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1. Introduction

Let k be an infinite field, R = k[x1, ..., z,] = ;5 Ri, and let I be
a homogeneous ideal of R, A = R/I. The Hilbert function of A,
H, : N — N, defined by,

has been much studied and, in case [ is the ideal of a subscheme X
of P*~1 This function contains a great deal of information about the
geometry of this subscheme.

Let H be a numerical function which can be the Hilbert function of
a finite set of points in P". For a given H, there are infinitely many
different collections of points which share H as their Hilbert function.
In [7], they showed that there is a one to one correspondence between
all possible Hilbert functions of finite sets of points in P" and n-type
vectors (see Theorem 2.6 [7], see also [8] or [9] ).

In [6], they asked the following questions.

(1) If H is a possible Hilbert function for a set of reduced points in
P", what are all the possible graded Betti numbers for sets of
points X C P™ which have Hilbert function H?

(2) What can be the Hilbert function of a level Artinian algebra,

(see Section 2 for the definition)?

By works of Bigatti [2], Hulett [13], and Pardue [14], we know that
for a given H there is a unique maximal set of graded Betti numbers

which can have.



In Section 2, we introduce some definitions and preliminary observa-
tions about Gorenstein and level Artinian algebras (see also [10]). In
[10], they used the fact that if a set of points in P? has a level coordi-
nate ring, then one can break the set into two subsets and use those
subsets to construct a level algebra of codimension 3. Moreover, they
used this method to get a complete list (in codimension 3) of all Hilbert
functions of level algebras of type 2 and socle degree < 5. Recently, in
[6], they obtained all possible Hilbert functions (in codimension 3) of
level algebras of socle degree 6 and type 2.

In Section 3, we prove that same cases cannot be level using several
known results Corollary 2.11 in [6] (see Propositions 3.5, 3.9, 3.10,
3.11, 3.12, 3.13, 3.14) and Corollary 3.5 in [6] (see Table 2). We also
use Proposition 3.9 in [6] to prove non-level cases in Table 5.

In Section 4, we prove that some sepecial O-sequence cannot be level
using the inverse system (or Macaulay duality) (see Propostions 4.6)

In Section 5, we introduce how to construct all codimension 3 level
Artinian algebras of socle degree 5 and type 2 using Link-Sum method.
Computer programs CoCoA [3] and Splus are used to produce all pos-
sible level O-sequences socle degree 5 and type 2 and examples in this

thesis.



2. Preliminary Definitions and Results

Definition-Proposition 2.1 (Definition-Proposition 2.21 [10]). Let
R = Ek[xg,---...,x,]) and let A = R/I be a Cohen-Macaulay ring of

dimension d. Let
0—Fo@-1y— - —F1—=1—-0

be a minimal free resolution of /. Then

(a) f B=By&@:--P Be (Be # 0) is an Artinian algebra, then B

is level if and only if B, = Ann(B).

(b) A is a level algebra if F, 41y = R™(—s), for some s > 0.

rank F,,_(4—1) = Cohen-Macaulay type of A.

(¢) i) If X is a non-degenerate set of points in P", A = R/Ix its
coordinate ring, then we say that ¢ is the socle degree of X
if £ is the socle degree of the Artinian algebra B = A/LA,
where L is any linear non-zero-divisor of A.

ii) X is called a level set of points if A = R/Ix is a level
algebra. In this case, the socle degree of X is ¢ = o(X) +
n — 1.

(d) If L is a linear non-zero divisor in A = R/Ix, then A is level if

and only if A/LA ~ A/(L, Ix) is level.

(e) A 0-dimensional differentiable O-sequence (equivalently, an O-

sequence whose first difference is the Hilbert function of an



Artinian algebra, see e.g., [9]) b = {b;}i>0 with by = n + 1,
is called lewel if there is a level set of points in P with Hilbert

function b.
Here we have an interesting question.

Question 2.2. What are the possible Hilbert functions of level Ar-

tinian algebras of codimension 3 with r(R/(Ix + Iy)) = 27

We recall a special case of a theorem of Froberg and Laksov of [4]
that if A is a level Artinian algebra of codimension 3 and type m with

o —1=t, then

o)1)

The following algorithm for CoCoA is due to Georgio Daldozzo in
Italy, and we use this algorithm to obtain all possible Artinian O-
sequences of socle degree 5 and type 2 based on Froberg and Laksov

result (see Table 1).

Algorithm 2.3. Define HvectorAdmis2 (K)
L := [[[1,3]1];
For I:=2 To K Do
Prov := [];

Foreach E1 In L[I-1] Do



For J:=1 To BinExp(El[Len(E1l)],I-1,1,1) Do
Append (Prov,Concat (E1, [J]));
EndFor;
EndForeach;
Append (L ,Prov) ;
EndFor;
A := L[Len(L)];
B:= [Elements In A | Elements[Len(Elements)]=2];
Return [Elements In B | Elements[Len(Elements)-1]1< 7];

EndDefine;

We now consider Question 2.2 for the case ¢ = 6. Using the above
Georgio’s algorithm for CoCoA again, we obtain all possible 79 Artinian

O-sequences of type 2 as in Table 1.

