7Z

4

↔ (b3, b4, b5, b6, b7, 0)
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DY,Y (H) = c1Y
4 + c2Y

3Z + c3Y
2Z2 + c4Y Z3 + c5Z

4

↔ (c1, c2, c3, c4, c5, 0)

DZ,Y (H) = c2Y
4 + c3Y

3Z + c4Y
2Z2 + c5Y Z3 + c6Z

4

↔ (c2, c3, c4, c5, c6, 0)

DZ,Z(H) = c3Y
4 + c4Y

3Z + c5Y
2Z2 + c6Y Z3 + c7Z

4

↔ (c3, c4, c5, c6, c7, 0).

Since H(R/I, 4) = 6, we see that a matrix

B =




0 0 0 0 0 1
a1 a2 a3 a4 a5 0
a2 a3 a4 a5 a6 0
a3 a4 a5 a6 a7 0
b1 b2 b3 b4 b5 0
b2 b3 b4 b5 b6 0
b3 b4 b5 b6 b7 0
c1 c2 c3 c4 c5 0
c2 c3 c4 c5 c6 0
c3 c4 c5 c6 c7 0




has rank 6, and so

B1 =




a1 a2 a3 a4 a5

a2 a3 a4 a5 a6

a3 a4 a5 a6 a7

b1 b2 b3 b4 b5

b2 b3 b4 b5 b6

b3 b4 b5 b6 b7

c1 c2 c3 c4 c5

c2 c3 c4 c5 c6

c3 c4 c5 c6 c7




has rank 5.

Since the rank of A1 is 3, one of four row vectors of A1 has to be a

linear combination of the other three.
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Case 1–1. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (b1, b2, b3, b4, b5, b6), (b2, b3, b4, b5, b6, b7)〉.

Since
(a2, a3, a4, a5, a6, a7), (c1, c2, c3, c4, c5, c6), (c2, c3, c4, c5, c6, c7)

∈ 〈(a1, a2, a3, a4, a5, a6), (b1, b2, b3, b4, b5, b6), (b2, b3, b4, b5, b6, b7)〉,

we have

(a2, a3, a4, a5, a6), (c1, c2, c3, c4, c5), (c2, c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4, a5), (b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6)〉

and

(a3, a4, a5, a6, a7), (c2, c3, c4, c5, c6), (c3, c4, c5, c6, c7)
∈ 〈(a2, a3, a4, a5, a6), (b2, b3, b4, b5, b6), (b3, b4, b5, b6, b7)〉.

Then we have

(a3, a4, a5, a6, a7), (c1, c2, c3, c4, c5), (c2, c3, c4, c5, c6), (c3, c4, c5, c6, c7)
∈ 〈(a1, a2, a3, a4, a5), (b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6), (b3, b4, b5, b6, b7)〉,

which means that the matrix B1 can have rank at most 4, a contradic-

tion.

One can show that the following five cases are also impossible by the

same way as Case 1–1 (see Case 1–2 ∼ 1–6).

Case 1–2. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (c1, c2, c3, c4, c5, c6), (c2, c3, c4, c5, c6, c7)〉.
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Case 1–3. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (a2, a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5, b6)〉.

Case 1–4. The row space of

A1 = 〈(b1, b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5, c6), (c2, c3, c4, c5, c6, c7)〉.

Case 1–5. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (a2, a3, a4, a5, a6, a7), (c1, c2, c3, c4, c5, c6)〉.

Case 1–6. The row space of

A1 = 〈(b1, b2, b3, b4, b5, b6), (b2, b3, b4, b5, b6, b7), (c1, c2, c3, c4, c5, c6)〉.

Case 1–7. The row space of
A1 = 〈(a2, a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5, b6), (b2, b3, b4, b5, b6, b7)〉.

