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1. Introduction

If R = k[zo,x1,...,2,) = ®i>0R;, where k is an algebraically closed
field of characteristic 0, and if I is a homogeneous ideal of R, and A = R/I,
then the Hilbert function of A, Hy : N — N, (or sometimes H(A, —)) is

defined by

In case I is the ideal of a subscheme, X of P™, the Hilbert function of
A = R/I is sometimes denoted by Hx(— ).

It is worth noting that R is a standard graded algebra since R = k[Ry],
that is, R is generated (as an k-algebra) by its piece of degree 1. If I is
a homogeneous ideal of R, then R is again a standard graded k-algebra.
Furthermore, if I has height n + 1 in R, then A = R/I is an Artinian k-
algebra, and hence dimy A < oo. Thus we can write A =kP A1 P--- D As
where A # 0. We call s the socle degree of A.

We associate to the graded Artinian algebra A a vector of non-negative
integers which is an (s + 1)-tuple, called the h-vector of A and denoted

h(A). Let A be as above. Then it is defined as follows.

h(A) := (1,dimg Ay, . .., dimy Ay) = (ho, b1, ..., hs) with hy # 0.
1
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Let h and 4 be positive integers. Then h can be written uniquely in the

() () 3)

where m; > m;_1 > --- > m; > j > 1. This expansion for h is called the

form

i-binomial expansion of h. Also, define

i+l (i—1)+1 j+1)

and 0% = 0.

In Section 2, we give some conjecture if a given O-sequence of codimen-
sion 3 is not level based on the result of [4]. In Proposition 2.6, we find a
partial answer to the conjecture.

In [4], they showed that some O-sequences are not level if they have
a flat part in the middle. More precisely, an O-sequence hg hy

ha—1 ha hqgwith hg_1 > hg is not level with some condition (see Propo-
sition 2.4). However, we have not seen any level O-sequence hg hy

hg—1 hqg hgy1 with hg_1 = hg < hgy1 of codimension 3. In Section 3,
we obtain some result about this case. Moreover, we give a description
of a k-configuration (see [2], [5], and [6] for the definition) in P? and P3
whose minimal free resolution has a non-cancelable Betti number in the
last free module. In fact, those properties are true in P" in general when

n > 4.



2. Some Conjectures on Artinian Algebras of Codimension 3

Definition 2.1 (Definition 2.1 [4]). i) The sequence {h;};>¢ (with

ho =1 and hy < n) is called an O-sequence if there is a homoge-
neous ideal I C R such that if A = R/I then H (i) = h;.

i) In particular, the vector h = (1,n,hs,..., hs) is called an O-
sequence if there is an Artinian quotient A of R whose h-vector
is h.

ii1) The vector h = (1,n, ho, ..., hs) is called a level sequence if there is
a level Artinian algebra having h as its h-vector. Moreover, we say
that the sequence is a Gorenstein sequence if it is a level sequence
with hg = 1.

When hg # 0 we say that s + 1 is the length of the sequence.

Definition-Proposition 2.2 (Definition-Proposition 2.21, [3]). Let R =
klxo,...,zy] and let A = R/I be a Cohen-Macaulay ring of dimension d.
Let
0—Fp@-1— - —F1—=>1—-0
be a minimal free resolution of I. Then
(a) f B=By®---@® By (By # 0) is an Artinian algebra, then B is

level if and only if By = Ann(By).
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(b) Ais a level algebra if F,,_(4_1) = R™(—s), for some s > 0.
rank 7, _4—1) = Cohen-Macaulay type of A.

(c) If L is a linear non-zero divisor in A = R/I, then A is level if and

only if A/LA ~ A/(L, Ix) is level.

(d) i) If X is a non-degenerate set of points in P", A = R/Ix its
coordinate ring, then we say that ¢ is the socle degree of X if £
is the socle degree of the Artinian algebra B = A/LA, where
L is any linear non-zero-divisor of A.

ii) X is called a level set of points if A = R/Ix is a level algebra.

In this case, the socle degree of X is £ = 0(X) +n — 1.
(e) A O-dimensional differentiable O-sequence (equivalently, an O-
sequence whose first difference is the Hilbert function of an Ar-
tinian algebra) b = {b;};>0 with by = n + 1, is called level if there

is a level set of points in P™ with Hilbert function b.