3. Non existence of Level O-sequences of Scole Degree 5 and

Type 2

Before we find all possible level Artinian O-sequences of socle degree
5 and type 2, we need the following theorems and corollary to eliminate

some of non-level cases among all 79 cases in Table 1.
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TABLE 1. All possible Artinian O-sequences of length 6

and type 2

Theorem 3.1 (Theorem 2.12 [6]). Let hy_2, hq—1, ha be three non-zero

positive integers such that

(d-2)
d-2 -

=h

ha—1

and

(d-1)
d—1

h



Let I be a homogeneous ideal in R = k[xy,...,x,]| such that the

Hilbert function of R/I satisfies

H(R/I,d—2) = hgo+e, >0
H(R/I,d—1) =  hg
H(R/I,d) =  ha

Then the ring R/I has socle of dimension ¢ in degree d — 2.

Corollary 3.2 (Corollary 3.5, [6]). Let h = (1,hq,...,ht) be the h-
vector of an Artinian quotient of R with socle degree t. Suppose that

for some d—2 < t. We have three integers ﬁd,g, fzd,l and hg satisfying :

ha=h"" and  hgy =AY
If

hg—o = hg_a +¢ > O, hg_1 = hdfl, and hg = hy

then h is not a level O-sequence.

Using Theorem 3.1 and the Corollary 3.2, the following 14 cases in

Table 2 are not level.

Theorem 3.3 (Theorem 8 [6]). IfH : ho hy --- hy 0is a level
Artinian O-sequence where t > 2, then G = hg hy --- hy_1 0 is

also a level Artinian O-sequence.



6) [1,3,3,4,3,2[7) [1,3,3,4,4,2 [8) [1,3,3,4,5,2
15)[1,3,4,4,5, 2|27 1,3,5,4,5,2 [32)]13,5,5,6, 2
39)11,3,5,7,3 2|49) [ 1,3,6,4,5,2 |54)|1,3,6,5,6, 2
56) | 1,3,6,7,3,2|61)|1,3,6,7,3,2 |66)]1,3,6,8, 3, 2
71)11,3,6,9,3,2|76) |1, 3,6, 10, 3, 2

TABLE 2

Theorem 3.4 (Corollary 2.11 [6]). Let h = (1,hy,..., hs) be a level
sequence with hy > 1, and let A be any Artinian algebra with Hy = h.

Then the vector (hg,hs_1,...,h1,1) is the sum of:

1) a Gorenstein sequence (1,bq,...,bs_1,1) (of length s+ 1) which
is the h-vector of a quotient of A and
2) hy —1 O-sequences (1,d;y,...,d;,), j=1,...hs—1, each of

which is the h-vector of a quotient of A.

Proposition 3.5. An Artinian algebra with Hilbert function, h =
(1,3,,...,5,3,2) is not level.

Proof. Assume there is an Artinian algebra A with Hilbert function h.
By Theorem 3.3 the only possibilities for a are 3,4,5 and 6. Then, by
Theorem 3.4, the vector (2,3,5,...,a,3,1) is the sum of a Gorenstein
sequence (1,by,...,bs_1,1) of length s+ 1 and one of the possible hy_4

O-sequences (1,by,...). and we have the details as follows.



Case 1.

Gorenstein sequence 1, 1, e
O-sequence 1, 02,04, o0 %, 2, 1,
which is impossible.

—_
—_
—_
o

Case 2.

Gorenstein sequence 1, 2, 2, , 2, 1
O-sequence 1, 1, 3, K, ok, ok,
which is impossible.

Case 3.

Gorenstein sequence 1, 2, 3, 3, 2, 1
O-sequence R DR PR A A

which is impossible.

Hence the only decomposition that will work with corollary 2.11 in [6]

occurs when o« = 5 and

h=(135,...,531) + (1,0,...,0)

is the only possible case, where the second O-sequence must be a Goren-
stein sequence of length s + 1.

Since A is and Artinian algebra with A — vector = (1,3,5,...). There
is a homogeneous ideal I in R = k[xy, xq, x3] such that A = R/I. By
Theorem 3.4, there is an ideal J in R with I C J such that B = R/J
is a Gorenstein algebra having (1,3,5,...,5,3,1). as its h — vector.

Then by Theorem 3.4 says that there is an ideal J in R with [ C J
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such that B = k[z1,x9, 23]/ J has h-vector the Gorenstien sequence
above.

But by Theorem 2.7 in [11], any Gorenstien ideal having this h-vector
is generated in degrees < s— 1. Since I and J agrees in degrees < s—1

this implies that J C I, a contradiction. O

Using Proposition 3.5, the following cases in Table 3 are not level.

