creative
comimons

C O M O N S
& X EAlI-HI el Xl 2.0 Gigel=
Ol OtcHe =2 E 2= FR0l 86tH AFSA
o Ol MHE=E= SN, HE, 8E, A, SH & &5 = AsLIC

XS Mok ELICH

MNETEAl Fots BHEHNE HEAIGHHOF SLICH

Higel. M5t= 0 &

o Fot=, 0l MEZ2 THOIZE0ILE B2 H, 0l HAS0 B2 0|8
£ 2ok LIEFLH O OF 8 LICEH
o HEZXNZREH EX2 oItE O 0lelet xAdE=2 HEX EsLIT

AEAH OHE oISt Aele 212 WS0ll 26t g&
71 2f(Legal Code)E OloiotI| &H

olx2 0 Ed=t

Disclaimer =1

ction

Colle


http://creativecommons.org/licenses/by-nc-nd/2.0/kr/legalcode
http://creativecommons.org/licenses/by-nc-nd/2.0/kr/

Polynomial ring of krull

dimension 2

2009



Polynomial ring of krull

dimension 2

Fo 2 A&

A

2 4499

A

o]

2009€ 5€

HAQAY G 24

o

o



Qe HAgY =222 dFEF.

CR AR ol
CR AR ol
CR AR ol

cRLEL LI L LR



o] ERAE 2 Mo A FHE ALt F. zanellod] B E

44 section 2 °l*+= Zorn's Lemma & H]£3le] F o]d &9
t}eAl sle] A3 F83F AYESH CdAE AASYT. Section
3ol = F. zanello®] A& A3 F9s7] 9 2 7kx A
A S A A5}



=ENSL

1. TNtrOAUCEHIQM «+teerererereererereremerertsstnitttsitet sttt ettt 1
2. Preliminari@s - rerrresrerrnrrrnresestrnesestsresssneet st sasessses et sasnseses 1
3. A polynomial ring over a PID i 15
REFERENCES :tttsteesttstsentnteistascstisinssisstesisinistisisssitoissiiioisiosims 26

ABSTRACT



1. Introduction

It is well-known that any principal ideal domain(for short, PID) is
in a unique factorization domain(for short, UFD). In [2], F.Zanello
proved that D in a PID has infinitely many irreducibles if and only if
every maximal ideal of D[z] has height 2.(See Theorem 42). In this
thesis, we review F.Zanello’s result adding precise details. Moreover,
we also give some examples. In Section 2, we give some preliminaries
notations and known results. In Section 3, for precise proofs, we

introduce known results with proofs for readers.

2. Preliminaries

Definition 1 ([2]). Let R be a ring with unity 1 # 0. An element
uin R is a unit of R if it has a multiplicative inverse in R. If every
nonzero element of R is a division ring. A field is a commutative

division ring.

Definition 2 (2). An integral domain D is a commutative ring

with unity 1 # 0 and containing no divisors of 0.

Definition 3 (2). An additive subgroup N of a ring R satisfying

the properties

aN C N and NbC N for all a,b € R
1



2 So-Young An

is an zdeal.

Definition 4 (2). A partial ordering of a set S is given by a
relation < defined for certain ordered pairs of elements of s such that

the following conditions are satisfied :

l.a<aforalla €S (reflexive law)
2. lfa<band b = a, then a = b (antisymmetric law)

3. lfa<band b = ¢, then a < ¢ (transitive law)

Lemma 5. [Zorn’s Lemma] If S is a partially ordered set such
that every chain in S has an upper bound in S, then S has at least

one mazimal element.

Lemma 6. Let R be a commutative ring with unity 1. Then every

proper ideal I in R is contained in a maximal ideal M in R.

Proof. Let T ={J | I £ J < R, and J is an ideal of R} be the
collection of all proper ideals J in R containing I.