Theorem 2.3 (Theorem 2.17, [4]). Let hq—2, hq—1, hq be three non-zero

integers such that

ha =B8N and kg =AY
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Let I be any ideal in R = klz1,...,xy,] such that the Hilbert function of

R/1I satisfies

H(R/I,d—2) = hgo+e, £>0
H(R/I,d—1) = hg_1,
H(R/I,d) = hq.

Then, the ring R/I has socle of dimension € in degree d—2. Consequently,

if I has minimal free resolution F as above, then

ﬁn—l,d+n—2 =E.

Proposition 2.4 (Proposition 2.21, [4]). Let h = (1,n, ha, ..., hs) be the
h-vector of an Artinian algebra with socle degree s. Then h is not a level
sequence for each of the following cases:

a) hg=hgr1 =p<d—1and hg_1 > p;

b) hg=hg+1 =p=d and hg—1 >p=d;

¢) hg=hgr1=p=d+1and hgq >d+1=p;

d) hg=hg1 =p<2d and hg—1 >p+n andd >n+2.

Example 2.5. Consider an Artinian O-sequence H : 1 3 6 10 6
6. Let I be the lex-segment ideal in R = k[x, y, z] with Hilbert function

H. Then the minimal free resolution of R/I is

0 — R(—6)®R(-7)®R(—8) — R3(-5)® R?(—6)® R13(-7)
— R%(-4)®R(-5) @R (-6) — R — R/I — 0.
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Hence all five copies R(—6) in the last free module cannot be canceled,
and thus H is not level. However, this case cannot be covered by Propo-

sition 2.4.

Proposition 2.6. Let H = {h;}i>0 be an O-sequence with
hg—1 > hg, hg<d+1, hgy1 >2d+1,

for some i > 1. Then any graded ring with Hilbert function H is not level.

Proof. Note that, by the proof of Proposition 2.4, any graded ring with

Hilbert function
H : 1 h1 hd_1 hd hd —
has a socle element in degree d — 1.
Now let A = ®;>0A; be a graded ring with Hilbert function

H : 1 h -+ hg1 ha hap

Let Ad—l—l = <f17 f27 .. '7fhd+1> and I = <fhd+17 e 7fhd+1>@j2d+2f4j- Then
a graded ring B = A/I has the Hilbert function1 hy --- hg—1 hq hq,
and hence B has a socle element in degree d — 1 by Proposition 2.4, and

so does A since A; = B; for every ¢ < d, as we wished. O



3. Some Algorithms for Obtaining Codimension3 Artinian

O-sequences

In this section, we are interested in the following type of Hilbert function

of codimension 3:
ho hi -+ hg-1 hg hau

with hg—1 = hqg < hqy1.

Example 3.1. Consider an O-sequence H : 1 3 4 4 5. Let I be
a lex-segment ideal in R = k[z,y, z]. Then the minimal free resolution of
R/I is

0 — R(-5)®R(-T7) —  R(-3)® R*(—4) © R''(-6)
— R>(-2)®R(-3)®R(-5) — R — R/I — 0.

By the same idea as in Example 2.5, H is not level. This example gives

us the following question.

Question 3.2. Let H = (hg, hy, ..., hg—2, hqg—1, hq) such that hy < hy <

< hg—2 = hg_1 < hg.
(a) Let A be a graded ring with Hilbert function H. Does the minimal
free resolution of A have a non-cancelable Betti number in the last

free module?
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(b) Is H not a level O-sequence?

We will give a partial answer to Question 3.2 with some condition, that

is, a generic Hilbert function in Remark 3.3.

Remark 3.3. By Theorem 2.3 and the same argument as in Example 2.5,
we see that the following two Artinian O-sequences Hy : 1 3 3 4 and

Hy: 1 3 6 6 7 are not level. In fact, if I and J are lex-segment
ideals of R with Hilbert functions H; and Hs respectively, then the min-

imal free resolutions of R/I and R/J are

0 — R(-4)® RY-6) — R3(-3)® R%(-H)
— R3(-2)®R(-4) — R — R/I — 0.

0 — R(-5)®R'(-7) — RY—4)® R"¥(-0)
— RY-3)®oR}(-5) — R — R/I — 0.

