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1. INTRODUCTION

Let R = k[xg,...,z,] be polynomial ring over an infinite field k
of characteristic 0, and I be a homogeneous ideal of R. Then we
have R = @z‘zo R;, where R; is the vector space of dimension (ZJ;”)
generated by the monomials in R having degree i. Since we can write

I:= ;5 li, we get a graded ring

A=R/I =P[R/ =P A

i>0 i>0

The Hilbert function of A, Hy : N — N, is defined by

In this thesis, we will study Artinian quotients A = R/I of R where

I is a homogeneous ideal of R. The h-vector of A is
H = (ho, hl, ey h5>,

where h; = dimy A;, and the last index s with dimg As # 0 is called
the socle degree of A. The socle of A is defined by the annihilator

of the maximal homogeneous ideal, namely
anny(m) :={a € A | am = 0} where  m = ZAi‘
i=1

Let h and 7 be positive integers. Then h can be written uniquely in

= () () e (2)

where m; > m;_; > -+ > m; > j > 1. This expansion for h is called
i =] P

the form

the 2-bitnomaial expansion of h. Also, define

) m; + 1 m;—1+1 mj—i—l
h = . + . + -+ . )
i+1 (i—1)+1 Jj+1
1
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and 0 = 0. Let T = (hg, h1, ..., hi,...) be a sequence of non-negative
integers. We say that T is an O-Sequence if hy = 1 and h;11 < hy>
for all ¢ > 1. Given an O-sequence T = (hg, hy,...,h;,...), we can

differentiate it to get a new sequence
AT = (hg,h1 — ho,ha — h1,hs — ha, ...,

and we call AT the first difference of T. If AT is an O-sequence
again, T is called a differentiable O-Sequence

Let A = R/I be a Cohen-Macaulay ring of dimension d and let
0— Foo@-1— —F1—R—->R/[—=0

be a minimal free resolution of R/I. Then A is a level algebra of
m if F,_q-1) = R"(—s), for some s > 0. In particular, if m = 1,
then we say that A is a Gorenstein algebra and the h-vector of A
is a Gorenstein sequence. It is well-known that an Artinian graded
algebra A = Ay ® A1 @ --- @ Ay is level if soc(A) = Ay.

A total order on the set of the monomials of each degree is said to
be a term order if x1 > --- > x,, and m; > my implies mm, > mmo
for any monomials m,m; and ms.

The reverse lexicographic order is a term order defined to be
it egin > g g if and only if Sd > S0 or Sip = 3y and

there is s such that i; = j; for 1 < s <t and 75 < js.



The lexicographic order is a term order defined to be z - - pin >
2]t xdr if and only if $4; > 3 j; or S iy = 3 ji and there is s such
that iy = j; for t <s < n and is > js.

Let S be a subset of the set of the monomials in Ry. S is lex-
segment if a monomial m of deree d is in S, then every monomial m/
of degree d in Ry satisfying m’ > m with respect to the lexicographic
order is in S.

Let I = @®;>0l; be a homogeneous ideal of R. We say that [ is a
lex— segment ideal if for every t > 0, I; is generated (as a vector
space) by a lex-segment subset.

A monomial ideal I in R is stable if the monomial

xjw

Tn(w)

belongs to I for every monomial w € I and j < m(w) where
m(u) = max{j | a; > 0}

— % a
for u = 7" - - xdn.

Let S be a subset of all monomials in R = P, I of degree i. We

call S a Borel fixed set if

u=uz{"---xpm €5, a; >0 implies e es
Ly
for every 1 <i < j <n.
A monomial ideal I of R is called a Borel fixed ideal or strongly

stable ideal if the set of all monomials in I; is a Borel set for every
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1. There are two Borel fixed monomial ideals canonically attached to a
homogeneous ideal I of R: the generic initial ideal Gin(I) with respect
to the reverse lex order and the lex-segment ideal I'** associated to
the ideal I. The ideal I'®* is defined as follows. For the vector space
I, of forms of degree d in I, one defines (I'*), to be the vector space
generated by largest, in the lexicographical order, dimy(/;) monomials
of degree d. By construction, I'®* is a strongly stable ideal and it only
depends on the Hilbert function of I.