Then T is not empty since I € T and it is a partially ordered set
under our usual ideal inclusion. Let 7" = {J;} be a chain in 7', and
let J = JJi. Then now prove that J € T, for; 0 € J; for every i.
For every a,b € J, there is J; containing a and b since T" is a chain
inT. That is, a+ b, a —b € J; € J. Moreover for every r € R and

a € J, there is J; containing a, that is, ra = ar € J; € J. Hence J
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is an ideal containing I since J; contains I for every i, and J; C J.
thus J is the largest element of T'.
Moreover since J; S R, ie., 1 ¢ J; for every i, 1 ¢ J. In other
words, I £ J S R, and hence J € T'. Thus J is an upper bound for
{J;} € T. The hypotheses of Zorn’s lemma are fullfilled, so there is
a maximal element M in 7', and M is a maximal ideal containing [

in R, as we wished. O

Example 7. Let Z be a commutative ring with unity 1 and I = aZ,
a € R is a proper ideal, by Lemma 6. Then there exists a prime
p € Z such that p | a, and hence aZ < pZ, which pZ is a maximal
ideal of Z.

Definition 8 (2). An ideal N is not equal R in a commutative ring
R is a prime ideal if ab € N implies that either a € N or b € N
for a,b € R.

Definition 9 (2). A mazimal ideal of a ring R is an ideal M dif-
ferent from R such that is no proper ideal N of R properly containing

M.

Remark 10. For a commutative ring R with unity 1:
1. M is a maximal ideal of R if and only if R/M is a field.
2. An ideal N of R is prime if and only if R/N is an integral

domain.
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3. Every maximal ideal of R is a prime ideal.

Definition 11 (1). Let R be a commutative ring with unity 1. Then

we denote the collection of all maximal ideals in R by
Q(R) = {M | M is a maximal ideal of R},
and the collection of all prime ideals in R by
Spec(R) = {p | p is a prime ideal of R}.

The Jacobson radical ideal 'R of a ring R is the intersection of
all maximal ideals M in R. That is,
VR= (] M.
MeQ(R)
The nilradical v/0 of R is the intersection of all prime ideals of R.

In other words,

Vi= N e

p€eSpec(R)

Lemma 12 (2). Let I be an ideal and I < R if and only if 0 € I,

atrbel,ar,ra €l foralla,bel, r € R.

Proof. If I is an ideal of R, then 0 = 0-0 € I, and (a £ b)] =
al £b] C I, I(atb) =Ia+Ib C I and ar, ra € I as ideal’s
definition.

Conversely, if ar, ra € I, then al, Ia C I. Hence [ is an ideal. [
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Definition 13. An element a of a ring R is nilpotent if o = 0 for

some n € ZT.

Lemma 14. Let R be a commutative ring with unity 1. Let I =

{a € R|a" =0 for somen>0,n € Z}. Then I is an ideal of R.

Proof. Since 0! = 0, 0 € I. Since a,b € I, a"M: 0, b™ = 0, for all
m,n € N. Let M = m + n, then (a + b)M = Z (j\:)aM_kbk =0.
for; if 0 £ k < m then e % = 0, and if m §i:k?§Mthen bk = 0.
Thus, a+be I. If a € I, then (—a)” = + a® = 0. Thus —a € [, if
a€l,re R, then (ar)" = (ra)* =0 € I. By Lemma 12 , I is an

ideal of R. ]

Lemma 15. Let R be a commutative ring with unity 1. Then
Vo={a e R|a" =0 for somen > 0,n € Z}.

Proof. Let I = {a € R | a™ =0 for somen > 0,n € Z}. For every
prime ideal @, if a € I, i.e., a" = 0 for some n € Z*, then a" € p.
Thus a € g, since g is a prime ideal. Hence I C (] p = V0.
Conversely, assume a € R such that a™ = 0 for every n = 1. Let T
={J S R|a™#0, for all n = 1}. Note that {0} in T, that is, T is
not empty. And for all J; < Jy, so T is partially ordered set. Let
S = {J;} be a chain, then |J J; = J is a ideal of T.