By the same idea as in Example 2.5, H; and Hy are not level.
What can we say about the O-sequence H : 1 3 6 --- 6 77

If the socle degree of H is 7, then H is not an O-sequence, and so
it is not level by Theorem 2.3. Moreover, by a simple calculation using
CoCoA [1], we know that H is not level if the socle degree d of His 4, 5, 6.
Furthermore, any graded ring with Hilbert function H has a socle element

in degree d — 2.
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The following algorithm is to obtain the minimal free resolution of the
lex-segment ideal whose Hilbert function is the given generic Artinian O-
sequence of codimension 3.
In other words, one can use this algorithm to obtain all possible h-
vectors which are of type

H=1 (241”) (2;2> (2&@51)) ha - ha hass

s—times

with hgps=hg + 1, and their type vectors 7 (see [2] for the definition of

n-type vectors) and minimal free resolutions.

Algorithm 3.4.
Define ADDUPHilbert (L)
S:=[1;
For I := 2 To Len(L)
Do S1:=Sum(First(L,I));
Append(S,S1);
EndFor;
S82:=Comp(S,Len(8));
S:=[s];
Append(S,52);
Return S;

EndDefine;
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—-Define FLAT(N)
N:=c;
List:=[1,3];

COUNT:

0;
For I := 2 To N-1 Do
MaxN := BinExp(Comp(List,I),Len(List)-1,1,1);
If N <= MaxN Then
Append(List,N);
Append (List ,N+1) ;
If Comp(List,I) = N Then
-- OSEQUENCE(List);
Print List, NewLine," -> ";
ADHList :=ADDUPHilbert (List) ;
Print ADHList, NewLine," -> ";
TV.FromHF (ADHList) ;
TV.PrintRes(It);
Print NewLine, NewLine;
EndIf;
Remove(List,Len(List));
Else Append(List,MaxN);

EndIf;
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EndFor;

—--EndDefine;

Here is an example how to use Algorithm 3.4 from CoCoA [1].

Example 3.5. Using Algorithm 3.4 with c=15 in the middle of the algo-

rithm, we obtain the output as follows.

(1, 3, 6, 10, 15, 15, 16]
-> [[4, 10, 20, 35, 50, 66], 66]
-> [[[11], C[[11,[21]1, [C1]1,03]1,[41,[511, [[1]1,[21,[3]1,[4],
(51,0611, [[1]1,[2]1,[31,[4]1,[5]1,[61,[711]
0 -=> R™3(-7) ($)R(-8) (+)R"16(-9) --> R"8(-6) (+)R"3(-7)
(+)R~34(-8)

-=> R76(-5) (+)R"2(-6) (+)R"18(-7) -—> R

(1, 3, 6, 10, 15, 15, 15, 16]

-> [[4, 10, 20, 35, 50, 65, 81], 81]

-> [[[11], C[[11,[21]1, [C11,[21,[41,[611, [[1]1,[21,[3]1,[4],
(51,061,711, [[11,[2]1,(3]1,[4]1,(5]1,[6]1,[71,[811]

0 —-=> R™3(-7) (+)R"2(-8) (+)R(-9) (+)R"16(-10)

-=> R78(-6) (+)R"5(-7) (+)R"2(-8) (+)R"34(-9)
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-=> R76(-5) (+)R"3(-6) (+)R(-7) (+)R"18(-8) -—> R

(1, 3, 6, 10, 15, 15, 15, 15, 16]

-> [[4, 10, 20, 35, 50, 65, 80, 96], 96]

-> [[[11], C[[11,[21]1, [C11,[21,[41,(511, [[2],[3]1,[4]1,[5],
(61,071,811, [[11, [21, [31, [41, [51, [61, [71, [81,
[9111]

0 —-=> R™3(-7) ($)R"2(-8) (+)R"2(-9) (+)R"16(-11)

-=> R™8(-6) (+)R"5(-7) (+)R"4(-8) (+)R(-9) (+)R"33(-10)
-=> R76(-5) (+)R"3(-6) (+)R"2(-7) (+)R(-8) (+)R"17(-9)

--> R

(1, 3, 6, 10, 15, 15, 15, 15, 15, 15, 15, 15, 15, 16]

-> [[4, 10, 20, 35, 50, 65, 80, 95, 110, 125, 140, 155,
1711, 171]

-> [[[111, (11,2171, C((11,([2]1,(4]1,(511, C[11,(3],(5],
(71,091, [121,[131]1,([1],[2],[31,[4]1,[5]1,[61,[7]1,[8],
(91, [101,[111,[12],[13], [14]1]1]

