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1. Introduction

Let R = k[xog,...,z,) be an n-variable polynomial ring over an in-
finite field with characteristic 0 and I be a homogeneous ideal of R.
Then we have R = @izo R;, where R; is the vector space of dimension

(i—l—n

. ) generated by all the monomials in R having degree . Since we

can write [ := B, i, we get

A=R/I =R/ =P A

i>0 i>0
is a graded ring. The Hilbert function of A, Hy : N — N, is defined
by

In this thesis, we shall study Artinian quotients A = R/I of R where

I is a homogeneous ideal of R. The h-vector of A is
H .= (ho, h,l, ey hs),

where h; = dimy A; and s is the last index such that dimy As; # 0 and
is called the socle degree of A. The socle of A is defined by the

annihilator of the maximal homogeneous ideal, namely
anng(m) :={a € A |am = 0} where m = ZAZ"

Let h and i be positive integers. Then h can be written uniquely in

the form
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where m; > m;—y > --- > m; > j > 1. This expansion for h is called

the i-binomial expansion of h. Also, define

iy _ (Mt e 1 L (my ]
C\i+1 (i—1)+1 j4+1)

and 0% = 0. Let T = (hg, h1, ..., hs,...) be a sequence of non-negative
integers. We say that T is an O-Sequence if hg =1 and h; 11 < hZ@
for all i« > 1. Given an O-sequence T = (hg, hy,..., i, ...), we can

differentiate it to get a new sequence
AT = (hg, hy — ho, hg — hy,hs — ha,...)

and we call AT the first difference of T. If AT is an O-sequence
again, T is called a differentiable O-Sequence

Let A= R/I be a Cohen-Macaulay ring of dimension d and let
0— Foo@-ny— - —F1—R—-R/[—=0

be a minimal free resolution of R/I. Then A is a level algebra of
m if F,_4_1) = R™(—s), for some s > 0. In particular, if m = 1,
then we say that A is a Gorenstein algebra and the h-vector of A
is a Gorenstein sequence. It is well-known that an Artinian graded
algebra A = Ag® A1 @ --- ® Ay is level if soc(A) = A,.

A total order on the monomials of each degree is said to be a term
order if 1 > --- > x,, and m; > mo implies mmy; > mmy, for any

monomials m, m; and ms.



The reverse lexicographic order is a term order defined to be
gt > g if and only if S > S0 g or Sip = S jy and
there is s such that 7, = j, for s <t < n and i; < js.

The lexicographic order is a term order defined to be ! - - - zin >
2t if and only if iy > 3 j; or Y4 = 3 jy and there is s such
that 1, = j; for t < s <n and iz > j,.

Let S be a subset of all monomials in R;. S is a lex-segment if a
monomial m of deree d is in S, then every monomial m’ of degree d in
R such that m’ > m isin S.

Let I = ®>0l; be a graded ideal of R. We say that [ is a lex—
segment ideal if for every t > 0, I; is generated (as a vector space)
by a lex-segment.

A monomial ideal I in R is stable if the monomial

:ij

Lm(w)

belongs to I for every monomial w € I and j < m(w) where

m(u) :=max{j | a; > 0}

— 01 a
for u = 7" - - 2.

Let S be a subset of all monomials in R = @izo R; of degree i. We
call S a Borel fized set if

u=a"--2% €S a; >0, implies “— €9
l’,
j

forevery 1 <i < j <n.



A monomial ideal I of R is called a Borel fixzed ideal or strongly
stable ideal if the set of all monomials in [; is a Borel set for every
1. There are two Borel fixed monomial ideals canonically attached
to a homogeneous ideal I of R: the generic initial ideal Gin(/) with
respect to the reverse lex order and the lex-segment ideal I'*. The
ideal I'** is defined as follows. For the vector space I; of forms of
degree d in I, one defines (I'®*); to be the vector space generated by
largest, in the lexicographical order, dimy(/;) monomials of degree d.
By construction, I'®* is a strongly stable ideal and it only depends on
the Hilbert function of I.