In fact, it is obvious that 0 € J. For every a,b € J, there is an

ideal J; € S such that a,b € J;, since S is a chain. Hence a £ b,
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ar, ra € J;, for every r € R, i.e., a b, ar, ra € J for such r € R.
Moreover, if a™ € J for some n € Z*, then a" € J; for some i, a
contradiction. In other words, J is an upper bound of S in 7. By
Zorn’s lemma, there exists a maximal element @ in T". Let x,y € R
such that zy € p. Suppose = ¢ @, y ¢ p, then p C (x,p) and
© € (y,9). By the maximality of g, (x,p) ¢ T, (y,0) ¢ T, ie.,
a" € (z,p), a™ € (y,= wp), for some n,m € Z*.

Let Max{n,m} = N Then N € (z, )N (y, p), that is,

a = a1y + p1 = yro + p2 where 71,73 € R, p1,p2 € p, hence
ava® = (zri+p1)- (yr2 +p2)

= zy(rira) + (zr1)p1 + (yra)pe + p1p2 € @, a contradiction.

So, there exists p € Spec(R) such that, a ¢ @, that is, a ¢ (o = V0,

which completes the proof. O

Example 16. Let Zg = {0,1,2,...,7} be a commutative ring with
unity 1. Then by Lemma 14, [ = {0,2,4,6} is an ideal of Zg. Also,
V0 = ﬂ ={0,2,4,6} = I, by Lemma 15.

p€ESpec(Z)

Definition 17 (1). Let R be a commutative ring with unity 1. The
height of a prime ideal p is the supremum of the lengths of all the

chains

pOCplc...Cpt:p



of prime ideals of R that end at p.
The Krull dimension dim R is the supremum of the lengths of
all the chains of primes ideals of g, or equivalently, the supremum

of the heights of all the prime ideals p in R.

Remark 18. (a) Let F be a field. Then {0} is a unique prime
ideal in F', and hence dim F' = 0.

(b) Let F be as in (a) and F[z] be a polynomial ring over a field

F. Then every maximal ideal M in F[x] is of the from (p(z))

where p(x) is irreducible in F'[z]. In other words, dim F' = 1.

Lemma 19. Let R be a commutative ring with unity 1. Then

(a) a € VR if and only if 1 — ab is a unit in R for all b € R;

(b) in particular, 1 + a is a unit in R for every a € /0.

Proof. (a) Suppose 1 —ab is not a unit for some b € R. Then there is
a maximal ideal M in R such that 1—ab € M. Since M is a ideal and
a € VR C M,be R, then abe M, that is, 1 = (1 — ab) + ab € M,
a contradiction.

Conversely, assume a ¢ M for some maximal ideal M in R. Then
M and a generate the ring R, that is, (M, a) = R so that we have
m + ab =1 for some m € M and b € R. Hence m =1 —ab e M is

not a unit for some b € R.
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(b) Suppose 1 +a =1 —a(—1) is not a unit in R. Then there is a
maximal ideal M in R such that 1+ a € M. Since VO C VR C M,
we have a € M, ie.,a-(—1) € M and hence 1 = (1+a) —a € M,

a contradiction, as we wished. O

Definition 20. The set R[z| of all polynomials with coefficients
in the ring R is itself a ring (polynomial ring) with the usual
operations of polynomial addition and multiplication, and that R is

a subring of R[z].

Lemma 21. Let R be a commutative ring with unity 1 and let f(x) =
ap+a1x+---+apx™ € Rlx]. Then f(x) is a unit in R[x] if and only

if ag s a unit in R and aq,...,a, are nilpotent in R.