0 -=> R73(-7) (+)R"2(-8) (+)R"2(-9) (+)R(-10) (+)R(-11)



(+)R(-12) (+)R(-13) (+)R(-14) (+)R"16(-16)

-=> R™8(-6) (+)R"5(-7) (+)R"4(-8) (+)R"3(-9) (+)R"2(-10)
($)R"2(-11) (+)R"2(-12) (+)R"2(-13) (+)R"33(-15)

-=> R"6(-5) (+)JR"3(-6) (+)R"2(-7) (+)R"2(-8) (¥)R(-9)
(+)R(-10) (+)R(-11) (+)R(-12) (+)R"17(-14)

--> R

[1, 3, 6, 10, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 16]
-> [[4, 10, 20, 35, 50, 65, 80, 95, 110, 125, 140, 155,
170, 186],186]

-> [[[11], C[[11,[21]1, (C11,[2]1,[41,(511, [[11,[31,058]1,[7],
(91, [111,[1411,[[1]1,[2]1,(3]1,[4]1,[5],([e6]1,[7]1,[8],[9],
(10], [11],[12],[13], [14], [15]]]

0 -=> R73(-7) (+)R"2(-8) (+)R"2(-9) (+)R(-10) (+)R(-11)

(H)R(-12) ($)R(-13) (+)R(-14) (+)R(-15) (+)R"16(-17)
-=> R™8(-6) (+)R"5(-7) (+)R"4(-8) (+)R"3(-9) (+)R"2(-10)
(+)R"2(-11) (+)R"2(-12) (+)R"2(-13) (+)R"2(-14) (+)R"33(-16)
-=> R76(-5) (+)R"3(-6) (+)R"2(-7) (+)R"2(-8) (+)R(-9)
(+)R(-10) (+)R(-11) (+)R(-12) (+)R(-13) (+)R"17(-15)

--> R

(1, 3, 6, 10, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 16]
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-> [[4, 10, 20, 35, 50, 65, 80, 95, 110, 125, 140, 155, 170,
185, 201], 201]

-> [[[11], C[[11,[21]1, (C1]1,([2]1,([41,(511, [[11,[31,058]1,[7],
(91, [111,[1311, [[1]1,[2]1,[31,[4]1,[5]1,(6]1,[71,[8],[9],
(101, [11],[12],[13], [14], [15], [16]1]1]

0 —-=> R73(-7) ($)R"2(-8) (+)R"2(-9) (+)R(-10) (+)R(-11) (+)R(-12)

($)R(-13) (*)R(-14) (*)R(-15) (+)R(-16) (+)R"16(-18)

-=> R™8(-6) (+)R"5(-7) (+)R"4(-8) (+)R"3(-9) (+)R"2(-10)
(F)R"2(-11) ($)R"2(-12) (+)R"2(-13) (+)R"2(-14) (+)R"2(-15)
($)R~33(-17)

-=> R76(-5) (+)R"3(-6) (+)R"2(-7) (+)R"2(-8) (+)R(-9) (+)R(-10)
($)R(-11) (FR(-12) (FR(-13) (+)R(-14) (+)R"17(-16)

--> R

From the above output, we obtain 10 cases. However, we omit some of
them because of too much space to put here.
Now we prove that the following interesting case among the above all

10 cases in Example 3.5 in Proposition 3.6

Proposition 3.6. The Artinian O-sequencel 3 6 10 15 15 16 s

not level.
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Proof. Let I be anideal in R = k[z, y, z] with Hilbert function1 3 6 10
15 15 16. Then the minimal free resolution of R/I'** is

0 — R3}-7)®R(-8)®RY(-9) — R¥—6)® R3-T7)® R*(-8)
— RS(-5) @ R*(-6)®oR¥®(~-7) — R — R/I — 0.

Suppose that I has 18 generators in degree 7. Let J be the ideal gen-
erated by the components of I of degree < 6. Then the Hilbert func-
tionof R/Jis1 3 6 10 15 15 16 18 --.-. Note that the sequence

14 16 18 in degrees 5, 6 and 7 has a maximal growth. Therefore, by
Theorem 2.3, R/J has a socle element in degree 5. Hence also R/I has
such a socle element. Since R/I and R/J agree in drgree < 6. It follows
that in order for R/I to be level, I must have at most 17 generators in
degree 7. But then both copies R(—7) of the last free module cannot be

canceled. O

By the same method as in the proof of Proposition 3.6, one can show

that the following cases in Table 1 cannot be level.