In [1], it has been proved that H is not level if hy_y > hg = has1
for some d < s, hg < 2d + 3, and H is codimension 3. In this thesis,
we show that H is not level, when H is of codimension 6 such that
hig—1—hqg > 5 and hg > 2d + 2 (see Theorem 2.6). We also prove that
a certain non-unimodal O-sequence of codimension 6 cannot be level

using Theorem 2.6

2. SOME NON-LEVEL O-SEQUENCES OF CODIMENSION 6

In [4], they studied the following interesting O-sequence:

H : hy hi -+ hg1 hg ha1 --- (1)

where hy_1 > hg = hgy1. Hence we have the following interesting

question.

Question 2.1. Let H be as above. Is H NOT level?



In this section, we will prove that some O-sequence of codimension
6 is not level.
In [4], it has been proved that H is not level if hy < d + 1 (see the

following proposition).

Proposition 2.2 (Proposition 2.21, [4]). Let h = (1, hy, ha, ..., hs) be
a h-vector of an Artinian algebra with socle degree s. Then h is not a

level sequence if hg = hqr1 < d+1 and hg_1 > hg.

We will revise the above proposition to the case in codimension 6
with hg—1 > hqg + 4 and hg < 2d + 2.

Let R = k[zy,...,x,) and A = R/I where I is a homogeneous ideal
of R having height n. Then A has the minimal free resolution F, as

an R-module, of the form:
0O —» Fopoi1 — ++ = F — Fyp - R - A — 0

where F; = @,2, R%i+1+t(—(j+1+t)) are each free graded R-modules.

The number {3,;}, for fixed j, 0 < j < n — 1, are called the ;%
graded Betti numbers of I. It is well-known that the socle vector of
A, s(A) = (ay,...,as), is related to the (n — 1)* graded Betti numbers
as follows:

Br—1n+i = Qi

It follows that A is a level algebra if and only if 3,1 ,4+; = 0 for all
1 # s.



For I as above, the Betti diagram of R/I is a useful device to
encode the graded Betti numbers of R/I (and hence of I). It is con-

structed as follows:

0 1 . n—1
0 1 0 0 e 0
1 0 * * . *
t 0 50,t+1 51,t+2 * 5n—1,t+n
d—210 Boa1 Bra * Burd24n
d—110 Boa SBrari *  Bo-td-14n

IS
o

Bod+1 Pra+e  *  Bu_1den

Eliahou and Kervaire [2] studied minimal free resolutions of certain

monomial ideals. We recall some of their results now.

Theorem 2.3 (Eliahou—Kervaire, [2]). Let I be a stable monomial ideal
of R (e.g., a lex segment ideal). Denote by G(I)q the set of minimal
generators of I which have degree d. Then

()

TeG(I)i—q

This theorem gives all the graded Betti numbers of the lex segment
ideal just from an intimate knowledge of the generators of that ideal.
Since the minimal free resolution of the ideal of a k-configuration in P"

is extremal ([5],[6]), we may apply this result to those ideals. It is an



immediate consequence of the Eliahou—Kervaire Theorem that if I is
either a lex-segment ideal or the ideal of a k-configuration in P" which
has no generators of degree d, then 3,; = 0 whenever i — ¢ = d.

By the result of [8], the only way we can cancel graded Betti numbers
is if there are the same graded Betti numbers in the adjacent free
modules of the extremal minimal free resolution. Note that it is quite
obvious for a case of n = 3.

By the same idea as the proof of Theorem 4.4 in [1], we obtain the

following lemma and proposition.