117)]1,3,4,5,3,2[29)[1,3,5,5,3,2[51)[1,3,6,5,3,2]

TABLE 3

Remark 3.6. By the same argument as in Proposition 3.5, one can
show that any Artinian algebra with Hilbert function (1,3,...,6,3,2),

cannot be level.

Theorem 3.7 (Theorem 4.1 [1]). Let R = k[xq,x9, 23] and let H =
(ho, h1,- -+ , hs) be the h-vector of a graded Artinian algebra A = R/1

with socle degree s. If
ha—1 > hyq and hg = hd+1 <2d+ 3,

then H is not level

Using Theorem 3.7, the following 29 cases in Table 4 are not level.



1) 11,3,2,2,2,2]2)(1,3,3,2,2,2 |3)|1,3,3,3,2,2
5) 11,3,3,4,2,2(9) [1,3,4,2,2,2 |10)|1,3,4,3,2,2
11)11,3,4,3,3,2|12) [ 1,3,4,4,2,2 [16)|1,3,4,5,2,2
21)11,3,5,2,2,2(22)|1,3,5,3,2,2 [23)|1,3,5,3,3,2
24)11,3,5,4,2,2(26)(1,3,5,4,4,2 |28)|1,3,5,5,2,2
33)11,3,5,6,2,2[38)[1,3,5,7,2,2 [43)[1,3,6,2,2, 2
44)11,3,6,3,2,2[45)|1,3,6,3,3,2 |46)|1,3,6,4, 2,2
48)11,3,6,4,4,2(50)|1,3,6,5,2,2 |53)|1,3,6,5,5,2
55)11,3,6,6,2,2(60)(1,3,6,7,2,2 |65)]|1,3,6,8,2,2
70)11,3,6,9,2,2|75) |1, 3,6, 10, 2, 2
TABLE 4

Remark 3.8 (Remark 2.7 [6]). If we let h = (1,hq,..., k), r < s be
any one of the O-sequences in the decomposition promised by Theorem

3.3, then le < hy.

Proposition 3.9. The h-vector (1,3,...,8,4,2) is not level.

Proof. Assume there is an Artinian algebra A with Hilbert function
h. By Macaulay’s theorem, the only possibilities for « are 3,4,5 and
6. Then, by Theorem 3.4, the vector (2,4,8,...,3,1) is the sum of
a Gorenstein sequence (1,b1,...,bs 1,1) of length s + 1 and an O-

sequence (1,by,...), and we have the details as follows.

11
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Case 1.

Gorenstein sequence
O-sequence

which is impossible.

Case 2.

Gorenstein sequence
O-sequence

which is impossible.

Case 3.

Gorenstein sequence
O-sequence

wihch is impossible.

Case 4.
Gorenstein sequence
O-sequence

where a <6,

g1

17 17 Y
37 77 )
2’ 27 )
2, 6, :
2, 3, ;
2, 5, *,
3, o, ... q
1, 6, ... x,
= a+0=7,

which is a contradiction, as we wished.

1, 1
*7 *7
*7 *7
*7 *7
31
*7 *7
but a+ (=38,

O

Remark 3.10. By the same idea as in the proof of proposition 3.9,

one can show that the h-vector (1,3,...,9,4,2)

is not level either.

Proposition 3.11. The h-vector (1,3,6,...,4,3,2) is not level.

Proof. Assume there is an Artinian algebra A with Hilbert function

h. By Macaulay’s theorem, the only possibilities for a are 3,4,5 and



6. Then, by Theorem 3.4, the vector (2,3,4,...,6,3,1) is the sum
of a Gorenstein sequence (1,by,...,bs_1,1) of length s+ 1 and an O-

sequence (1,by,...), and we have the details as follows.

Case 1.
Gorenstein sequence : 1, 1, 1, ... 1, 1, 1
O-sequence 1, 2, 3, ... 5, 2, 0,

which is impossible.

Case 2.
Gorenstein sequence : 1, 2, 2, ... 2, 2
O-sequence 1,01, 2, o0 ok ok, ok,

which is impossible.

Case 3.
Gorenstein sequence : 1, 2, 3, ... 3, 2, 1
O-sequence 1,1, 1, ... 3,1, 0,

wihch is impossible.

Case 4.
Gorenstein sequence : 1, 3, 4, ... 4, 3, 1
O-sequence 1, 0, 0, ... 2, 0, 0,

which is impossible.

Proposition 3.12. The h-vector (1,3,5,4,3,2) is not level.

Proof. Assume there is an Artinian algebra A with Hilbert function

h. By Macaulay’s theorem, the only possibilities for a are 3,4,5 and
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6. Then, by Theorem 3.4, the vector (2,3,4,5,3,1) is the sum of
a Gorenstein sequence (1,b1,...,bs_1,1) of length s + 1 and an O-

sequence (1,by,...), and we have the details as follows.

