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1. Introduction

Let R = k[x0, . . . , xn] be an n-variable polynomial ring over an in-

finite field with characteristic 0 and I be a homogeneous ideal of R.

Then we have R =
⊕

i≥0 Ri, where Ri is the vector space of dimension
(

i+n
n

)
generated by all the monomials in R having degree i. Since we

can write I :=
⊕

i≥0 Ii, we get

A = R/I :=
⊕

i≥0

(Ri/Ii) =
⊕

i≥0

Ai

is a graded ring. The Hilbert function of A, HA : N → N, is defined

by

HA(t) = dimk Rt − dimk It.

In this thesis, we shall study Artinian quotients A = R/I of R where

I is a homogeneous ideal of R. The h -vector of A is

H := (h0, h1, . . . , hs),

where hi = dimk Ai and s is the last index such that dimk As 6= 0 and

is called the socle degree of A. The socle of A is defined by the

annihilator of the maximal homogeneous ideal, namely

annA(m) := {a ∈ A | am = 0} where m =
s∑

i=1

Ai.

Let h and i be positive integers. Then h can be written uniquely in

the form

h =

(
mi

i

)
+

(
mi−1

i− 1

)
+ · · · +

(
mj

j

)

1
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where mi > mi−1 > · · · > mj ≥ j ≥ 1. This expansion for h is called

the i -binomial expansion of h. Also, define

h〈i〉 =

(
mi + 1

i + 1

)
+

(
mi−1 + 1

(i − 1) + 1

)
+ · · · +

(
mj + 1

j + 1

)
,

and 0〈i〉 = 0. Let T = (h0, h1, . . . , hi, . . . ) be a sequence of non-negative

integers. We say that T is an O -Sequence if h0 = 1 and hi+1 ≤ h
〈i〉
i

for all i ≥ 1. Given an O-sequence T = (h0, h1, . . . , hi, . . . ), we can

differentiate it to get a new sequence

∆T = (h0, h1 − h0, h2 − h1, h3 − h2, . . . )

and we call ∆T the first difference of T. If ∆T is an O-sequence

again, T is called a differentiable O -Sequence

Let A = R/I be a Cohen-Macaulay ring of dimension d and let

0 → Fn−(d−1) → · · · → F1 → R → R/I → 0

be a minimal free resolution of R/I. Then A is a level algebra of

m if Fn−(d−1) = Rm(−s), for some s > 0. In particular, if m = 1,

then we say that A is a Gorenstein algebra and the h-vector of A

is a Gorenstein sequence. It is well-known that an Artinian graded

algebra A = A0 ⊕ A1 ⊕ · · · ⊕ A` is level if soc(A) = A`.

A total order on the monomials of each degree is said to be a term

order if x1 > · · · > xn, and m1 ≥ m2 implies mm1 ≥ mm2, for any

monomials m,m1 and m2.
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The reverse lexicographic order is a term order defined to be

xi1
1 · · · xin

n > xj1
1 · · · xjn

n if and only if
∑

it >
∑

jt or
∑

it =
∑

jt and

there is s such that it = jt for s < t ≤ n and is < js.

The lexicographic order is a term order defined to be xi1
1 · · ·xin

n >

xj1
1 · · · xjn

n if and only if
∑

it >
∑

jt or
∑

it =
∑

jt and there is s such

that it = jt for t < s ≤ n and is > js.

Let S be a subset of all monomials in Rd. S is a lex -segment if a

monomial m of deree d is in S, then every monomial m′ of degree d in

Rd such that m′ > m is in S.

Let I = ⊕t≥0It be a graded ideal of R. We say that I is a lex−

segment ideal if for every t ≥ 0, It is generated (as a vector space)

by a lex-segment.

A monomial ideal I in R is stable if the monomial

xjw

xm(w)

belongs to I for every monomial w ∈ I and j < m(w) where

m(u) := max{j | aj > 0}

for u = xa1
1 · · ·xan

n .