1, 3, 6, 10, 10, 11
1, 3,6, 10, 13, 13, 14
1,3,6, 10, 14, 14, 14, 15
1,3, 6, 10, 15, 16, 16, 17
1,3,6,10, 15, 17, 17, 18

.10, 12, 12, 13
.10, 14, 14, 15

. 10, 15, 15, 15, 16
.10, 15, 16, 16, 16, 17

= =] ==
wo| wo| | w
(o2l Rer] N Nep)

TABLE 1
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We use Algorithm 3.4 to obtain the generic cases of O-sequences, their
vectors and minimal free resolutions.

Here is an algorithm for the general cases.

Algorithm 3.7.
Define ADDUPHilbert (L)
S:=[1;
For I := 2 To Len(L)
Do S1:=Sum(First(L,I));
Append(S,S1);
EndFor;
S2:=Comp(S,Len(8));
S:=[8];
Append(S,852);
Return S;

EndDefine;

Define FindFlat (K)
L := [[[1,3]1];
For I:=2 To K Do

Prov := [];

Foreach E1 In L[I-1] Do



17

For J:=Comp(El,Len(E1l)) To BinExp(El[Len(E1)],I-1,1,1) Do

If J <K+ 2 And (J > Comp(El,Len(E1l)) Or J = K) Then

Append (Prov,Concat (E1, [J]));
EndIf;
EndFor;

EndForeach;

Append (L, Prov);

EndFor;

FlatList:=[];
Foreach E1 In L Do
A:=[Elm In E1 | Elm[Len(Elm)] = K+1

And Elm[Len(Elm)-1]

K

And Elm[Len(Elm)-2] = K];
Foreach E11 In A Do
Append(FlatList, E11);
EndForeach;
EndForeach;

Return FlatList;

EndDefine;

FlatList:=FindFlat(c);
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Foreach E1 In FlatList Do

Print E1, NewLine," -> ";
ADHList:=ADDUPHilbert (El) ;

Print ADHList, NewLine," -> ";
TV.FromHF (ADHList) ;
TV.PrintRes(It);

Print NewLine, NewLine;

EndForeach;

Now we give an example how to produce O-sequences using Algo-
rithm 3.7 which cannot be constructed using the previous Algorithm 3.4

in general.

Example 3.8. Using Algorithm 3.7 with c=15 in the middle of the algo-

rithm, we obtain the output as follows.

(1, 3, 6, 10, 15, 15, 16]
-> [[4, 10, 20, 35, 50, 661, 66]
-> [[[11], C[[11,[21]1, [C1]1,03]1,[41,[(511, [[1]1,[21,[3]1,[4],
(51,0611, [[1]1,[2]1,[31,[4]1,[5]1, [61,[711]
0 -=> R™3(-7) (+*)R(-8) (+)R"16(-9) —--> R"8(-6) (+)R"3(-7) (+)
R~34(-8)

-=> R76(-5) (+)R"2(-6) (+)R"18(-7) -—> R



(1, 3, 6, 9, 12, 15, 15, 16]
-> [[4, 10, 19, 31, 46, 61, 77], 77]

-> [[[1],[2],[4],(61]1, [[11,(2],(3],[4],[5],[6]1,[71],

[[11,[2]1,[3]1, [41,[5]1,[61,[7],[8]11]
0 --> R"2(-8) (+)R(-9) (+)R"16(-10) --> R"5(-7) (+)
R"2(-8) (+)R~34(-9)

-=> R(-3) (+)R"3(-6) (+)R(-7) (+)R"18(-8) -—> R

(1, 3, 6, 10, 12, 15, 15, 16]
-> [[4, 10, 20, 32, 47, 62, 78], 78]

-> [[[11], [[11,(021,(4],[e]], [[1],[2],(3],[4],(5],(6],

(711, C([11,[2],(3],[4]1,(5]1,(61,[7],[8]]]
0 -=> R(-6) (+)R"2(-8) (+)R(-9) (+)R"16(-10)
-=> R73(-5) (+1)R"5(-7) (+)R"2(-8) (+)R"34(-9)

-=> R73(-4) (+)R"3(-6) (+)R(-7) (+)R"18(-8) -—> R

(1, 3, 6, 10, 13, 15, 15, 16]
-> [[4, 10, 20, 33, 48, 63, 79], 79]