Since

(a1, a2, a3, a4, a5, a6), (c1, c2, c3, c4, c5, c6), (c2, c3, c4, c5, c6, c7)
∈ 〈(a2, a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5, b6), (b2, b3, b4, b5, b6, b7)〉,

we have

(a1, a2, a3, a4, a5), (c1, c2, c3, c4, c5), (c2, c3, c4, c5, c6)
∈ 〈(a2, a3, a4, a5, a6), (b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6)〉
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and

(a2, a3, a4, a5, a6), (c2, c3, c4, c5, c6), (c3, c4, c5, c6, c7)
∈ 〈(a3, a4, a5, a6, a7), (b2, b3, b4, b5, b6), (b3, b4, b5, b6, b7)〉.

Thus

(a1, a2, a3, a4, a5), (c1, c2, c3, c4, c5), (c2, c3, c4, c5, c6), (c3, c4, c5, c6, c7)
∈ 〈(a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6), (b3, b4, b5, b6, b7)〉,

which means that the matrix B1 can have rank at most 4, a con-

tradiction.

One can show that the following five cases are also impossible by the

same way as Case 1–7 (see Case 1–8 ∼ 1–12).

Case 1–8. The row space of

A1 = 〈(a2, a3, a4, a5, a6, a7), (c1, c2, c3, c4, c5, c6), (c2, c3, c4, c5, c6, c7)〉

Case 1–9. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (a2, a3, a4, a5, a6, a7), (b2, b3, b4, b5, b6, b7)〉

Case 1–10. The row space of

A1 = 〈(b2, b3, b4, b5, b6, b7), (c1, c2, c3, c4, c5, c6), (c2, c3, c4, c5, c6, c7)〉

Case 1–11. The row space of

A1 = 〈(a2, a3, a4, a5, a6, a7), (a2, a3, a4, a5, a6, a7), (c1, c2, c3, c4, c5, c6)〉
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Case 1–12. The row space of

A1 = 〈(b1, b2, b3, b4, b5, b6), (b2, b3, b4, b5, b6, b7), (c2, c3, c4, c5, c6, c7)〉

Case 1–13. The row space of

A1 = 〈(a2, a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5, c6)〉.

Since

(a1, a2, a3, a4, a5, a6), (b2, b3, b4, b5, b6, b7), (c2, c3, c4, c5, c6, c7)
∈ 〈(a2, a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5, c6)〉,

we have

(a1, a2, a3, a4, a5), (b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)
∈ 〈(a2, a3, a4, a5, a6), (b1, b2, b3, b4, b5), (c1, c2, c3, c4, c5)〉,

and

(a2, a3, a4, a5, a6), (b3, b4, b5, b6, b7), (c3, c4, c5, c6, c7)
∈ 〈(a3, a4, a5, a6, a7), (b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)〉.

Thus

(a1, a2, a3, a4, a5), (a2, a3, a4, a5, a6), (b3, b4, b5, b6, b7),
(b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6), (c3, c4, c5, c6, c7)

∈ 〈(a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5), 〉,
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which means that the matrix B1 can have rank at most 4, a con-

tradiction.

We also prove that the following two cases are impossible (see Case

1–14 ∼ 1–15).

Case 1–14. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (b2, b3, b4, b5, b6, b7), (c1, c2, c3, c4, c5, c6)〉.

Case 1–15. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (b1, b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6, c7)〉.

Case 1–16. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (b2, b3, b4, b5, b6, b7), (c2, c3, c4, c5, c6, c7)〉.

Since

(a2, a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4, a5, a6), (b2, b3, b4, b5, b6, b7), (c2, c3, c4, c5, c6, c7)〉,

we have

(a2, a3, a4, a5, a6), (b1, b2, b3, b4, b5), (c1, c2, c3, c4, c5)
∈ 〈(a1, a2, a3, a4, a5), (b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)〉,
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and

(a3, a4, a5, a6, a7), (b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)
∈ 〈(a2, a3, a4, a5, a6), (b3, b4, b5, b6, b7), (c3, c4, c5, c6, c7)〉.