Lemma 2.4. Let I be the lez-segment ideal in R = k[x1, x2, T3, x4, T5, T¢)
with Hilbert function H = (hg,h1, ..., hs) where hg = d+ 1 and 1 <

7 < d22—+d. Then the last monomial of 14 is

mxf{lxg_z, for 1 < i < d,
i—(d+1) (2d—1)—i .
Tiws (d+ )xé ) " for d+1 < i < 2d-—1,
d24+d—4 d%+d—2 .
e i d24d—4 : d24d—2
Ty "X Zg , for == < i < P
xg, for i = 4

Proposition 2.5. Let R = k[x1, x2, T3, 24, x5, x6] and let H = (ho, hy, . . .

be the h-vector of an Artinian algebra with socle degree s and

hg=hgr1 =d+1, hg1>hg, and j:=hg1— hy

7h8>
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fori:1,2,...,d22—+d. Then, for every 1 <k <d and 0 </ <d,

2 2
5k, for (k—1)d — HEB) 4 < < g — Uk

5 _{5k—4, for (k— 1)d — 23 < < (- 1)d — BEB) 4 —
4,d+5 —

Bs.d+5 = J + ¢, for(f—l)d—%<i§€d—“‘2—m.

Proof. Since we assume hg; = d + 7, the monomials not in I; are the
last d 4+ ¢ monomials of R;. By Lemma 2.4, the last monomial of Ry1,

18

raxh trd for ¢1=1,...,d,
i—(d+1) _2d—i .
222 )x%d ’ for i=d+1,...,2d 1,
. d?24d-4  d244
d—1,'"""2 3 ¢ C_ d’4d—4  d’+d—2
Ty, T , for =5 e
v, for =t

In what follows, the first monomial of I;,1 — Ryl is

agtt, for =1,
w2 o =2....d,
? (2)
xg_le)x‘ﬁ’ fOI' ) — 7d2+2d_2’
lg_lx?)’ for = d22—+d
Note that
(d+’i)<d> = (d+i)+k, for i:(k_l)d_k(kgg),...,kd—k(g_l)’
and k=1,...,d.

(3)
We now calculate the Betti number

Brars = Y (m(Ti a 1).

TeG(I)gy1

Based on equation (2), we will find this Betti number of two cases for

7 as follows.

1)7



Case 1-1. i = (k—1)d— k(k MES) and k= 1,2,...,d.
Then, by equation (3), /441 has k-generators, which are

k—1,.(d+2)~k _k—1_(d+1)—k k=1 _(d+3)—2k k—1

By the similar argument, I;;; has k-generators including the
element 2%~ lx(5d+2) Mori=(k—1)d— k(k MED 41, (k—1)d—

—’““‘“2‘3) + (k — 1). Hence we have that

Badrs = Z (m(Ti—l) =5x(k—1)4+1=>5k—4.

TeG(I)ar1

Case 1-2. i = (k—1)d— "3 4k = (k—1)d— "2 kd—
MED and k=1,2, ... ,d.

Then, by equation (3), /441 has k-generators, which are

2
P e L e R WA e S i—((h=1)d=EE0)  (pg— B8 g
Ly Ty L ) 374375 L

Hence we have that

Badrs = Z m(T4) B 1) =5 x k =bk.

TeG(I)ar1

Now we move on the Betti number:

Bs,d+5 = Z) (m(TS) a 1).

TEg(I d
Recall hy = d+ 1 and j := hy_1 — hq. The calculation in this case is

much more complicated, and there are four cases based on ¢ and j.
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Case 2-1. ({ —1)d — %<i<€d—@and€:

Then the last monomial of I is

¢ i—(e-1)a+ 43 éd e
Ty Tg .

k—1 k(k+1
(a) (k=1)d—¥E < < kd—EED and k= ¢,041,... . d.

Then the first monomial of I; — R114_1 is

" (k=2)(k+1) =D (k42 \ (i
TyTy Tg )

and hence we have (j + k)-generators in I; as follows:

" (k=2)(k+1) (=D (k42 \ (i -
k (Z+j)—((k‘—1)d—f> (k‘d—#)-(l‘f’j) k d—k
Lyly Lg yeey Lyl
(k—1) d—(k-1) (k—=1) (d—1)—(k—1) (k=1),,. e (k 1)
Ty Ty 1y Ly Ty L6y .-+, Ly g )
041, (d=1)—¢ £+1 (d-2)-¢ 041, (d=1)—¢
Ty X x4 Ty Wxg;.. 3241)[3:6
¢ d—¢ i—(l=1)d+=5> fld— i
.1'41,'5 PRI 4 5 x6

and thus

m(T)—1 ,
Bs,d+5 = E 5 =5+,
Teg(I)q

b)i+j=k-1d-* P andk=r+1,...d

Then the first monomial of I; — R114_1 is

k—1 _d—(k-1)
Ty .fL'5 9



and hence we have (j + k)-generators in I, as follows:

k 1 d (k=1) k-1 (d—1)—(k-1) k—1_d—(k-1)
4 ,1'4 1}5 Z‘G,,$4 1}6 5
e+1 (d=1)—t  e+1, (d—2)—4 041, (d=1)—¢

. £(0=3) (z 1)z
¢ d—t ¢ i—(=1)d+==5~ td— —i

Lyls .- TyTs T
and thus
Z m(T)—1 ,
Teg(I)q

Case 2-2. i = {d — (él and £ =1,2,...,d.

Then the last monomial of I is

‘
Tyl

k—1 k(k+1
(a) (k—1)d— 0% <ipj < kd—PED and k=041,

Then the first monomial of I; — R114_1 is

L (k—2)(k+1) (1) (k42)\ .
k (Z+j)—((k‘—1)d—f> (k‘d—#)-(l‘f’j)
Tyls L )

and hence we have (j + k)-generators in I; as follows:

" (k=2)(k+1) =D (k42) \ i -
g (i43) = ((k=1)d— E=2EED ) (g BT Y (545) o dk
) detbot) (b1 (=) e1) o1y oy
k—1) d—(k—1 -1 —1)—(k—1 -1) d—(k-1
Ty Ty 1Ly Ty Ley---,Ly g )

d—1 d—2 d—1
xfi“:cé )t xfi“:cé )=t Ze, - xfi“:cé )=t
¢, .d—¢
.1'41,'5 )

and thus

Bsars = Y (m(Tg B 1) =j+ L
)

TEg(I d

11
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B i+j=(k-1d—* Dk andk=0+1,...,d

2

Then the first monomial of I; — R114_1 is

xék—l)xg—(k—l)’

and hence we have (j + k)-generators in I, as follows:

xglk—l)xgl—(k—l)’ xglk—l)xéd—l)—(k—l)xG’ o ’xglk—l)xcé—(k—l)’
xfi“xéd_l)_é, xfi“xéd_%_é%, . ,xff’lxéd_l)_g
whag ™,
and thus
m(T)—1 )
Bs,d+5 = Z ( (5> )Z]—l—&
Teg(I)q

as we wished.

Now we prove the main result here.

Theorem 2.6. Let H and j be as in Proposition 2.5. Then for every

i=—(d-1),...,—-1,0,1,2,...,d,d+ 1,d+ 2, and j > 5, H is not

level.

Proof. By Proposition 3.8 in [4], this proposition holds for i = —(d —

1),...,—1,0,1. Hence we may assume that 2 <i < d + 2.

Let J be a lex-segment ideal in R = k[x1, x2, o3, 4, T35, 26| such that

the Hilbert function R/J is H.



Then, by Proposition 2.5, we have that

5, for i=2,...,d,

and
6, for i=d+1,d+2,

Buars(J) = {
(4)

j+1, for 1=2,...,d,
j+2, for i1=d+1,d+2.

Bs.d+5(J) = {

Hence if j > 5, then we have (35415 > (44+5. Therefore H is not

level, as we wished. 0]

Example 2.7. Consider an Artinian O-sequence

H : 16 20 40 50 19 14 14 0.

Then hy = hg = 2x6+4+2 =14 and hg—1—hqg = hs—hg = 19—14 = 5.

Hence, by Theorem 2.6, H is not level.

Example 2.8. Consider an Artinian O-sequences

Gy 1 6 20 40 50 18 14 14 0.
Gz 1 6 20 40 50 20 15 15 O.

which do not satisfy the condition of Theorem 2.6.
Let I and J be lex-segment ideals in R = k[x1, x2, T3, 24, 5, Tg] such

that the Hilbert functions of R/I and R/J are G1 and Gq, respectively.