-> [[[2]1], [[11,(21,(4],[e]], [[1],[2],(3],[4],(5],(6],

(711, C(1]1,[2]1,(3],[4], (5], (61, [7], [811]

0 -—> R(-7) (+)R"2(-8) (+)R(-9) (+)R"16(-10)

19
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-=> R(-5) (+)R"2(-6) (+)R"5(-7) (+)R"2(-8) (+)R"34(-9)
-=> R"2(-4) (+)R(-5) (+)R"3(-6) (+)R(-7) (+)R"18(-8)

--> R

(1, 3, 6, 10, 14, 15, 15, 16]
-> [[4, 10, 20, 34, 49, 64, 80], 80]
-> [[[11,[211, [[1]1,[2],[4],(611, [[1],[2],[3],[4],[5],
(61,711, ([11,[2]1,(3],(4]1,[5],(6],([7],[8]1]]
0 —-=> R™2(-7) (+)R"2(-8) (+)R(-9) (+)R"16(-10)
-=> R75(-6) (+)R"5(-7) (+)R"2(-8) (+)R"34(-9)
-=> R(-4) (+)R"3(-5) (+)R"3(-6) (+)R(-7) (+)R"18(-8)

--> R

(1, 3, 6, 10, 15, 15, 15, 16]
-> [[4, 10, 20, 35, 50, 65, 81], 81]
-> [[[111, [C1]1,0211, C([11,(2]1,(4],(6]], [[1],[2],[3],
(41,051,061, (711,0011, [21, (31, [41, [51, [e],
(71, [811]
0 —-=> R™3(-7) (+)R"2(-8) (+)R(-9) (+)R"16(-10)
-=> R78(-6) (+)R"5(-7) (+)R"2(-8) (+)R"34(-9)

-=> R76(-5) (+)R"3(-6) (+)R(-7) (+)R"18(-8) -—> R
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[1, 3, 6, 10, 13, 14, 15, 15, 15, 15, 15, 15, 15, 15, 15, 16]

-> [[4,10,20,33,47,62,77,92,107,122,137,152,167,182,198],
198]

-> [[[2]11, ([2]1,[41,0511, C([11,[31,05]1,[71,[9]1,[11]1,[13]],
([1]1,[21,(3]1,[4]1,[51,([e61,[71,[81,[9],[10],[11],[12],

(131, [14],[15],[161]1]

0 ==> R(-7) ($)R(-8) (+)R"2(-9) (+)R(-10) (+)R(-11) (+)R(-12)
(+)R(-13) (+)R(-14) (+)R(-15) (+)R(-16) (+)R"16(-18)

-=> R(-5) (+)R"3(-6) (+)R"2(-7) (+)R"4(-8) (+)R"3(-9)
(+)R"2(-10) (+)R"2(-11) (+)R"2(-12) (+)R"2(-13)
(+)R"2(-14) (+)R"2(-15) (+)R"33(-17)

-=> R72(-4) (+)R"2(-5) (+)R(-6) (+)R"2(-7) (+)R"2(-8)
($)R(-9) (+)R(-10) (+)R(-11) (+)R(-12) (+)R(-13)

(+)R(-14) (+)R"17(-16)

--> R

(1, 3, 6, 10, 13, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 16]
-> [[4,10,20,33,48,63,78,93,108,123,138,153,168,183,199],

199]
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-> [[[2]1], ([[1],[2]1,([4]1,(511, ([1]1,(3]1,(5],(71,[9],[11],
(1311, ([11,[2]1,(3]1,(41,[5],(e]1,[7],[8],[9],[10],[11],
[12],[13],[14],[15],[16]1]]
0 -=> R(-7) (:)R"2(-8) (+)R"2(-9) (+)R(-10) (+)R(-11) (+)R(-12)
(+)R(-13) (+)R(-14) (+)R(-15) (+)R(-16) (+)R"16(-18)

-=> R(-5) (+)R"2(-6) (+)R"5(-7) (+)R"4(-8) (+)R"3(-9)
($)R"2(-10) (+)R"2(-11) (+)R"2(-12) ()R"2(-13) (+)R"2(-14)
(+)R"2(-15) (+)R"33(-17)

-=> R™2(-4) (+)R(-5) (+)R"3(-6) (+)R"2(-7) (+)R"2(-8) (+)R(-9)
(+)R(-10) (+)R(-11) ($)R(-12) (+)R(-13) (+)R(-14) (+)R"17(-16)