Proof. We shall prove this Lemma using induction on n. If n = 0,
then ap € R C R[], and hence q is unit. So we assume n > 0. Let
g(x) = by + b1z + - -+ + bpx™ € R|x] be the multiplicative inverse of
f(z). Then

1= f(x)g(x) = agbo + (aibo + aohy)x + ... + apbypz™™

Note that agby = 1, and so ag is a unit in R . Now we shall prove
that a2™b,,_, = 0 by induction on «. Since a,b,, = 0, it holds when

a = 0. Assume a > 0. Consider the (n + m — a)-th coefficient of



f(z)g(z). Then
0 = an—abm‘l’an—(a—l)bm—l‘l’ CtAn— lb —(a—1) + anbm—«

- ag(an—abm + an—(a—l)bm—l + -t an— lb —(a—1) + anbm a)
= @n—aty (apbn) + @n-(a-nyag (a3bm-1) + - +
an—l(agbm—(a—l)) + ag—l—lbm—a

= a%"b,,_,(by induction on a),

and hence a®™'b,,_, = 0 for every a > 0. In particular, if @ = m,

m+l — 0, and hence a,, is a nilpotent element in

then we have that a]!
R.

Moreover, since a,z™ is also nilpotent in R[z], by Lemma 19(b),
f(x)—anz" = ap+arx+- -+ a,_12" ! is also a unit in R[z]. Hence,
by induction on n, ag is a unit and aq,--- ,a,_1 are all nilpotent in
R, as we wanted.

Conversely, since ay, - - - , a, are all nilpotent in R, a1z + - - - + a,x"

is also nilpotent in R[z], and hence, by Lemma 19(b) again, f(z) =

ap+ a1z + - - - + a,x™ is unit in R[x],which completes the proof. [

Example 22. Let Zg = {0,1,2,...,7} be a commutative ring with
unity 1. Then 0,2,4,6 are nilpotents of Zg. Let f(z) = 1+ 6z, by
Lemma 21, then 1+ 6x is a unit in Zg[z], for (14 6x)(1+2x +42?) =
1+ 8z + 1622 + 2423 = 1 € Zgx].
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Lemma 23. Let R be a commutative ring with unity 1 and R[z] be a
polynomial Ting over a ring R. Then f(x) = ap+a1x+ -+ a,z"™ €

Rlz] is nilpotent if and only if agp,aq,...,a, € R are all nilpotent.

Proof. We shall prove this Lemma by induction on n. If n = 0, the
statement holds. Now assume n > 0. Since f(x) is nilpotent in R[z],

there is a positive integer m such that
f(x)" = (ao + a1x + - - + apx™)™ = 0.

Le.,

0=al+m(alta))r + -+ (a™)z™ = a = 0.
Hence a,x™ is also nilpotent in R[z], and so is f(z) — a,z™ = ag +
a1 + ...+ ap_12" 1. Thus, by induction on n, ag, a1, ..., a,—1 are
also nilpotent in R.
Conversely, since a; are all nilpotent in R for every i, a;z’° are all
nilpotent in R[z| for such i. Therefore, f(z) = ap+ a1z +... + aa”

is also nilpotent in R[z], as we wished. O

Example 24. Let Zs = {0,1,2,...,7} be a commutative ring with
unity 1. Then 0,2,4,6 are nilpotents of Zg. Let f(x) = 2 + 4x,
by Lemma 23, then 2 + 4x is a nilpotent in Zg[z], for (2 + 4x)3 =
8 + 48z + 9622 + 64x° = 0 € Zg[x].

Proposition 25. Let R be a commutative ring with unity 1 and R|x]

be a polynomial ring over a ring R. Then \/R[z] = /0.
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Proof. It is obvious that /0 C V/ R|z].
Let f(x) = ap + a1x + -+ + ana™ € \/R[z]. Then xf(z) is also in
\/ R|z], and thus, by Lemma 19(a), 14z f(z) = 14+aoz+a12*+- - -+

*1is a unit in R[z]. In other words, by Lemma 21, ag, ay, - - ,a,

a,x"
are all nilpotent in R, and so, by Lemma 23, f(z) = ap+ a1z +---+

a,x™ is nilpotent in R[], that is, f(z) € V0, as we wished. O

Corollary 26. Let R be an integral domain. Then /R[z] = {0} =
V0.