(2,3,4,5,3,1)

1,2,2,2,2,1
1,2,3,3,2,1
1,3,3,3,3,1
1,3,4,4,3,1

+ + 4+ +

( )
( )
( )
( )
which are all impossible.
Hence, there is only one way that (2,3,4,5,3,1) can be written as the
sum of a Gorenstein sequence of length 6 and an O-sequence , namely
(1,1,1,1,1,1) + (1,2,3,4,2,0).
But A =(1,3,5,4,3,2), A/1 = (1,2,3,4,2,0), Iy # (0), I3 = (0) Hence

A is not level, as we wished.

Proposition 3.13. The h-vector (1,3,5,7,4,2) is not level.

Proof. Assume there is an Artinian algebra A with Hilbert function
h. By Macaulay’s theorem, the only possibilities for « are 3,4,5 and
6. Then, by Theorem 3.4, the vector (2,4,7,5,3,1) is the sum of
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a Gorenstein sequence (1,by,...,bs_1,1) of length s + 1 and an O-

sequence (1,b1,...), and we have the details as follows.

(1,1,1,1,1,1) + (1,3,6,4,2,0)
(1,2,2,2,2,1) + (1,2,5,3,1,0)
(1,2,3,3,2,1) + (1,2,4,2,...)
(1,3,3,3,3,1) + (1,1,4,%,...)
(1,3,4,4,3,1) + (1,1,3,%,...)
(1,3,5,5,3,1) + (1,1,2,0,...)
(1,3,6,6,3,1) + (1,1,1,%,...),
which are all impossible, as we wished. 0]

Proposition 3.14. The h-vector (1,3,6,10,5,2) is not level.

Proof. Assume there is an Artinian algebra A with Hilbert function
h. By Macaulay’s theorem, the only possibilities for « are 3,4,5 and
6. Then, by Theorem 3.4, the vector (2,5,10,6,3,1) is the sum of
a Gorenstein sequence (1,b1,...,bs 1,1) of length s + 1 and an O-

sequence (1,by,...), and we have the details as follows.
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Case 1.

Gorenstein sequence
O-sequence

which is impossible.

Case 2.

Gorenstein sequence
O-sequence

which is impossible.

Case 3.

Gorenstein sequence
O-sequence

wihch is impossible.

Case 4.

Gorenstein sequence
O-sequence

wihch is impossible.

Case 5.

Gorenstein sequence
O-sequence

wihch is impossible.

Case 6.

Gorenstein sequence
O-sequence

wihch is impossible.

—_
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Definition 3.15. (a) A total order on the monomials of each de-
gree is said to be a term order if
i) 3 > -+ > x,, and
i) my > my implies mmy > mms, for any monomials m, m,
and mo.
(b) The reverse lexicographic order is a term order defined to
be it ... 2% > 2J' .. g if and only if
i) Y iz > > jror
i) > i =>j: and
there is s such that i, = j; for t > s and 75 < j,.
(c) The lexicographic order is a term order defined to be 2! ... zi» >
x{l ...xm if and only if
i) Y iz > > jior
i) > i =>_ 7 and
there is s such that i, = j; for t < s and 75 > j,.

(d) Let S be a set of monomials in Ry. S is lex-segment if a
monomial m of deree d is in S, then every monomial m’ of
degree d in R4 with m' > m with respect to lexicographic order
belongs to S.

(e) Let I = P,>, I+ be a homogeneous ideal of R. We say that I
is a lex-segment ideal if for every t > 0, I, is (as a vector

space) lex-segment.



18
Remark 3.16. (Non-Cancellable Case) Let I be a lex-segment ideal
in R with Hilbert function h = (1, 3,6, 10,4, 2). Then the minimal free

resolution of R/I is

0 — R(-6)®R}-7)® R*(-8) — R'(-5) @ R*—6)® R(-7)
— RY(-4)® R*(-5)® R*(-6) — R — R/I — 0,

and hence the copies R(—6) in the last free module are not cance-
lable, that is, any Artinian algebra with Hilbert Function A has at
least 2 dimensional socle elements in degree 3. Hence the case 77)

(1,3,6,10,4,2) cannot be level.

4. Macaulay’s Inverse System

We now recall an interesting method for construsting Artinian level
algebras. This method is based on the idea of Macaulay’s Inverse
Systems. We will only give a quick review of the method, and refer
the reader [5] in the book for more details.

Let R = k[zy,--- ,x,] and S = k[y1,- -+ ,yn]. We can consider S as
a graded R-module by: if F' € S; then z; 0 F' = %F. We extend this
action in the obvious way, and note that the action lowers the degree

of a given form on S and hence S is not a finitely generated R-module.