Hence

(a2, a3, a4, a5, a6), (a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5),
(b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5), (c2, c3, c4, c5, c6)

∈ 〈(a1, a2, a3, a4, a5), (b2, b3, b4, b5, b6), (b3, b4, b5, b6, b7), (c3, c4, c5, c6, c7), 〉,

which means that the matrix B1 can have rank at most 4, a con-

tradiction.

We know that the following two cases are also impossible (see Case

1–17 ∼ 1–18).

Case 1–17. The row space of

A1 = 〈(a2, a3, a4, a5, a6, a7), (b1, b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6, c7)〉.

Case 1–18. The row space of

A1 = 〈(a2, a3, a4, a5, a6, a7), (b2, b3, b4, b5, b6, b7), (c1, c2, c3, c4, c5, c6)〉.

Case 1–19. The row space of

A1 = 〈(a1, a2, a3, a4, a5, a6), (b1, b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5, c6)〉.

Since

20



(a2, a3, a4, a5, a6, a7), (b2, b3, b4, b5, b6, b7), (c2, c3, c4, c5, c6, c7)
∈ 〈(a1, a2, a3, a4, a5, a6), (b1, b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5, c6)〉,

we have

(a2, a3, a4, a5, a6), (b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4, a5), (b1, b2, b3, b4, b5), (c1, c2, c3, c4, c5)〉,

and

(a3, a4, a5, a6, a7), (b3, b4, b5, b6, b7), (c3, c4, c5, c6, c7)
∈ 〈(a2, a3, a4, a5, a6), (b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)〉.

Thus

(a2, a3, a4, a5, a6), (a3, a4, a5, a6, a7), (b2, b3, b4, b5, b6),
(b3, b4, b5, b6, b7), (c2, c3, c4, c5, c6), (c3, c4, c5, c6, c7)

∈ 〈(a1, a2, a3, a4, a5), (b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5)〉,

which means that the matrix B1 can have rank at most 4, a con-

tradiction.

Note that the following case is also impossible as Case 1–19.

Case 1–20. The row space of

A1 = 〈(a2, a3, a4, a5, a6, a7), (b2, b3, b4, b5, b6, b7), (c2, c3, c4, c5, c6, c7)〉.

By Case 1–1∼1–20, B1 cannot have rank 5. Hence the O-sequence

H = (1, 3, 4, 5, 6, 4, 3) cannot be level.

21



Now consider the case of (I≤4) = (x2, xy).

Let F , G,H ∈ S6 be such that 〈F,G,H〉⊥ = I as above. Since

(I≤4) = (x2, xy), we may assume that

F,G,H ∈ 〈Y 6, Y 5Z, Y 4Z2, Y 3Z3, Y 2Z4, Y Z5, Z6,XZ5〉.

So, let

F = a1Y
6+a2Y

5Z+a3Y
4Z2+a4Y

3Z3+a5Y
2Z4+a6Y Z5+a7Z

6+aXZ5,

G = b1Y
6 + b2Y

5Z + b3Y
4Z2 + b4Y

3Z3 + b5Y
2Z4 + b6Y Z5 + b7Z

6,

H = c1Y
6 + c2Y

5Z + c3Y
4Z2 + c4Y

3Z3 + c5Y
2Z4 + c6Y Z5 + c7Z

6.

Since H(A, 1) = 3 we cannot have both F , G and H in k[Y,Z]6,

and so we may assume a = 1.

Now consider all the contractions of F , G and H. They may be

viewed as vectors in k7 as follows:

DX (F ) = Z5

↔ (0, 0, 0, 0, 0, 1, 0)

DY (F ) = a1Y
5 + a2Y

4Z + a3Y
3Z2 + a4Y

2Z3a5Y Z4 + a6Z
5

↔ (a1, a2, a3, a4, a5, a6, 0)

DZ(F ) = a2Y
5 + a3Y

4Z + a4Y
3Z2 + a5Y

2Z3a6Y Z4 + a7Z
5 + XZ4

↔ (a2, a3, a4, a5, a6, a7, 1)

DX (G) = 0
↔ (0, 0, 0, 0, 0, 0, 0)