Proof. Since R is an integral domain, {0} is a prime ideal, so v/0 =

ﬂpespec(}z)@ = {0}, and therefore, by Proposition 25, \/R[z] =
V0 = {0}. O

Definition 27 (2). Let R be a commutative ring with unity and let
a,bin R. If there exists ¢ in R such that b = ac , then a divides b
(or a is a factor of b), denoted by a | b. We read a1 b as “a does

not divide b 7.

Definition 28 (2). An element v of a commutative ring with unity
R is a unit of R if u divides 1, that is , if v has a multiplicative
inverse in R. Two elements a,b in R are assoctates in R if a = bu,

where © is a unit in R.
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Definition 29 (2). A nonzero element p that is not a unit of an
integral domain D is an #rreducible of D if in every factorization

p = ab in D has the property that either a or b is a unit.

Definition 30 (2). An integral domain D is a unique factor-
ization domain (abbreviated UFD) if the following conditions are

satisfied:

1. Every element of D that is neither 0 nor a unit can be factored
into a product of a finite number of irreducibles.

2. If p1,...,p, and q,...,qs are two factorizations of the same
element of D into irreducibles, then » = s and the ¢; can be

renumbered so that p; and ¢; are associates.

Definition 31 (2). An integral domain D is a principal ideal

domain (abbreviated PID) if every ideal in D is a principal ideal.

Definition 32 (2). A nonzero nonunit element p of an integral do-

main D is a prime if, for all a,b € D, p | ab implies either p | a or

plb.

Lemma 33. Let D be an integral domain. If p is a prime in an
integral domain, then p is an irreducible. In particular, if D is a

UFD and p is an irreducible in D, then p is a prime.
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Proof. First we will prove p is an irreducible. If p = ab , then p | ab.
Since p is a prime, we have either p | a or p | b. If p | a, then a = pq

for some g € D. Hence

p = ab = (pq)b = p(qb)

and so gb = 1, that is, b is a unit. Similarly, if p | b, then by the
same method as above one can show that a is a unit of D. Therefore
p is an irreducible.

Now we will prove if D is a UFD and p is an irreducible in D, then p
is a prime. Assume p | ab. Since D isa UFD, we see that a = p; - - - p,
and b = ¢ - - - ¢s where p; and g; are all irreducibles. Moreover, since

plab=p1---py-qi---qs, we see that

DL Pr-qr---qs =pt

for some t € D. On the other hand, since D is a UFD, we have that
p is associated to either p; or g;, that is, p | p1---p;---p, = a or

plqi--qi--q-=b. Therefore p is a prime, as we wished. 0J

Example 34. Let D be a integral domain and let I be the subdo-
main I [z%, xy, y? in I[z,y]. Then zy is irreducible in I [z, y]. However
zy | (%) (y?) = (zy)? xy f x? and zy 1 y?, that is, xy is not prime in

I[x,y], by Lemma 33.

Lemma 35. A ring of integers Z: has infinitely many prime numbers.
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Proof. Consider the integer @, =n! + 1, n =2 1 and n € Z". Since
every positive integer larger than 1 has a prime divisor, ), has at
least one prime divisor, which we donete by ¢,.

If ¢, < n, it would follow that ¢, | n!, and then ¢, |(Q, —n!) =1, a
contradiction. Hence ¢, must be larger than n.

Take any positive integer n € Z*. Then there exists a prime factor
¢ | (n!+1) with ¢ > n. Moreover, there is a prime factor ¢2 | (¢1!+1)
with ¢1 < ¢2. By continuing this process, we find infinitely many

primes ¢; < g2 < ---, as we wanted. U

The following Lemma is easily proved, so we omit the proof here.

Definition 36 (2). Let D be a UFD. A nonconstant polynomial
f(@)=ay+arv+ -+ a,z"
in D[z] is primitive if 1 is the greatest common divisor of the a; for

1=0,1,...,n.

Lemma 37 (2). If D is a UFD, then for every nonconstant f(x) €
Dix] we have f(z) = (¢)g(x), where ¢ € D, g(z) € D|x], and g(z) is
primitive. The element ¢ is unique up to a unit factor in D and is

the content of f(z). Also g(x) is unique up to a unit factor in D.