There is an inclusion reversing function from the ideals of R to the

R-submodules of S defined by:
¢ : {ideals of R} — {R-submodules of S}

where

o1(I)={F e€S|GoF=0forall Gel}

This is a 1 — 1 correspondence whose inverse s is given by ¢o(M) =
anng(M) ={r € R|r-x =0,Vz € M}. In fact, we denote ¢;(I) by
I=!, which is called the inverse system to I.

It is very easy to construct I~! (and this is at the heart of the proof

of the 1-1 correspondence). First observe that the pairing
Rj X Sj — SO ~k

is a perfect pairing, and so S; can be identified with R (the dual vector
space to R;). If V is a subspace of R; we write V* for the annihilator
of V in this pairing. If I C R is an ideal and I; its j' graded piece,

then Macaulay observed that:

It follows immediately that
dimy,(I71); = dimy, R; — dimy, I; = H(R/I, j).

It is a simple consequence of this last observation that /! is a finitely

generated R-submodule of S if and only if R/I is Artinian.

19
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Remark 4.1. There is another way to define Inverse Systems which
considers S as an R-module in a different way. In this other method,
we consider the contraction operations, D,, where, if F' is a monomial

in S; then

D,.(F) = 0, if y; does not divide F',
i | Fly; ify; divides F.

We extend this action to all of S in the obvious way and recall that
when the characteristic of k is 0, this action is equivalent to the one
described above. The contraction operation has the advantage that
it doesn’t end up increasing the sizes of coefficients (see [5] for more

details).

The really interesting connection between inverse systems and what
we’ve been considering is the following theorem of Macaulay. We con-

tinue with notations as above.

Theorem 4.2. Let I be an Artinian ideal of R and I™! its inverse
system. Then I™' has ezactly v; minimal generators of degree j if and

only if the socle of R/I in degree j has dimension exactly v;.

Remark 4.3. 1) This gives us a new interpretation of the socle vector
of an Artinian algebra of the form A = k[zy,--- ,z,]/I. The entries of
the socle vector tell us the number of generators of the inverse system

of I in each degree.



2) Since we are interested in level algebras (Atrinian, say, with socle
degree s, type ¢ and embedding dimension n) then this theorem tells
us how to make all of them. We look at every subspace of Sy =
Ely1, -+, yn|s of dimension ¢ and form the R-submodule of S generated
by that subspace. The result is a level algebra of the type we are looking
for and every level algebra of socle degree s, type ¢ and embedding

dimension n arises in this way.

Example 4.4. Suppose we would like to construct a level algebra with
socle degree 4, embedding dimension 3 and type 2. Macaulay’s The-
orem says we have to look at a two dimensional vector space of Sy,
where S = k[yi, 2, y3] and take the inverse system it generates.

For example, consider the vector space of S; generated by F; =
ys +y5 and Fy = yyy0y5. The inverse system, call it M generated by

these two elements of degree 5 will have

My = (3,95, Y203, V13, Y11293),
M (Y3, Y3, Y193, Y2U3s Y1Y2Ys),
My = (y%,yg,ng,ygyg,yg%
M, <y1,yz,y3>7 and

My = (1).

So, if I = anng(M) and A = k[z1,x9,23]/1 then we obtain a level
h-vector of A

(1,3,5,5,5,2).
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Now we will prove that the case 20) cannot be level and we need the

following lemma to prove it first.

Lemma 4.5. Let R = k[x,y, z|. If I is a homogeneous ideal of R such
that R/I has the Hilbert function H = (1,3,4,5,...), then two minimal

generators of I in degree 2 have a linear common factor.

Proof. Let I be an ideal in R = k[z,y, z] so that the Hilbert function
of A= R/I begins

1 3 45
Let (F, G) = I, and assume that F', G is a regular sequence. Since 4
and 5 have a maximal growth in degrees 2 and 3, we see that I does

not have any generators in degree 3, that is,

R1[2 = [3
= (Fua,Fy,Fz Gz,Gy,Gz).

Since dimy I3 = 5 = 10 — H(R/I,3), we have that one of Fx, Fy, Fz,
Gz,Gy and Gz is a linear combination of the rest of 5 elements.

Without loss of generality, we may assume that
Fz e (Fy, Fz, Gz, Gy,Gz).

Then

Fr=aFy+bFz+ cGr + dGy + eGz

where a, b, ¢, d, e € k, and so

F-(x—ay—0z)=G-(cx+dy+ez) € (Q)
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Since F', GG is a regular sequence, we have that
(z —ay - b2) € (G),

which is a contradiction since deg(G) = 2. In other words, F' and G
cannot be a regular sequence.

Note that k[z,y, 2] is a unique factorization domain. Hence
(x —ay—bz2) | F-(z —ay — bz)
implies
(x—ay—bz) |G or (z—ay—>bz)| (cx+dy+ez).