13
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Then the minimal free resolutions of R/I and R/.J are

0 — R*-8)®R''Y (-9 @ R*(-10)® RG(—11) B R(-12)® R14(—13)
— RZ2(=7) @ R”(=8) ® R (~9) ® R**(~10) & R®(-11) & R"' (~12)
N R31(_6) o) R143( 7) o) R434( 8) o) R68( 9) o) R14( 10) o) R144( )
_ R43(_5) ey R17O( 6) ey R481( 7) ey R72( 8) ey R16( )@ R146( 10)
_ R32(_4) EBRIOS( )EBRQ(SB( 6) @RSB( 7) @ RQ( )@R74(—9)
— R(-2)® R"(=3) & R*(-4) & R”(=5) ® R*(~6) & R*(~7) & R"*(~8)
— R — R/I — 0, and

0 — R*(-8)®R"(-9)® R*®(—10)® R"(—11) & R*(—12) & R"(—13)
—  RY(=7)® R%”(-8) ® R"'(-9) @ R*(—~10) & R'°(—11) ® R""(—12)
N RSl(_6) EBRMS( 7) @RALQO( 8) @RBQ( 9) o) RQO( 10) o) R158( 11)
_ R43(_5) EBRNO( 6 EBR465( 7) @RBB( 8) ey RQO( )@ R162( 10)
_ R32(_4) EBRIOS( )EBRQSQ( 6) @R47( 7) @ RIO( 8) @ RBS( 9)
— R(-2)® R"(=3) & R*(-4) & R™(=5) ® R'*(~6) & R*(-7) ® R'"(~8)
— R — R/J — 0,

respectively. Hence we cannot say if Hilbert functions Gy and Go are
level only based on shifts and Betti numbers from the above minimal
free resolutions of R/I and R/J. In other words, with additional con-
ditions for ¢ to be the maximum value i = d + 2 (or hy = 2d + 2 and
hg—1 — hq > 5), we can decide if the Hilbert function in Question 2.1

is not level using shifts and Betti numbers.
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3. ALGORITHMS FOR COCOA TO CONSTRUCT SOME NON-LEVEL

O-SEQUENCES.

The folloing algorithm is to check if the given sequence is an O-

sequence.

Algorithm 3.1 (CoCoA: Checking O-sequences).

Define OSEQUENCE(T)

Al:="==> Yes, this is an 0-Sequence.";
A2:="==> No, this is NOT an 0-Sequence." ;
A:=A1;

For I:= 2 To Len(T)-1 Do
J:=I+1;
S1:=Comp(T,I);
S2:=Comp(T,J);
BinValue:=BinExp(S1,I-1,1,1);

--Print I, J, S2, BinValue, NewLine;
If BinValue < S2 Then A:= A2
EndIf;
EndFor;
S:=Comp(T,1);
If S > 1 Then Print "The 1st component should be 1,

so this is NOT an 0-Sequence.", NewLine
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EndIf;
If S < 1 Then Print "The 1st component should be 1,
so this is NOT an O-Sequence.", NewLine
EndIf;
If S=1 Then Print T, A
EndIf;

EndDefine;

Example 3.2 (CoCoA).
(1) OSEQUENCE([1, 6, 19, 26, 41, 18, 17, 14, 13]);
(1, 6, 19, 26, 41, 18, 17, 14, 13]

==> Yes, this is an 0-Sequence.

(2) OSEQUENCE([1, 6, 19, 60, 41, 18, 17, 14, 13]);
(1, 6, 19, 60, 41, 18, 17, 14, 13]

==> No, this is NOT an 0-Sequence.

Note that the truncation of a Gorenstein O-sequence or more gen-
erally of a level O-sequence, is again a level O-sequence. Moreover we
can construct a Gorenstein O-sequence using a 0-dimensional differ-
entiable O-sequence. Hence we see that any O-dimensional differen-

tiable O-sequence is always level. The folloing algorithm is to obtain



a 0-dimensional differentiable O-sequence which is also level, using the

given O-sequence from CoCoA.