In [7], it has been proved that H is not level if hy—1 > hg = has1
for some d < s, hy < 2d + 2, and H is codimension 3. In this the-
sis, we show that H is not level, when H has the same condition and
H is of codimension 4 (see Theorem 6). We wlso prove that a cer-
tain non-unimodal O-sequence of codimension 4 can not be level using

Theorem 6



2. Some Non-Level O-sequences of Codimension 4

In [2], they studied the following interesting O-sequence:

H : h(] hl hd—l hd hd—l—l (1)

where hg_1 > hg = hgr1. Hence we have the following interesting

question.

Question 1. Let H be as above. Is H NOT level?

In this section, we shall prove that a certain O-sequence of codimen-
sion 4 is not level.
In [2], it has been proved that H is not level if hy < d + 1 (see the

following proposition).

Proposition 2 (Proposition 2.21, [2]). Let h = (1,h1,ha,..., hs) be
the h-vector of an Artinian algebra with socle degree s. Then h is not

a level sequence if hg = hgy1 < d+ 1 and hq_1 > hg.

We shall revise the above proposition to a case in codimension 4 with

hg_1 > hg+ 2 and hy < 2d + 2.



Let R = k[xq,...,x,] and A = R/I where [ is a homogeneous ideal
of R having height n. Then A has the minimal free resolution F, as

an R-module, of the form:
0O - Fqy — ++ - F — Fp - R - A — 0

where F; = @2, R%+1+t(—(j+1+t)) are each free graded R-modules.

The number {3;,}, for fixed j, 0 < j < n — 1, are called the ;"
graded Betti numbers of the ideal I. It is well-known that the socle
vector of A, s(A) = (ay, ..., as), is related to the (n — 1)* graded Betti
numbers as follows:

ﬁn—l,n—l—i = Q.

It follows that A is a level algebra if and only if 3,1 ,4+; = 0 for all
i # s.

For I as above, the Betti diagram of R/I is a useful device to
encode the graded Betti numbers of R/I (and hence of I). It is con-

structed as follows:

0 1 e n—1
0 1 0 0 e 0
1 0 * * . *
13 0 Borsr Brpee  * Brn—1,t4+n
d—2[0 ﬁo,d—1 ﬁl,d * ﬁn—1,d—2+n
d—110 Boa Brarr *  Batd-14n
d 0 Bod+1 Brare * Bn-1,d+n



Eliahou and Kervaire [1] studied minimal free resolutions of certain

monomial ideals. We recall some of their results now.

Theorem 3 (Eliahou-Kervaire, [1]). Let I be a stable monomial ideal
of R (e.g., a lex segment ideal). Denote by G(I)4 the elements of that
set which have degree d. Then

e S (m(T) - 1).

Teg([)ifq q

This Theorem gives all the graded Betti numbers of the lex segment
ideal just from an intimate knowledge of the generators of that ideal.
Since the minimal free resolution of the ideal of a k-configuration in P*
is extremal ( [3], [4] ), we may apply this result to those ideals. It is an
immediate consequence of the Eliahou—Kervaire Theorem that if I is
either a lex-segment ideal or the ideal of a k-configuration in P™ which
has no generators of degree d, then 3,; = 0 whenever ¢ — ¢ = d.

By the result of [6], the only way we can cancel graded Betti numbers
is if there are the same graded Betti numbers in the adjacent free
modules of the extremal minimal free resolution. Note that it is quite
obvious for a case of n = 3.

By the same idea as the proof of Proposition 2.5 in [7], we obtain

the following proposition.
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Lemma 4. Let I be the lez-segment ideal in R = k[z1, xa, x3, x4] with
Hilbert function H = (ho, hq, ..., hs) where hg = d+i and 1 < i < dZTJ’d.