However, if (z — ay — bz) | (cx + dy + ez), then F' = «a - G for some
a € k—(0), that is, dimy(F, G) = 1, a contradiction.
Thus (z —ay — bz) | G, that is, G = (x — ay — bz) - L for some linear
form L € R; and so
F-(z—ay—0z) =G (cx +dy + ez)
=(cx+dy+ez) - L-(x—ay—bz)
This implies that F' = (cx + dy + ez) - L.
In other words, F' and G have a linear common factor L € Ry, as we

wished. 0

Proposition 4.6. Any Artinian algebra with Hilbert function

(1,3,4,5,...,6,2) is not level.
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Proof. First of all, we will prove that (1,3,4,5,6,2) cannot be level.
If it were, let I be a level Artinian ideal in R=k[z,y, z] having the
Hilbert function h=(1,3,4,5,6,2). Then we observe, from the Hilbert
function, that the forms in I, have to have a common factor and that I
has no generators in degrees 3 and 4. Le., we have that (I<4)=(2?, zy)

or (zy,xz).

Case 1. (I<y)=(2?% zy)
Let S=k[X,Y,Z] and F,G € (F,G)" = I. Since (Iy)=(z2, zy), we
may assume that, F,G € (Y5, Y4Z Y322 Y273 Y74, Z° X Z*%).

So let

F = (11Y5 —+ CL2Y4Z —+ CL3Y322 —+ CL4Y223 + CL5YZ4 + GGZS -+ CLXZ4,
G=0Y>+0Y*Z +b3Y3Z2 + 0,223 + bsY Z* + bg Z°.

Since H(A,1) = 3, we cannot have all F' and G in k[Y, Z] and so
we may assume that a = 1 and G in k[Y, Z]e.
Now consider all the contradictions of F' and G. They may be viewed

as vectors in k7 as follows:



D.(F) = A
~ (0,0,0,0,1,0),

Dy(F) = &Y'+ aY?Z+a3Y?Z?*+ a,Y 23 + az 2*
— (Gl, ag,ag,a4,a5,0),

D.(F) = aY*4+aY3Z +a,Y*Z%+asY 723 + agZ* + X 23
— (a2aa37a47a57a67 1),

D.(G) = 0
< (0,0,0,0,0,0),

D,(G) = b Y4 +b,Y3Z 4 b3Y2Z2 +b,Y Z3 + by 24
— (b17b2>b37b47b570)7

D.(G) = bY* +bsY3Z +b,Y?Z2 +b5Y 23 + bg 24
< (bg,b37b4,b5,b6,0).

Hence

0O 0 0 0 1
ay a2 asz Q4 Qs
A= o A3 QA4 a5 Gag
by by by by b5
by b3 by bs bs

OO = OO

has a rank at most 5. However, since H(A,4) = 6, we have to have

rank(A)=6, which is impossible.

Case 2. (I<4)=(zy,x2)
F=aaY?+aY*Z +a3Y37% + a Y223 + asY Z* + ag Z° + X5,
G =0Y5+ oY Z + 03Y3Z% + b, Y273 + bsY Z4 + bg Z°.
Then,
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D.(F) = X4
— (0,0,0,0, 1,0),

Dy<F) = CL1Y4 -+ a2Y3Z -+ a3Y2Z2 -+ a4YZ3 + CL5Z4
— (a17a27a37a47a570>7

D.(F) = aY*+a3Y3Z +a,Y?Z? + a5Y 73 + ag Z*
— (GQ,G37G4,G5,a6aO)»

D,(G) = 0
~ (0,0,0,0,0,0),

Dy(G) = LY 4+b0,Y3Z +b3Y2Z2+b,YZ3 + b 24
— (b17b27b37b47b570)7

DZ(G) = bYr 4 0Y3Z 4+ b, Y2 2?2 +bY Z3 + b 24
— (bQ,b3,b4,b5,b6,0).

Hence

0 0 0 0 0
a; Qa2 a3 a4 as
A= o A3 QA4 a5 Gag
by by by by b5
by by by bs bg

OO oo

has a rank at most 5. By the same reason as Case 1, H(A,4) < 5,
which is a contradiction, since H(A,4) = 6.

By Cases 1 and 2, the h-vector (1, 3, 4, 5, 6, 2) cannot be level.

Moreover, using the same idea, we see that any h-vector
(1,3,5,...,6,2)

cannot be level in general, as we wished.



5. Some Construction of Gorenstein and Level Artinian

O-sequences

Definition 5.1 (Definition 3.1 [12]). (a) A finite set X of points
P? is called a basic configuration of type (d,e) if there exist
distinct elements b;, ¢; in k such that

Ix = (H(a: —b;2), H(y — cjz)> :

j=1 j=1

We denote X := B(d, e).

(b) A finite set X of points in P? is called a pure configuration
if there exist finite basic configurations B(dy,e1),...,B(dn, emn)
where e; > --- > e,,, which satisfy the following three condi-
tions:

() B(ds, ) NB(d; ;) = @ if i £ 5,

(il)) X =B(dy,e1) - UB(dm, em),
(iii) e(B(di,ei)) D @(B(dit1,€i11)) for all 1 < < m—1, where
¢ : P2\ {(1,0,0)} — P! is the map defined by sending the

point (z,y, z) to the point (y, 2).