17
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Algorithm 3.3 (CoCoA: Adding Up O-sequences).
Define ADDUPHilbert (L)
S:=[1;

For I := 2 To Len(L)

Do S1:=Sum(First(L,I));
Append (S,S1);

EndFor;
S2:=Comp(S,Len(S));
S:=[s];

Append (S,S52);
S;

EndDefine;

The following theorem is to obtain a level O-sequence using a given

level O-sequence.

Theorem 3.4 (Theorem 4.8A, [7]). Let h = (hg, h1,...,he) be the
h-vector of a level algebra A = R/Ann(M). Then, if F' is a generic
form of degree e, the level algebra A = R/Ann({M, F')) has h-vector
H = (Hy, Hy,...,H.),where, fori=1,... ¢,

_q . 1
Hi:min{hi—l—(r —i-? 2)’(7“ '—H)}.
e—1i i



We introduce the following algorithm to obtain a level O-sequence

using the given level O-sequence based on Theorem 3.4.

Algorithm 3.5 (CoCoA: Obtaining Level h-vector).

Define LEVELHVECTOR(T)

NewT:=[1];
R:=Comp(T,2);
E:=Len(T)-1;

For J := 2 To Len(T) Do
I:=J-1;
Ti:=Comp(T,J);
T1:=Bin(R-1+E-I,E-I);
T2:=Bin(R-1+I,I);
NewTi:=Min(Ti+T1,T2);
Append (NewT,NewT1i) ;
EndFor;
Print "From h=", T, " and r=", R, NewLine;
Print "We have T=", NewT

EndDefine;

By the same argument as the proof of Corollary 2.9 in [9], we obtain

the following corollary easily.

19
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Corollary 3.6. Let H = {h;}i>o be an O-sequence with hy = 6. If
hg1>hg+4, hg<2d+ 2, and  hgy1 > hg

for some degree d, then H is not level.

Proof. Note that, by the proof of Theorem 2.6, any graded ring with

Hilbert function
H ho hl hd—l hd hd —

has a socle element in degree d — 1.
Now let A = P, Ai be a graded ring with Hilbert function H. If

Agrr = (f1. fos -, frgy,) and I = (fhd+1,...,fhd+1)@j2d+2Aj, then a
graded ring B = A/I has Hilbert function

ho hi -+ hg_1 hg hg,

and hence B has a socle element in degree d — 1 by Theorem 2.6. Since
A; = B; for every i < d, A also has the same socle element in degree

d— 1 as B, and thus H is not level as we wished. 0]

Example 3.7. Let H be as in Example 2.7, which is not level. Note
that 14 = 16.

Hence, by Corollary 3.6, the following two O-sequences

1 6 20 40 50 19 14 15 0, and
1 6 20 40 50 19 14 16 O

are not level, either.



Example 3.8. Consider a level O-sequence (1,6, 7,9, 12, 16, 21) of codi-

mension 6. By Theorem 3.4, we obtain the following level O-sequence
(1,6,21,56, 33,22, 22)

Then 22 = 2 x 5 4+ 12, which shows there exists a level O-sequence of

codimension 6 with the condition on hy = 2d + 12

Note that we know that the O-sequence of codimension 6 of type in
Question 2.1 is not level if hy < 2d + 2 and hq_1 > hg + 4. However
we can construct an example of a level O-sequence of codimension 6 of
type in Question 2.1, when hgy > 2d + 12.

Unfortunately, it is still open whether an O-sequence of codimension
6 of type in Question 2.1 is level or not, when hy 1 > hg + 4 and

2d + 3 < hg < 2d+ 11, in general.

Question 3.9. Can we construct a O-sequence of codimension 6 sat-

isfying hy_1 > hqg+4 and 2d + 3 < hy < 2d + 117

4. INVERSE SYSTEM

We now recall an interesting method for construsting Artinian level
algebras. This method is based on the idea of Macaulay’s Inverse
Systems. We will only give a quick review of the method and refer

the reader [3] for more details.
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Let R = k[z1,--- ,x,] and S = k[y1, -+ ,yn]. We can consider S as
a graded R-module by: if F' € S; then z,0 F' = (a%i)F. We extend this
action in the obvious way and note that the action lowers degree on S
and hence S is not a finitely generated R-module.