DY (G) = b1Y
5 + b2Y

4Z + b3Y
3Z2 + b4Y

2Z3 + b5Y Z4 + b6Z
5

↔ (b1, b2, b3, b4, b5, b6, 0)
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DZ(G) = b2Y
5 + b3Y

4Z + b4Y
3Z2 + b5Y

2Z3 + b6Y Z4 + b7Z
5

↔ (b2, b3, b4, b5, b6, b7, 0)

DX(H) = 0
↔ (0, 0, 0, 0, 0, 0, 0)

DY (H) = c1Y
5 + c2Y

4Z + c3Y
3Z2 + c4Y

2Z3 + c5Y Z4 + c6Z
5

↔ (c1, c2, c3, c4, c5, c6, 0)

DZ(H) = c2Y
5 + c3Y

4Z + c4Y
3Z2 + c5Y

2Z3 + c6Y Z4 + c7Z
5

↔ (c2, c3, c4, c5, c6, c7, 0).

Hence

A =




0 0 0 0 0 1 0
a1 a2 a3 a4 a5 a6 0
a2 a3 a4 a5 a6 a7 1
b1 b2 b3 b4 b5 b6 0
b2 b3 b4 b5 b6 b7 0
c1 c2 c3 c4 c5 c6 0
c2 c3 c4 c5 c6 c7 0




has rank 4 since H(R/I, 5) = 4, and hence

A1 =




a1 a2 a3 a4 a5

b1 b2 b3 b4 b5

b2 b3 b4 b5 b6

c1 c2 c3 c4 c5

c2 c3 c4 c5 c6




has rank 2.

We now consider the double contractions of F and G, where we

identify a polynomial

α1Y
4 + α2Y

3Z + α3Y
2Z2 + α4Y Z3 + α5Z

4 + βXZ3
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as a vector (α1, α2, α3, α4, α5, β) ∈ k6. Then we obtain

DZ,X(F ) = Z4

↔ (0, 0, 0, 0, 1, 0)

DY,Y (F ) = a1Y
4 + a2Y

3Z + a3Y
2Z2 + a4Y Z3 + a5Z

4

↔ (a1, a2, a3, a4, a5, 0)

DZ,Y (F ) = a2Y
4 + a3Y

3Z + a4Y
2Z2 + a5Y Z3 + a6Z

4

↔ (a2, a3, a4, a5, a6, 0)

DZ,Z(F ) = a3Y
4 + a4Y

3Z + a5Y
2Z2 + a6Y Z3 + a7Z

4 + XZ3

↔ (a3, a4, a5, a6, a7, 1)

DY,Y (G) = b1Y
4 + b2Y

3Z + b3Y
2Z2 + b4Y Z3 + b5Z

4

↔ (b1, b2, b3, b4, b5, 0)

DZ,Y (G) = b2Y
4 + b3Y

3Z + b4Y
2Z2 + b5Y Z3 + b6Z

4

↔ (b2, b3, b4, b5, b6, 0)

DZ,Z(G) = b3Y
4 + b4Y

3Z + b5Y
2Z2 + b6Y Z3 + b7Z

4

↔ (b3, b4, b5, b6, b7, 0)

DY,Y (H) = c1Y
4 + c2Y

3Z + c3Y
2Z2 + c4Y Z3 + c5Z

4

↔ (c1, c2, c3, c4, c5, 0)

DZ,Y (H) = c2Y
4 + c3Y

3Z + c4Y
2Z2 + c5Y Z3 + c6Z

4

↔ (c2, c3, c4, c5, c6, 0)

DZ,Z(H) = c3Y
4 + c4Y

3Z + c5Y
2Z2 + c6Y Z3 + c7Z

4

↔ (c3, c4, c5, c6, c7, 0).
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Hence we have