In this case, we denote X = ;- B(d;, €;).

Theorem 5.2 (Corollary 3.10, [10]). Let X = |J;%, B(d;, e;) be a pure

configuration in P%. Then X is level if and only if

€ — €iy1 = di—i—l

27
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foralll1 <1< m—1.

If r(A) is Cohen-Macaulay type of a Cohen-Macaulay standard graded
k-algebra A, and if A = @izo A; is an Artinian level algebra, then
r(A) = dimy, Ay(a)—1, where 0(A) = min{i|4; = 0}. HZ = U, B(d;, e;)

is a level pure configuration in P2, then r(Z) = r(R/Iz) = m.

Lemma 5.3 (Lemma 3.14, [10]). Let Z be a level set of points in
P* and X a subset of Z. Set Y := Z/X. Then R/(Ix + Iy) is an
Artinion level graded k-algebra with o(R/(Ix + Iy)) = o(Z) — 1 and
r(R/(Ix + Iy)) < r(Z).

Corollary 5.4 (Corollary 3.15, [10]). Let Z = |J.", B(d;, €;) be a level
pure configuration in P? and X a subset of Z. Set Y := Z/X. Then
R/(Ix+Iy) is an Artinion level graded k-algebra with o(R/(Ix+ Iy)) =
di+e1—2 and r(R/(Ix + Iy)) <m.

In the following example, we introduce how to produce all level O-
sequences among 79 cases in Table 1 using Link-Sum method. More-
over, we use the Computer programs CoCoA [3] and Splus for these

constructions.



Example 5.5. Now we can construct 23 cases using Corollary 5.4
among 79 cases in Table 1, which are: 4), 13), 14), 18), 19), 30), 31),
35), 36), 37), 41), 42), 57), 58), 59), 62), 63), 64), 68), 69), 73), 74),
79).

4)

*
* ¥ X * X @
* ¥ X X @

[ *
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

12 15 17
3 3 3
12 14 14
3 2 0

Hy

W W w w
W o WD

9
3
9
3

—_ = =

L

13)

@ X * % * *x
® O O X X

K

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy 1 369 12 15 17 —
Hx 1344 4 4 4 —
Hy 136 9 11 13 13 —
HR/(Ix+IY) 1 3 4 4 3 2 0 —
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14)

[ ]
x o
7 — ® X
Xk
Xk
CHERE.
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy 1 369 12 15 17 —
Hx 1344 4 4 4 —
Hy 1369 12 13 13 —
HR/(Ix+IY) 1 3 4 4 4 2 0 —
18)
o o
o x x
g e
o x x
* ok ok
k0 ok ok

\

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

H, 1 3 6 9 12 15 17 —
Hy 1 345 5 5 5 —
Hy 1 36 9 11 12 12 —
HR/(Ix+IY) 1 3 4 5 4 2 0 —
19)
* %
* %
7 =< % % * *
¥ k *x @
e o o o

Then the Hilbert functions of X, Y, Z, and R/

—~

Ix + Iy) are

H; : 1 36 10 14 18 20 —
Hx 134 5 5 5 5 —
Hy 1 3 6 10 14 15 15 —
HR/(Ix+IY) 1 3 4 5 5) 2 0 —



30)

*
Xk
Xk
x @

* k@

L® *x o
X, Y

Then the Hilbert functions of , Z, and R/(Ix + Iy) are

H, : 1 36 9 12 15 17 —
Hy : 1 355 5 5 5 —
Hy 136 9 11 12 12 —
HR/(Ix+IY) 1 3 5 5 4 2 0 —
31)
(0 o
e O X
g e
ok ok
ok k
[+ * %
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
H; :1 36 9 12 15 17 —
Hy : 1355 5 5 5 —
Hy : 1 3 6 9 12 12 12 —
HR/([X+IY) -1 3 5 5 5 2 0 —
35)
(%
ok k
g e
o x x
® Xk O
(@ * o
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
H;, : 1 369 12 15 17 —
Hy : 1 356 6 6 6 —
Hy : 1 36 9 10 11 11 —
HR/(Ix+IY) 1 3 5 6 4 2 0 —
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36)

*
* %
Z: ko ok
ko ok
® Xk
(e o x
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
H, 136 9 12 15 17 —
Hy : 1 356 6 6 6 —
Hy : 1 36 9 11 11 11 —
HR/(Ix+IY) 1 3 5 6 5) 2 0 —
37)
x @ %
X %k
Z="0e x % % x
® O X Xk Xk
® O X Xk Xk

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

H;, : 1 3 6 10 15 19 21 —
Hx 135 6 6 6 6 —
Hy 1 36 10 15 15 15 —
HR/(Ix+IY) 1 3 5 6 6 2 0 —
41)
(% %