There is an order reversing function from the ideals of R to the R-

submodules of S defined by:
¢1 = {ideals of R} — {R-submodules of S}

where

o1(I)={Fe€S|GoF=0forall Gel}

This is a 1-1 correspondence whose inverse (p2) is given by o(M) =
anng(M) ={r € R|r -z =0,Vz € M}. In fact, we denote ¢1(I) by
I~ which is called the inverse system to I.

It is very easy to construct I=! (and this is at the heart of the proof

of the 1-1 correspondence). One first observes that the pairing
Rj X Sj — SQ ~k

is a perfect pairing and so S; can be identified with R} (the dual vector
space to R;). If V is a subspace of R; we write V* for the annihilator
of V' in this pairing. Then, if I C R is an ideal and I; its j graded

piece, then Macaulay observed that:



It follows immediately that
dimy,(I™1); = dimy, R; — dimy, I; = H(R/I, j).

It is a simple consequence of this last observation that I~! is a finitely

generated R-submodule of S if and only if R/I is Artinian.

Remark 4.1. There is another way to define Inverse Systems which
considers S as an R-module in a different way. In this other method,
we consider the contraction operations, D,, where, if F'is a monomial

in .S; then

D,.(F) = 0, if y; does not divide F,

We extend this action to all of S in the obvious way and recall that
when the characteristic of k£ is 0, this action is equivalent to the one
described above. The contraction operation has the advantage that
it doesn’t end up increasing the sizes of coefficients (see [6] for more

details).

The really interesting connection between inverse systems and what
we’ve been considering is the following theorem of Macaulay. We con-

tinue with notations as above.

Theorem 4.2 (Macaulay). Let I be an Artinian ideal of R and 7! its
inverse system. Then I™' has exactly v; minimal generators of degree

J if and only if the socle of R/I in degree j has dimension exactly v;.
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Remark 4.3. 1) This gives us a new interpretation of the socle vector
of an Artinian algebra of the form A = k[z4,--- ,z,]/I. The entries of
the socle vector tell us the number of generators of the inverse system

of I in each degree.

2) Since we are interested in level algebras (Atrinian, say, with socle
degree s, type ¢ and embedding dimension n) then this theorem tells
us how to make all of them. We look at every subspace of S, =
klyi, -, yn]s of dimension ¢ and form the R-submodule of S generated
by that subspace. The result is a level algebra of the type we are looking
for and every level algebra of socle degree s, type ¢ and embedding

dimension n arises in this way.

Example 4.4. Suppose we would like to construct a level algebra with
socle degree 5, co-dimension 6 and type 2. Macaulay’s Theorem says
we have to look at a two dimensional vector space of S5, where S =
kly1, Y2, Us, Ya, Us, Ys] and take the inverse system it generates.

For example, consider the vector space of S5 generated by Fy = y?,
Fy =y +y3 +yi + 92 +yg and Fy = y192y3yays.

The inverse system, call it M generated by these three elements of



degree 5 will have

My = (Yt Y, U3, Ui, Ua, Ya» Y2lsYals, Y1YsYals, Y1y2YaYs, Y1Y2Ysys.,
Y1Y2Y3Ya),

Ms = (y3, y3, U3, U3, U2, Yo Ysyays, Yayays, Y2ysYss Y2ysya, Y1Yals, Y1YsYs,
Y1Y3Ya, Y1Y2Ys, Y1Y2la, Y1Y2Y3),

My = <y%,y%,y%,yi,yg,yé,y4y5,y3ys,y3y4,yzy5,yzy4,yzy3,y1y5,y1y4,

y1y37y1y2>7
My = (y1,Y2, Y3, Y4, Y5, ¥s), and
My = (1).

So, if I = anng(M) and A = k[xy, 9, w3, x4, T5, 26| /] then the level

h-vector of A is (1,6, 11,16, 16,11, 3).