Theorem 38 (2). (Division Algorithm for F[x]) Let

f(@) = anz™ + an12" " + -+ ag
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and

9(x) = by 2™ + by 2™ 4 -+ by

be two elements of F|x], with a, and b, both nonzero elements of
F and m > 0. Then there are unique polynomials q(x) and r(z) in
F[z] such that f(x) = g(x)q(x) + r(z), where either r(xz) =0 or the

degree of r(x) is less than the degree m of g(x).

Remark 39 (2). Recall the following well-known facts.

(a) Every ideal of the ring Z is of the form nZ, which is generated
by n, so every ideal of Z is principal.

(b) If F'is a field, every ideal in F'[z] is principal.

(c¢) If D is a UFD, then D[] is a UFD.

(d) Every PID is UFD.

3. A polynomial ring over a PID.

First of all, we introduce a natural isomorphism from D[z]/p to

(D/(p)) in the following Lemma, we shall use it to prove the main

theorem.
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Lemma 40. Let D be a PID and p be an irreducible element of D.
Set

P = {pf(z)| f(z) € D[z]} < D|x], and
Q = {pclceD}=D

Then there is a natural isomorphism ¢ from D[x]/P into (D/Q)[z],
defined by

P((Q_aia’) + P) = (ai+ Q)

where a; € D for every i.

Proof. First of all, assume (3 a;z)+ P = (> bijz")+ P where a;,b; €

D for every ¢. Then we have that
Z(ai—bi)ziEPﬁai—biEQ:>ai+Q:bi+Q
for every ¢, which implies that

S (@ + Q' = 3 (b + Q)

and hence ¢ is well-defined.
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For every (3" a;z')+ P and (> biz') + P in D[z]/P where a;,b; € D.

Then

(X air’) + P) + (2o bix') + P))
> (ai+ bi)z') + P)

(
(
(
> ((ai + Q) + (b + Q)2
> (ai + Q) + 3(bi + Q)
(> aix’) + P) + (> bix') + P), and
(X aia’) + P)- (X biz') + P))
(X a’) - (X bix’) + P)
(X(a; +Q)z') - (Xo(bi + Q)?)
(X ai’) + P) - o((Xobia') + P),

which means that ¢ is a homomorphism from D[z|/P into (D/Q)[z].

Now suppose p((> a;z’) + P) = o((>_ biz') + P) where a;,b; € D.

Then

R R A

2(ai+Q)at =3 (b + Q)

a;, +Q =b+Q,VYi

a; —b; € Q,V1

> (@i —b)at = (P air’) — (X bir') € P,
> ai’)+ P = (> bix') + P,

i.e., ¢ is one to one. Moreover, the map ¢ is obviously onto, and

hence ¢ is an isomorphism, as we wished.

O
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The following Lemma is also used to prove the main theorem.

Lemma 41. Let D be a PID and p be an irreducible element in D.
If (g(x),p) = D[z] where g(x) = >_ a;x’ is a polynomial in D|x] with

a; € D for every i, then p | a; for every i 2 1 and p{ ao.

Proof. With notations as in Lemma 40, let g(z) = g(x) + P €
Diz]/P. Since 1 € (g(x),p) = Dlz|, g(x) is a unit in D[z]/P,
and hence, by Lemma 40, ¢(g(z)) = >.(a; + Q)z' is a unit in
(D/Q)[z]. Since p is an irreducible in D, i.e., Q@ = (p) is a max-
imal ideal in D, one can see that D/Q is a field. In other words,
o(g(z)) = Y (a; + Q)a' is a polynomial with coefficient in a field
D/Q and an unit in D/Q[z]|. Hence a; + Q = Q for every i = 1 and
ap + @ are a unit in D /@), which means that

w€Q = (p & pla; ¥iz1, and

pjfa(b

which complete the proof. O

Theorem 42. Let D be a principal ideal domain. Then the following

statements are equivalent.