Then the last monomial of 14 is

:chg‘lef‘l, for 1 < i < d,
i—(d+1) (2d—1)—i .
T3Ty ( ):Efl )=t for d+1 < i < 2d-1,
oy -t LPade2 d24d—4 d?+d—2
- 2 2 — : —
Ty g Ty , Jor == < 0 < P
d . d4d
x5, for =

Proposition 5. Let R = k[x1, 22, x5, 24] and let H = (ho, hy, ..., hs)

be the h-vector of an Artinian algebra with socle degree s and
hd = hd+1 =d+ 'é, hd—l > hd, and ] = hd—l — hd
fori= 1,2,...,d22—+d. Then, for every 1 <k <d and 0 < /¢ <d,

2 2
3]{5, fO’/’ (k—l)d—@_l_kgigkd_(k—zl)k‘

5 {3k:—2, for (k — 1)d — *E3) < < (k — 1)d — ¥E3) 4 (-
2,d+3 =

B3,d43 = J + 4, fOT(f—l)d_%<i§€d_(£;—m'

Proof. Since we assume hy = d + ¢, the monomials not in I; are the

last d + ¢ monomials of R;. By Lemma 4, the last monomial of Ry1; is

i—1,d—i ,

woxy taf for i=1,...,d,

2, i—(d+1)_2d—i -

T5T5 x3 for 1=d+1,...,2d -1,
g i-ditd=1 d’+d Poidod  Pad2
xy wg 2 owy? o, for i=tEgR 2

d

2
. 2
x4y, for = <X

2

1)7



In what follows, the first monomial of I, — Ri1; is

ra for =1,
d+2 .
ToTly :L’El )= , for =2 ....d,
: (2)
. 2 _
3 1:173554, for i= d;%,
3l for 4d

Note that

d+0)D = (d+i)+k, for i=(k—1)d— 35 g kL
2
and k=1,...,d.

We now calculate the Betti number

Prars= Y (m(T2) a 1).

TeG(I) a1

Based on equation (2), we shall find this Betti number of two cases for

7 as follows.

Case 1-1. i = (k—1)d — k(k?’ and k=1,2,...,d.
Then, by equation (3), /441 has k-generators, which are

k- I§d+2) b k- I§d+1) S, .. 2k I§d+3) 2% k.
By the similar argument, I;;; has k-generators including the

element x4~ 1$§d+2) “fori=(k—1)d—

k(k—3)
2

MES 41, (k—1)d—

+ (k —1). Hence we have that

Brars= ) (m(T)_l) =3x(k—1)+1=3k—2

2
TeG(I) a1
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Case 1-2. i = (k—1)d— "3 1} = (k—1)d— &2 kd—
@ and k=1,2,...,d.

Then, by equation (3), /441 has k-generators, which are

2 5
e R RS S g i ((k=1)d—EED)) (kg EEZD 49
T5Tq T, yeeey ToTy x, :

Hence we have that

Bo.d43 = Z m(TQ)_l):?)xk::%.

TeG(I) a1

Now we move on the Betti number:

Bsars = Y (m(Tg B 1).

TeG(I)q

Recall hy = d+ i and j := hy_1 — hg. The calculation in this case is

much more complicated, and there are four cases based on 7 and j.

Case 2-1. (f—l)d—%<z’<€d—(#—;)gand€:

1,2,....d.
Then the last monomial of 1, is

. (-3 —1)¢ .
¢ i—(e-1)d 2B g DL
Ty T, )

(a) (k—1)d— Y18 < g < kd—EE and k = ¢, 0+1,... ,d.