Let S be a subset of all monomials in R =
⊕

i≥0 Ri of degree i. We

call S a Borel fixed set if

u = xa1
1 · · ·xan

n ∈ S, ai > 0, implies
xiu

xj
∈ S

for every 1 ≤ i ≤ j ≤ n.
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A monomial ideal I of R is called a Borel fixed ideal or strongly

stable ideal if the set of all monomials in Ii is a Borel set for every

i. There are two Borel fixed monomial ideals canonically attached

to a homogeneous ideal I of R: the generic initial ideal Gin(I) with

respect to the reverse lex order and the lex-segment ideal I lex. The

ideal I lex is defined as follows. For the vector space Id of forms of

degree d in I, one defines (I lex)d to be the vector space generated by

largest, in the lexicographical order, dimk(Id) monomials of degree d.

By construction, I lex is a strongly stable ideal and it only depends on

the Hilbert function of I.

In [7], it has been proved that H is not level if hd−1 > hd = hd+1

for some d < s, hd ≤ 2d + 2, and H is codimension 3. In this the-

sis, we show that H is not level, when H has the same condition and

H is of codimension 4 (see Theorem 6). We wlso prove that a cer-

tain non-unimodal O-sequence of codimension 4 can not be level using

Theorem 6
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2. Some Non-Level O-sequences of Codimension 4

In [2], they studied the following interesting O-sequence:

H : h0 h1 · · · hd−1 hd hd+1 · · · (1)

where hd−1 > hd = hd+1. Hence we have the following interesting

question.

Question 1. Let H be as above. Is H NOT level?

In this section, we shall prove that a certain O-sequence of codimen-

sion 4 is not level.

In [2], it has been proved that H is not level if hd ≤ d + 1 (see the

following proposition).

Proposition 2 (Proposition 2.21, [2]). Let h = (1, h1, h2, . . . , hs) be

the h-vector of an Artinian algebra with socle degree s. Then h is not

a level sequence if hd = hd+1 ≤ d + 1 and hd−1 > hd.

We shall revise the above proposition to a case in codimension 4 with

hd−1 > hd + 2 and hd ≤ 2d + 2.
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Let R = k[x1, . . . , xn] and A = R/I where I is a homogeneous ideal

of R having height n. Then A has the minimal free resolution F , as

an R-module, of the form:

0 → Fn−1 → · · · → F1 → F0 → R → A → 0

where Fj =
⊕γj

t=1 Rβj,j+1+t (−(j+1+t)) are each free graded R-modules.

The number {βj,i}, for fixed , 0 ≤  ≤ n − 1, are called the th

graded Betti numbers of the ideal I. It is well-known that the socle

vector of A, s(A) = (a1, . . . , as), is related to the (n − 1)st graded Betti

numbers as follows:

βn−1,n+i = ai.

It follows that A is a level algebra if and only if βn−1,n+i = 0 for all

i 6= s.

For I as above, the Betti diagram of R/I is a useful device to

encode the graded Betti numbers of R/I (and hence of I). It is con-

structed as follows:




0 1 . . . n − 1

0 1 0 0 . . . 0

1 0 ∗ ∗ . . . ∗

t 0 β0,t+1 β1,t+2 ∗ βn−1,t+n

d − 2 0 β0,d−1 β1,d ∗ βn−1,d−2+n

d − 1 0 β0,d β1,d+1 ∗ βn−1,d−1+n

d 0 β0,d+1 β1,d+2 ∗ βn−1,d+n



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Eliahou and Kervaire [1] studied minimal free resolutions of certain

monomial ideals. We recall some of their results now.

Theorem 3 (Eliahou–Kervaire, [1]). Let I be a stable monomial ideal

of R (e.g., a lex segment ideal). Denote by G(I)d the elements of that

set which have degree d. Then

βq,i =
∑

T∈G(I)i−q

(
m(T )− 1

q

)
.

This Theorem gives all the graded Betti numbers of the lex segment

ideal just from an intimate knowledge of the generators of that ideal.

Since the minimal free resolution of the ideal of a k-configuration in Pn

is extremal ( [3], [4] ), we may apply this result to those ideals. It is an

immediate consequence of the Eliahou–Kervaire Theorem that if I is

either a lex-segment ideal or the ideal of a k-configuration in Pn which

has no generators of degree d, then βq,i = 0 whenever i− q = d.

By the result of [6], the only way we can cancel graded Betti numbers

is if there are the same graded Betti numbers in the adjacent free

modules of the extremal minimal free resolution. Note that it is quite

obvious for a case of n = 3.