(a) Every mazimal ideal of D[x] has height 2.

(b) D has infinitely many irreducible elements.
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Proof. Let M be a maximal ideal in D[z]. Recall that, by Re-
mark 10(3), M is a prime ideal in D|z].
Let ¢ = M N D, then g is a prime ideal of D. In fact, if ab € ¢
and a,b € D, then ab € M, and so a € M or b € M. Hence
acp=MnNDorbep=MND.
Suppose o = ﬂ p = V0 = 0. We shall show that the height

peSpec(D)
of M is 1. Note that M # {0} since D[z] is not a field. Then there

exists an element g(z) € M of the least degree. Then degg(z) > 0.
If deg g(z) = 0, then g(z) € D, that is, g(x) € p = M N D = {0}, a
contradiction.

Let g(x) = (¢)h(z) where ¢ is the content of g(z) and h(z) is a
primitive polynomial. Since M is a prime ideal of D[x] and ¢ ¢ M,
we have h(z) € M. In other words, we may assume that g(z) is a
primitive polynomial.

Now assume ¢(z) = s(z)t(x) where s(z) and ¢(z) are primitive poly-

nomials of D[z] ( see Lemma 45.25, | ]) with
0 < degs(x),degt(z) < deg g(z).

Then, since M is a prime ideal. We can see that s(x) € M or
t(x) € M, which is a contradiction, since g(z) has the least degree
among all nonzero element in M. Hence we can assume g(z) is a

primitive irreducible polynomial in M.
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Let k be the quotient field of D, and ¢(x), r(z), q¢i(z), ri(x) are
polynimials in D[z].

Since ¢1(z) and 71 (x) are polynomails of k[z] and D is a PID, that
is, UFD, by Remark 39(d) ¢(z) = aq(z) and r(z) = ari(x) is
polynomials in D[z] for some o € D. Hence we can write

flx) = g(@)q(z) +r(z)

= g(x)=—+ —

q(z)  r(z)

and hence

which means that

r(z) = af(z) = g(z)g(x) € M (. f(z),9(z) € M)

If r(z) # 0, then degr(x) = degr(x) < degg(x), which is a con-
tradiction since g(x) has the least degree among all elements in M.
In other words, r(z) = 0. Recall that, by Remark 39(c), D[z] is a
UFD.

Since g(z) | g(x)q(z) = af(x) and g(z) are a irreducible of D|x],
and hence a prime element g(x) of D[z], by Lemma 33, has to divide
f().

Thus f(x) € (g(x)) € M C (g(x)), which follows that M = (g(x)),
and hence the height of M is 1. Therefore, p = M N D # {0}.
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Assume that every maximal ideal M in D[z| has height 2. By the
above argument, M N D # {0} follows that every such M must
contain some nonzero constant, say, ¢ € M. Note that ¢ is not a
unit in D, since M is a maximal ideal of D|z].
Suppose now that there are only finitely many irreducible elements
p1,---,ps of D. Then, by Remark 39(d), D is a PID, that is, a UFD,
thus ¢ = ¢ - - - ¢, where ¢; are all irreducible elements of D.
Note that ¢ = ¢; - - - ¢ is a multiple of p; - - - ps. Hence py---ps € M,
for every maximal ideal M in Q(R). Hence

DL ps € m M=+0= {0} (" Lemma 40)
MeQ(R)

which is a contradiction. Because D is a domain, ﬂ M=+0=
MeQ(R)
{0}, a contradiction. Therefore, D has infinitely many irreducible

elements.

Let M again be an arbitray maximal ideal of D[x]. We want to show
M has height 2.

lfp=MnND= ﬂ P = /0 = {0}, then we have already seen

PeSpec(D)
that M = (g(x)) for some irreducible g(z) € D[z]. Since M is a

maximal ideal, for every irreducible p € D we must have (g(z),p) =
Diz], that is, D[z]/{g(x),p) = 0, and therefore ¢(g(z)) must be a
constant in (D/(p))[z] for each such p,where ¢ is an isomorphism in

Lemma 40, and g(z) = g(x) + P with P = {pf(x) | f(z) € D|x]}.
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In other words, every coefficient of g(x) other than the constant term
is divisible by every irreducible element p of D, by Lemma 41. This
is a contradiction, since we are assuming that there are infinitely
many irreducible elements of D.