--> R

[1, 3, 6, 10, 14, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 16]

-> [[4,10,20,34,49,64,79,94,109,124,139,154,169,184,200] ,
200]

-> [[[1]1,[21], [[11,[2]1,[4]1,[511, [[1]1,(3]1,([51,(71,[9],[11],
(1311, ([11,[2]1,(3],(4]1,[5],(e6]1,[7],[8],[9],[10],[11],
[12],[13], [14],[15],[161]1]

0 -=> R™2(-7) (+)R"2(-8) (+)R"2(-9) (+)R(-10) (+)R(-11) (+)R(-12)

(+)R(-13) (+)R(-14) (+)R(-15) (+)R(-16) (+)R"16(-18)
-=> R™5(-6) (+)R"5(-7) (+)R"4(-8) (+)R"3(-9) (+)R"2(-10)

(+)R"2(-11) (+)R"2(-12) (+)R"2(-13) (+)R"2(-14) (+)R"2(-15)
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(#)R"33(-17)
-=> R(-4) (+)R"3(-5) (+)R"3(-6) (+)R"2(-7) (+)R"2(-8) (+)R(-9)
(+)R(-10) (+)R(-11) (+)R(-12) (+)R(-13) (+)R(-14) (+)R"17(-16)

-_> R

(1, 3, 6, 10, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 16]

-> [[4,10,20,35,50,65,80,95,110,125,140,155,170,185,201],
201]

-> [[[11], C[[11,[21]1, (C11,([2]1,([41,(511, [[11,[31,058]1,[7],
(91,0111, (1311, [[11,[21,(3]1,[4]1,[5]1,([61,[71,[81,[9],
(101, [11]1,[12], [131,[14], [15]1, [1611]

0 —-=> R™3(-7) ($)R"2(-8) (+)R"2(-9) (+)R(-10) (+)R(-11) (+)R(-12)

($)R(-13) (*)R(-14) (+)R(-15) (+)R(-16) (+)R"16(-18)

-=> R™8(-6) (+)R"5(-7) (+)R"4(-8) (+)R"3(-9) (+)R"2(-10)
(F)R"2(-11) ($)R"2(-12) (+)R"2(-13) (+)R"2(-14) (+)R"2(-15)
(+)R~33(-17)

-=> R76(-5) (+)R"3(-6) (+)R"2(-7) (+)R"2(-8) (+)R(-9) (+)R(-10)
($)R(-11) (FR(-12) ($R(-13) (+)R(-14) (+)R"17(-16)

—-_> R
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From the above output, we find all 321 cases. Recall we have 10 cases

which are generic cases in Example 3.5.

Here is another interesting case which is not level.

Proposition 3.9. The Artinian O-sequenceH:1 3 6 10 15 20 20

20 21 cannot be level.

Proof. Let I be anideal in R = k[z, y, z] with Hilbert function1 3 6 10

15 20 20 20 21. Then the minimal free resolution of R/I'** is

0 — R3(—8)® R%(—9)® R(—10) ® R*'(—11)

—  R8(—7)@® R>(-8) ® R*(—9) ® R*(-10)

—  R(—5) ® R>(—6) ® R3(—7) ® R(—8) @ R?3(-9)
— R — R/I — 0.

Suppose that I has 23 generators in degree 9. Let J be the ideal gen-
erated by the components of I of degree < 8. Then the Hilbert function
of R/Jis1l 3 6 10 15 20 20 20 21 23 --- Note that the se-
quence 19 21 23 in degrees 7, 8 and 9 has a maximal growth. Therefore,
by Theorem 2.3, R/J has a socle element in degree 7. Hence also R/I has
such a socle element. Since R/I and R/J agree in drgree < 8. It follows
that in order for R/I to be level, I must have at most 22 generators in
degree 9. But then both copies R(—9) of the last free module cannot be

canceled. O
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This thesis studies whether some kind of
Artinian O-sequences of codimension 3 are level
or not which is increasing, flat and increasing

(i.e. the Artinian O-sequences of hy hy ... hy_; hy

h’d+1 With hd—l — h’d < hd+1)'

In this thesis, two CoCoA algorithms which
generate sequences for this research are
implemented and described with some examples.

Furthermore, based on minimal free resolution,



this thesis proves that the sequences generated
by these two algorithms are non-level Artinian

O-sequences.
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