Then the first monomial of I; — Ri14_1 is

(i+5)—((k—1)d— E=2E+D) kd—E=DEED ) 4 5
(O () )



and hence we have (j + k)-generators in I; as follows:

(it5)— ((k—1)d— E=2 k4D kd— &0+ Y4 5y
ke ( 2 )ZEE 2 ) .. szfll k’

(k—1) d—(k—=1) _(k—=1) (d—1)—(k—1) (k=1) _d—(k—1)
) 3 yLg T3 Loy, Ty Ty )

£+1dlé£+1d2é 041, (d—=1)—¢

£(0—3) (z 1)z )
¢ d—¢ i— (Z 1)d+— {d— —1
ToTG .., 2:173 oy
and thus
m(T)—1 ‘
33,443 = E ( 5 =j+ Y,
TeG(I)q

b)i+tj=k-1)d- ¥ andk=r+1,...,d
Then the first monomial of I; — Ri14_1 is

k-1, d—(k=1)
Ty I3 9

and hence we have (j + k)-generators in I; as follows:

k—1_d—(k—1 k—1 (d—1)—(k—-1) k—1 _d—(k-1)
Ty Ty ( )>5172 fé ) Tyyoo3 Ty Ty )
41, (d=1)—€ 41 _(d—2)—L 41, (d—1)—¢
AR S ea Ty, ..., w5 T,
. £(6—3) =4 1)z )
g d g g Z—(Z—l)d—‘rT Zd —1
$2$3 9y o3 $4
and thus
m(T)—1 ‘
Bs,a+3 = E ( 3 =J+L
TeG()q

Case 2-2. i =(d— 2 and (=1,2,...,d

Then the last monomial of 1, is

5535”3

11
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(a) (k—1)d— 0% <ipj < kd—BED and ke = 041,

Then the first monomial of I; — Ri14_1 is

(i+5)—((k—1)d— E=2E+D) kd—E=DEED )4 5
O ()

and hence we have (j + k)-generators in I; as follows:

o (i+j)—((k—1)d—7(’“*”2“““))ngd—i(k*”z(k“))—(i+j)’. kgt
ng 1) ;l—(k—l)’ng—l)zéd—l)—(k—l)z4 gk I)IZ (o 1)’
I§+1 (d—1)—¢ l’g—HZLéd 2)— 61’4 l’g—i_ll’id 1)—¢
rhat-t
and thus
m(T)—1 ‘
B3.d+3 = Z ( 3 ):]+f-
TeG(I)q

(b)i+j=(k-1)d- ¥ andk=0+1,...,d
Then the first monomial of I; — Ri14_1 is

l’ék l)l’j_(k_l),

and hence we have (j + k)-generators in I; as follows:

ng_1)$§z_(k_1)’ ng—l)Iéd—l)—(k—1)$4’ - ’:Egk_nzzz_(k_n’

d—1)—¢ d—2)—¢ d—1)—¢
igﬂ (d-1)— :Eé“:vg )— T4, . :Eé“:vfl )—
0. .d— z
Lolsy

and thus

o= 3 (") it

TeG()q

as we wished.

d.



Theorem 6. Let H and j be as in Proposition 5. Then for every
i=—(d-1),...,-1,0,1,2,...,d,d+ 1,d + 2, and j > 3, H is not

level.

Proof. By Proposition 3.8 in [2], this proposition holds for i = —(d —
1),...,—1,0,1. Hence we may assume that 2 <i < d + 2.

Let J be a lex-segment ideal in R = k[z1, %2, x3, 24] such that the
Hilbert function R/J is H.

Then, by Proposition 5, we have that

3, for 1=2,...,d,

d
4, for i=d+1,d+2,

ﬁz,d+3(J) = {

4 , (4)
j+1, for 1=2,...,d,

J pu—
B3,d+3(J) {j+2, for 1=d+1,d+2.

Hence if 57 > 3, then we have (35413 > (32413. Therefore H is not

level, as we wished. O

Example 7. Consider an Artinian O-sequence

H : 14 10 13 10 10 0.

Then hd = h4 = 2><4—|—2 = 10 and hd—l_hd = hg—h4 =13—-10 = 3.