B =




0 0 0 0 1 0
a1 a2 a3 a4 a5 0
a2 a3 a4 a5 a6 0
a3 a4 a5 a6 a7 1
b1 b2 b3 b4 b5 0
b2 b3 b4 b5 b6 0
b3 b4 b5 b6 b7 0
c1 c2 c3 c4 c5 0
c2 c3 c4 c5 c6 0
c3 c4 c5 c6 c7 0




has rank 6 since H(R/I, 4) = 6, and so

B1 =




a1 a2 a3 a4

a2 a3 a4 a5

b1 b2 b3 b4

b2 b3 b4 b5

b3 b4 b5 b6

c1 c2 c3 c4

c2 c3 c4 c5

c3 c4 c5 c6




has rank 4. Since the rank of A1 is 2, one of three row vectors of A1

has to be a linear combination of the other two.
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Case 2–1. The row space of A1 = 〈(b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6)〉.

Since

(a1, a2, a3, a4, a5), (c1, c2, c3, c4, c5)(c2, c3, c4, c5, c6)
∈ 〈(b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6)〉,

we have that

(a1, a2, a3, a4), (c1, c2, c3, c4), (c2, c3, c4, c5) ∈ 〈(b1, b2, b3, b4), (b2, b3, b4, b5)〉

and

(a2, a3, a4, a5), (c2, c3, c4, c5), (c3, c4, c5, c6) ∈ 〈(b2, b3, b4, b5), (b3, b4, b5, b6)〉.

Then we obtain

(a1, a2, a3, a4), (a2, a3, a4, a5), (c1, c2, c3, c4), (c2, c3, c4, c5), (c3, c4, c5, c6)
∈ 〈(b1, b2, b3, b4), (b2, b3, b4, b5), (b3, b4, b5, b6)〉,

which means that the matrix B1 can have rank at most 3, a con-

tradiction.

One can show that the following Case 2–2 is also impossible as

Case 2–1.

Case 2–2. The row space of A1 = 〈(c1, c2, c3, c4, c5), (c2, c3, c4, c5, c6)〉.
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Case 2–3. The row space of A1 = 〈(a1, a2, a3, a4, a5), (b1, b2, b3, b4, b5)〉.

Since

(b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5), (c2, c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4, a5), (b1, b2, b3, b4, b5)〉,

we have that

(b2, b3, b4, b5), (c1, c2, c3, c4), (c2, c3, c4, c5) ∈ 〈(a1, a2, a3, a4), (b1, b2, b3, b4)〉

and

(b3, b4, b5, b6), (c2, c3, c4, c5), (c3, c4, c5, c6) ∈ 〈(a2, a3, a4, a5), (b2, b3, b4, b5)〉.

Then we obtain

(b2, b3, b4, b5), (b3, b4, b5, b6), (c1, c2, c3, c4), (c2, c3, c4, c5), (c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4), (a2, a3, a4, a5), (b1, b2, b3, b4)〉,

which means that the matrix B1 can have rank at most 3, a con-

tradiction.

We can also prove that the following case is impossible as Case 2–3.

Case 2–4. The row space of A1 = 〈(a1, a2, a3, a4, a5), (c1, c2, c3, c4, c5)〉.
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Case 2-5. The row space of A1 = 〈(a1, a2, a3, a4, a5), (b2, b3, b4, b5, b6)〉.

Since

(b1, b2, b3, b4, b5), (c1, c2, c3, c4, c5), (c2, c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4, a5), (b2, b3, b4, b5, b6)〉,

we have that

(b1, b2, b3, b4), (c1, c2, c3, c4), (c2, c3, c4, c5) ∈ 〈(a1, a2, a3, a4), (b2, b3, b4, b5)〉

and

(b2, b3, b4, b5), (c2, c3, c4, c5), (c3, c4, c5, c6) ∈ 〈(a2, a3, a4, a5), (b3, b4, b5, b6)〉.

Hence

(b1, b2, b3, b4), (b2, b3, b4, b5), (c1, c2, c3, c4), (c2, c3, c4, c5), (c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4), (a2, a3, a4, a5), (b3, b4, b5, b6)〉,

which means that the matrix B1 can have rank at most 3, a con-

tradiction.