Hence p = M N D # 0, so p = (p) for some irreducible element
p € D, since D is a PID. Moreover, M is not principal.

Indeed, if M is principal, then

M = {p) = {pf(x) | f(x) € D[z]}.

Hence D[x]/M = D|x]/{P) ~ (D/Q)[z], by Lemma 40, where

Q={pc|ce D},
which is a contradiction, since D[z|/M is a field, but (D/Q)[x] is
not a field.
Hence M strictly contains the prime ideal P = (p), that is, {0} C
) & M.

So it’s height is at least 2. But
dim Djz] =dim D + 1 = 2.
Thus, the height of M is exactly 2, as we wished. O
Example 43. (a) Consider a ring Z of integers and a field F.
Then, by Remark 39(a),(b), a ring Z of integers and the

polynomial ring F[z] over a field F' are principal ideal do-

mains. The chief result is that every Euclidean domain is a
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principal ideal domain and every principal ideal domain is an
unique factorization domain.

By Lemma 35, a ring of integers Z has infinitely many primes,
that is, irreducibles of Z by Lemma 33. Hence, by Theo-
rem 42, any maximal ideal M of a polynomial ring Z[x] has

height 2.

(b) Let F be a field and F[z] be a polynomial ring over a field F.

i)

ii)

F[z] has infinitely many irreducible polynomials.
In fact, assume py(x), ..., ps(x) are all irreducible polynomial
in F[x]. Let
q(z) =p1---ps(x) +1 € Flz].
Since F'[z] is a PID, that is, a UFD, ¢(z) must be divided by

some irreducible polynomial p;(x).

Then
pi(x) | pr(x) - - ps(x) and pi(x) | ¢(2),
and hence
pi(x) | (g = pi--pslx)) =1,
a contradiction.
By Theorem 42 and i), every maximal ideal of F[x,y] has

height 2. In other words, every maximal ideal has at least

two generators, that is, F'[z, y| is not a principal ideal domain.
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Theorem 44. Z[z| is not a PID. In particular, every mazimal ideal

of Z[z] is not principal.

Proof. A ring Z of integers has infinitely many primes, and so, by
Lemma 33, Z has infinitely many irreducibles. Hence, by Theo-
rem 42, any maximal ideal M of a polynomial ring Z[z| has height
2. Moreover, every maximal ideal M in Z[z| is not a principal ideal.
In fact, let M = (f(z)) for some polynomial f(z) in Z[z]. Then,
by the same argument as in the proof of Theorem 42, f(z) is an
irreducible polynimial of Z[z].

In other words, if M = (f(x)) for some f(z) € Z[z], then f(x) is an
irriducible polynomial in Z[z].

Now assume that some there is a nonzero prime ideal p of Z[x] such
that {0} S p < M = (f(2)).

Since Z[x] is a UFD, we may assume that every minimal generator

p(x) in p has to be an irreducible in Z[z|. Then

and so p(x) = f(z)g(z) for some g(z) € Z[x]. Le., f(z) is a unit or
g(x) is a unit in Z[z|. Since f(x) is not a unit, g(z) has to be a unit
in Z[x].

Thus
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that is, p = M has a height 1, a contradiction.
Therefore, every maximal ideal M in Z[z] is not principal, and hence

Z[z] is not a PID, as we wished. O
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F.Zanello proved that D in a PID has infinitely many irreducible if

and only if every maximal ideal of D[x] has height 2.

In this thesis, we review F.Zanello's result adding precise details.
Moreover, we also give some examples. In Section 2, we give some
preliminaries notations and known results. In section 3, for precise

proofs, we introduce known results with proofs for readers.
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