Hence, by Theorem 6, H is not level.

Example 8. Consider an Artinian O-sequences

Gy 1 4 10 12 10 10 O.
G, : 1 4 10 14 11 11 O.

13
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which do not satisfy the condition of Theorem 6.

Let I and J be lex-segment ideals in R = k[z1, X2, x3, x4] such that
the Hilbert functions of R/I and R/J are Gi and Ga, respectively.

Then the minimal free resolutions of R/I and R/J are

0 — R*-6)®R*-7) @ R(-8) @ R'(-9)
— RY(=5) ® R*(—6) ® RY(—T7) ® R*(-8)
—  RY(—4) ® R'"(-5) ® R>(—6) ® R3(-7)
— R¥(=3) ® R"(—4) ® R*(—5) ® R''(—6)
— R — R/I — 0, and

0 — R(—6)®R*-T7)® R*(—8) ® R'*(-9)
— R5(=5) ® R¥®(—6) ® R8(-T7) ® R**(-8)
—  R°(—4) ® R®2(-5) ® R%(—6) ® R3"(-7)
— R5(=3) ® R%(—4) ® R*(—5) ® R'3(—6)
— R — R/J — 0,

respectively. Hence we cannot say if Hilbert functions Gy and Gg are
level only based on shifts and Betti numbers from the above minimal
free resolutions of R/I and R/J. In other words, with an additional
condition for ¢ to be the maximum value i = d + 2 (or hy = 2d + 2),
we can decide if the Hilbert function in Question 1 is not level using

shifts and Betti numbers.
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3. Algorithms for CoCoA to Construct Some Non-Level O-sequences.

The folloing algorithm is to check if the given sequence is an O-

sequence.

Algorithm 9 (CoCoA: Checking O-sequences).

Define OSEQUENCE(T)

Al:="==> Yes, this is an 0-Sequence.";
A2:="==> No, this is NOT an 0-Sequence." ;
A:=A1;

For I:= 2 To Len(T)-1 Do

J:=I+1;
S1:=Comp(T,I);
S2:=Comp(T, J);
BinValue:=BinExp(S1,I-1,1,1);
--Print I, J, S2, BinValue, NewLine;
If BinValue < 82 Then A:= A2
EndIf;
EndFor;
S:=Comp(T,1);
If S > 1 Then Print "The 1st component should be 1,
so this is NOT an O-Sequence.", NewLine

EndIf;
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If S < 1 Then Print "The 1st component should be 1,
so this is NOT an O-Sequence.", NewLine
EndIf;
If S=1 Then Print T, A
EndIf;

EndDefine;

Example 10 (CoCoA).
(1) OSEQUENCE([1, 4, 9, 13, 17, 9, 4]1);

(1, 4, 9, 13, 17, 9, 4]==> Yes, this is an 0-Sequence.

(2) OSEQUENCE([1, 4, 9, 13, 20]1);

(1, 4, 9, 13, 20]==> No, this is NOT an 0-Sequence.

Note that the truncation of a Gorenstein O-sequence or more gen-
erally of a level O-sequence, is again a level O-sequence. Moreover we
can construct a Gorenstein O-sequence using a 0-dimensional differ-
entiable O-sequence. Hence we see that any 0-dimensional differen-
tiable O-sequence is always level. The folloing algorithm is to obtain
a O-dimensional differentiable O-sequence which is also level, using the

given O-sequence from CoCoA.
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Algorithm 11 (CoCoA: Adding Up O-sequences).
Define ADDUPHilbert (L)
S:=[1;
For I := 2 To Len(L)
Do S1:=Sum(First(L,I));
Append(S,S1);
EndFor;
S2:=Comp(S,Len(S));
S:=[s]1;
Append(S,S52);
S;

EndDefine;

The following Theorem is to obtain a level O-sequence using the

given level O-sequence.