* %

7 — * %

o x

o x

(@ o x

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hzy; :1 36 9 12 15 17 —
Hy : 1357 7 7 7 —
Hy : 1 3 6 9 10 10 10 —
HR/(Ix+IY) 1 3 5 7 5 2 0 —



42)

* K ¥ X @ X
* X% @ @ X X

*x @ @ X
® O X X

\

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy 1 3 6 10 14 18 20 —
Hx 135 7 7 7 7T —
Hy 1 3 6 10 13 13 13 —
HR/(Ix+IY) 1 3 5 7 6 2 0 —
57)
(*
*
ko ok ok
Z=<e® % @
*x @ @
* k@
* @ Xk

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

H; 1 369 12 15 17 —
Hy : 1366 6 6 6 —
Hy : 1 36 9 10 11 11 —
HR/(IX+IY) 1 3 6 6 4 2 0 —
58)
7 =

* % %X @ e @
* % X X @ @
* ¥ ¥ X @
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Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

H;
Hx
Hy
Hr)(rt1)

59)

Then the Hilbert functions of X, Y, Z, and R/

HR/(Ix-HY)
62)

Then the Hilbert functions of X, Y, Z, and R/

He/(ret1)
63)

N
I
¥ % %X @ % % %

1 3 6 9 12 15 17
1 3 6 6 6 6 6
1 3 6 9 11 11 11
136 6 5 2 0
¥ o @
¥ % @
Z=<% % % o @
* ok k% ok
¥ %k % x e

1 3 6 10 15 19 21
6 6 6 6
10 15 15 15
6 6 2 0

—_ = =

3 6
3 6
3 6

® X ¥

e 0 o X
* % @ ¥

\ [ ]

1 3 6 10 14 17 19
36 7 7T 7 7
3 6 10 11 12 12
36 7 4 2 0

—_

® O X X X ¥
® O X X X ¥
® O O X X

Ll

—~

Ix + Iy) are

Ll

—~

Ix + Iy) are

Ll



Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy 1369 12 15 17 —
Hx 136 7 7 7T 7T —
Hy 136 9 10 10 10 —
HR/(Ix+IY) 1 3 6 7 5) 2 0 —
64)
(% %
* ok
D AR
* @ Xk @
* @ k @
(@ o x o
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
H;, : 1 3 6 10 14 18 20 —
Hy : 1 36 7 7 7 7 —
Hy : 1 3 6 10 13 13 13 —
HR/(IX+IY) 1 3 6 7 6 2 0 —
68)
(0 o
e o o
Z: ® O X
o x x
* ok ok
ok *
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
H;, : 1 36 9 12 15 17 —
Hy : 1 368 8 8 8 —
Hy : 1369 9 9 9 —
HR/(Ix+IY) 1 3 6 8 5) 2 0 —
69)
( °
[ ]
Z: e O X
* ok ok
* ok ok
* ok ok
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Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hz; : 1 36 10 14 18 20 —
Hy : 1 36 8 8 8 8 —
Hy : 1 3 6 10 12 12 12 —
HR/(Ix+IY) 1 3 6 8 6 2 0 —
73)
e o o

e O o X

Z=<e® @ % x

o x x

ok % %

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
H, : 1 3 6 10 14 17 19 —

Hy : 136 9 9 9 9 —
Hy : 1 36 10 10 10 10 —
Hijir) 0 1 36 9 5 2 0 —.
74)
e o
e o
Z:**.O
* *x e @
*x k% X% @
* ok ok ok

\

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

H; : 1 36 10 14 18 20 —
Hy : 136 9 9 9 9 —
Hy 136 10 11 11 11 —
HR/(Ix+IY) 1 3 6 9 6 2 0 —
79)
( °
[ J
e o o
Z = * Xk @
*x @ @
* ok ok




Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

HZ |
HX |
Hy : 1
Hrjerr) ¢ 1

3

3
3
3

6

6
6
6

10
10
10
10

14 18 20 —
10 10 10 —
10 10 10 —
6 2 0 —.

Remark 5.6. We have classified 78 cases among 79 cases in Tablel.

In other words, we have only one case 52) (1,3,6,5,4,2) left to be

proved.

However, we will omit this non-level case, which is shown in Example

5.7 and Remark 2.12 in [6].
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Artinian O-sequences of Socle
Degree 5 and Type 2

Lee Kyung Ae

Major in Mathematics Education

Graduate school of Education

Sungshin Women's University

supervised by professor Shin Yong Su Ph.D.

The purpose of this study was to examine the
Codimension 3, Socle Degree 5 and Type 2
Artinian O-sequences 79 based on Theorem of
Froberg and Laksov.

First of all, we prove that 53 sequences cannot
be level using [1], [6], [11].

Then we introduce how to construct 23
sequences using CoCoA, S-plus.
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