Theorem 4.5 (Theorem 4.4, [1]). Let R = k[x1,x2, 23] and let H =
(ho, b1, ..., hs) be the h-vector of a graded Artinian algebra A = R/I
with socle degree s. If hg—1 > hg and hg = hqr1 < 2d + 3, then H is

not level.

Let
H : h, hy -+ hg1 hg hqg --- (5)

with hg_1 > hg .
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Theorem 4.6 (Proposition 4.9, Remark 4.10, [1]). Let
(d—1)—st d—th (d+1)—st
h=(1,3,6,...,2d + (k —5),2d + (k — 3),2d + (k — 1)).
Then we can construct a level O-sequence of codimension 3 of type in

equation (5) satisfying

2d+(l€—|—1):Hd_1>Hd:Hd+1:2d+k,(5§k§

Remark 4.7. The existence of level h-vectors of codimension 3 im-
mediately implies the existence of level h-vectors of codimension r, for
all 7 > 4. In fact, if the level algebra k[z1,x2,z3]/Ann(M) has the
h-vector h = (1,3, ha, ..., h) of type (5), then the level algebra

klxy, ...,z |/Ann((M, ys®, ..., y.%))
has the h-vector of codimension r

h'=(1,r ha+7—3,...,he + 1 —3),

which is clearly of type (5).



Example 4.8 (Example 4.8, [1]). Consider a level O-sequence
(1,3,5,7,9,11,13) of codimension 3. By Theorem 4.7, we obtain

the following level O-sequence:
(1,3,6,10,15,14,14)

Then 14 = 2 x 5 + 4, which shows there exists a level O-sequence of

codimension 3 of type in equation (5) when hy = 2d + 4.

Example 4.9. Using Remark 3.7 and Example 3.8, we can obtain a

level h-vector of codimension 6 as follows:
1 6 9 13 18 17 17.

Note that hs = 17T=2 x5+ 7.

27



28

REFERENCES

[1] Y.S. Shin and J.M. Ahn. Generic Initial Ideals And Graded Artinian level Al-
gebras Not Having The Weak-Lefschetz Property

[2] S. Eliahou and M. Kervaire, Minimal resolutions of some monomial ideals, J.
of Algebra. 129 (2001), 1-25.

[3] A.V.Geramita, Waring’s Problem for Forms: inverse systems of fat points, se-
cant varieties and Gorenstein algebras. Queen’s Papers in Pure and Applied
Math. The Curves Seminar, Vol. X. 105 (1996).

[4] A.V. Geramita, T. Harima, J.C. Migliore and Y.S. Shin, The Hilbert Function
of a Level Algebra. To appear: Memoirs of the American Mathematical Society.

[5] A.V. Geramita, T. Harima and Y.S. Shin. Extremal point sets and Gorenstein
ideals. Advances in Mathematics. 152 (2000), 78-119.

[6] A.V. Geramita and Y.S. Shin. k-configurations in P* All Have Extremal Reso-
lutions. Journal of Algebra, 213:351-368, 1999.

[7] A.Tarrobino. Compressed Algebra: Artin Algebras having socle degrees and maz-
imal length. Trans. Amer. Math. Soc. 285 (1984), 337-378.

[8] I. Peeva. Consecutive Cancelations in Betti Numbers. In preparation.

[9] Y.S. Shin. Non-level O-sequences of Codimension 3 and Degree of The Socle

Elements. Submitted.



Abstract

Non Level O-Sequences
of codimension 6

Ji-Hyun Lim

Major in Mathematics Education

Graduate school of Education

Sungshin Women's University

supervised by professor Shin Yong Su Ph.D.

We studied if codimension is 6, whether the level of
Artinian O-sequence which is possible to be level is. This
study was based on the existing proved codimension which
is 4.

At first, the purpose of this study was to show that if
hg_y1>hy+4, hy=h,., for some d<s, h;<2d+2 and H has a

codimension 6, then H is not level.

We also proved that some Non-unimodal Artinian
O-sequences of codimension 6 cannot be level.



Moreover, we introduced Algorithm of a computer program
CoCoA. We made some examples in this thesis with
algorithm.

And we introduced Inverse System for constructing some
examples which can be level.
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