Theorem 12 (Theorem 4.8A, [5]). Let h = (ho, h1,..., he) be the
h-vector of a level algebra A = R/Ann(M). Then, if F' is a generic
form of degree e, the level algebra A = R/Ann({M, F)) has h-vector
H = (Hy, Hy, ..., H.),where, fori=1,... e,

Hizmin{hwr(T_lJr?_Z),(T_PFZ)}.
e—1 1
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We introduce the following algorithm to obtain a level O-sequence

using the given level O-sequence based on Theorem 12.

Algorithm 13 (CoCoA: Obtaining Level h-vector).

Define LEVELHVECTOR(T)

NewT:=[1];
R:=Comp(T,2);
E:=Len(T)-1;

For J := 2 To Len(T) Do
I:=J-1;
Ti:=Comp(T,J);
T1:=Bin(R-1+E-I,E-I);
T2:=Bin(R-1+I,1);
NewTi:=Min(Ti+T1,T2);
Append (NewT,NewTi) ;
EndFor;
Print "From h=", T, " and r=", R, NewLine;
Print "We have T=", NewT

EndDefine;

By the same argument as the proof of Corollary 2.9 in [7], we obtain

the following corollary easily.



Corollary 14. Let H = {h;};>0 be an O-sequence with hy = 4. If
ha-1 > hg+2, hg <2d+2, and  hgy1 > hg

for some degree d, then H is not level.

Proof. Note that, by the proof of Theorem 6, any graded ring with

Hilbert function
H/ . ho hl hd—l hd hd —

has a socle element in degree d — 1.

Now let A = @izo A; be a graded ring with Hilbert function H. If

Ag = <.f1> for oo, fhd+1> and I = (fhd+17 SRR fhd+1) @j2d+2 Aj> then a
graded ring B = A/I has Hilbert function

ho hi -+ hi-r ha ha,

and hence B has a socle element in degree d — 1 by Theorem 6. Since
A; = B; for every ¢ < d, A also has the same socle element in degree

d — 1 as B, and thus H is not level as we wished. O

Example 15. Let H be as in Example 7, which is not level. Note that

10 = 12. Hence, by Corollary 14, the following two O-sequences

1 4 10 13 10 11 0, and
1 4 10 13 10 12 0.

are not level, either.

19
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Example 16. Consider a level O-sequence (1,4,7,10,11,13,16) of
codimension 4. By Theorem 12, we obtain the following level O-
sequence

(1,4, 10,20, 21, 17,17)
Then 17 = 2 x 5+ 7, which shows there exists a level O-sequence of

codimension 4 with the condition on hgy = 2d + 7

Note that we know that the O-sequence of codimension 4 of type in
Question 1 is not level if hy < 2d + 2 and hg_1 > hg + 2. However
we can construct an example of a level O-sequence of codimension 4 of
type in Question 1, when hy > 2d 4+ 7. Unfortunately, we don’t know
if an O-sequence of codimension 4 of type in Question 1 is level, when

hg1 > hg+2and 2d +3 < hy < 2d + 6.

Question 17. Can we construct a O-sequence of codimension 4 when

hg—1 > hg+2and 2d+ 3 < hy < 2d + 67
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ABSTRACT

ARTINIAN O-SEQUENCE OF
SOCLE DEGREE 6 AND TYPE 3
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Based on a theorem of Froberg and Laksov in [7], 334 Codimension 3,
Type 3, and Length 7 Artinian O-sequences was discovered by CoCoA
(see Appendix A). Of them, after that, the case, that is not become a

level, was studied .

After the O-sequence, is not become a level by Theorem and Remark,
was found out, the table, which conforms to each case, was completed.
Of the O-sequence that was not rejected by the former method, the

special case, that is not become a level, was also demonstrated.



As a result, it was demonstrated that 221 O-sequences, of 334
O-sequences, is not a level. 10 O-sequences, that can not know whether

they are a level or not by the former method, was remained.
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