Note that one can show that the following Case 2–6 is also impos-

sible as Case 2–5.

Case 2–6. The row space of A1 = 〈(a1, a2, a3, a4, a5), (c2, c3, c4, c5, c6)〉.
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Case 2-7. The row space of A1 = 〈(a1, a2, a3, a4, a5), (c1, c2, c3, c4, c5)〉.

Since

(b1, b2, b3, b4, b5), (b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4, a5), (c1, c2, c3, c4, c5)〉,

we have that

(b1, b2, b3, b4), (b2, b3, b4, b5), (c2, c3, c4, c5) ∈ 〈(a1, a2, a3, a4), (c1, c2, c3, c4)〉

and

(b2, b3, b4, b5), (b3, b4, b5, b6), (c3, c4, c5, c6) ∈ 〈(a2, a3, a4, a5), (c2, c3, c4, c5)〉.

Thus

(b1, b2, b3, b4), (b2, b3, b4, b5), (b3, b4, b5, b6), (c2, c3, c4, c5), (c3, c4, c5, c6)
∈ 〈(a1, a2, a3, a4), (a2, a3, a4, a5), (c1, c2, c3, c4)〉,

which means that the matrix B1 can have rank at most 3, a con-

tradiction.
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Case 2-8. The row space of A1 = 〈(b1, b2, b3, b4, b5), (c2, c3, c4, c5, c6)〉.

Since

(a1, a2, a3, a4, a5), (b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5)
∈ 〈(b1, b2, b3, b4, b5), (c2, c3, c4, c5, c6)〉

we have that

(a1, a2, a3, a4), (b2, b3, b4, b5), (c1, c2, c3, c4) ∈ 〈(b1, b2, b3, b4), (c2, c3, c4, c5)〉

and

(a2, a3, a4, a5), (b3, b4, b5, b6), (c2, c3, c4, c5) ∈ 〈(b2, b3, b4, b5), (c3, c4, c5, c6)〉

Then we obtain

(a1, a2, a3, a4), (a2, a3, a4, a5), (b2, b3, b4, b5), (b3, b4, b5, b6), (c1, c2, c3, c4),
(c2, c3, c4, c5) ∈ 〈(b1, b2, b3, b4), (c2, c3, c4, c5), (c3, c4, c5, c6)〉,

which means that the matrix B1 can have rank at most 3, a con-

tradiction.

Note that one can show that the following Case 2–9 is also impos-

sible as Case 2–8.

Case 2–9. The row space of A1 = 〈(b2, b3, b4, b5, b6), (c1, c2, c3, c4, c5)〉.
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Case 2-10. The row space of A1 = 〈(b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)〉.

Since

(a1, a2, a3, a4, a5), (b1, b2, b3, b4, b5), (c1, c2, c3, c4, c5)
∈ 〈(b2, b3, b4, b5, b6), (c2, c3, c4, c5, c6)〉,

we have that

(a1, a2, a3, a4), (b1, b2, b3, b4), (c1, c2, c3, c4) ∈ 〈(b2, b3, b4, b5), (c2, c3, c4, c5)〉

and

(a2, a3, a4, a5), (b2, b3, b4, b5), (c2, c3, c4, c5) ∈ 〈(b3, b4, b5, b6), (c3, c4, c5, c6)〉.

Hence

(a1, a2, a3, a4), (a2, a3, a4, a5), (b1, b2, b3, b4), (b2, b3, b4, b5), (c1, c2, c3, c4),
(c2, c3, c4, c5) ∈ 〈(b3, b4, b5, b6), (c2, c3, c4, c5), (c3, c4, c5, c6)〉,

which means that the matrix B1 can have rank at most 3, a contra-

diction.

By Cases 2–1∼ 2–10, B1 cannot have rank 4.

Hence, the O-sequence H = (1, 3, 4, 5, 6, 4, 3) cannot be level.

Using the same ideas as above, we can show that any O-sequence of

the form

h = (1, 3, 4, 5, . . . , 6, 4, 3)

cannot be level, as we wished. �
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