By the same idea as the proof of Proposition 2.5 in [7], we obtain

the following proposition.
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Lemma 4. Let I be the lex-segment ideal in R = k[x1, x2, x3, x4] with

Hilbert function H = (h0, h1, . . . , hs) where hd = d+i and 1 ≤ i ≤ d2+d
2

.

Then the last monomial of Id is

x2x
i−1
3 xd−i

4 , for 1 ≤ i ≤ d,

x2
2x

i−(d+1)
3 x

(2d−1)−i
4 , for d + 1 ≤ i ≤ 2d − 1,

...

xd−1
2 x

i− d2+d−4
2

3 x
d2+d−2

2
−i

4 , for d2+d−4
2

≤ i ≤ d2+d−2
2

,

xd
2, for i = d2+d

2
.

Proposition 5. Let R = k[x1, x2, x3, x4] and let H = (h0, h1, . . . , hs)

be the h-vector of an Artinian algebra with socle degree s and

hd = hd+1 = d + i, hd−1 > hd, and j := hd−1 − hd

for i = 1, 2, . . . , d2+d
2

. Then, for every 1 ≤ k ≤ d and 0 ≤ ` ≤ d,

β2,d+3 =

{
3k − 2, for (k − 1)d − k(k−3)

2
≤ i ≤ (k − 1)d − k(k−3)

2
+ (k − 1),

3k, for (k − 1)d − k(k−3)
2

+ k ≤ i ≤ kd − (k−1)k
2

.

β3,d+3 = j + `, for (` − 1)d − (`−2)(`−1)
2

< i ≤ `d − (`−1)`
2

.

Proof. Since we assume hd = d + i, the monomials not in Id are the

last d + i monomials of Rd. By Lemma 4, the last monomial of R1Id is

x2x
i−1
3 xd−i+1

4 , for i = 1, . . . , d,

x2
2x

i−(d+1)
3 x2d−i

4 , for i = d + 1, . . . , 2d − 1,
...

xd−1
2 x

i− d2+d−4
2

3 x
d2+d

2
−i

4 , for i = d2+d−4
2

, d2+d−2
2

,

xd
2x4, for i = d2+d

2
.
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In what follows, the first monomial of Id+1 − R1Id is

xd+1
3 , for i = 1,

x2x
i−2
3 x

(d+2)−i
4 , for i = 2, . . . , d,
...

xd−1
2 x3x4, for i = d2+d−2

2
,

xd−1
2 x2

3, for i = d2+d
2

.

(2)

Note that

(d + i)〈d〉 = (d + i) + k, for i = (k − 1)d − k(k−3)
2

, . . . , kd − k(k−1)
2

,
and k = 1, . . . , d.

(3)

We now calculate the Betti number

β2,d+3 =
∑

T∈G(I)d+1

(
m(T )− 1

2

)
.

Based on equation (2), we shall find this Betti number of two cases for

i as follows.

Case 1 -1 . i = (k − 1)d − k(k−3)
2

and k = 1, 2, . . . , d.

Then, by equation (3), Id+1 has k-generators, which are

xk−1
2 x

(d+2)−k
3 , xk−1

2 x
(d+1)−k
3 x4, . . . , x

k−1
2 x

(d+3)−2k
3 xk−1

4 .

By the similar argument, Id+1 has k-generators including the

element xk−1
2 x

(d+2)−k
3 for i = (k−1)d− k(k−3)

2
+1, . . . , (k−1)d−

k(k−3)
2

+ (k − 1). Hence we have that

β2,d+3 =
∑

T∈G(I)d+1

(
m(T )− 1

2

)
= 3 × (k − 1) + 1 = 3k − 2.
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Case 1 -2 . i = (k−1)d− k(k−3)
2

+k = (k−1)d− k(k−5)
2

, . . . , kd−
k(k−1)

2
and k = 1, 2, . . . , d.

Then, by equation (3), Id+1 has k-generators, which are

xk
2x

i− (k−1)d− k2−3k−2
2

3 x
kd− k2−k−4

2
−i

4 , . . . , xk
2x

i−((k−1)d− k(k−5)
2 )

3 x
(kd− k(k−3)

2
+1)−i

4 .

Hence we have that

β2,d+3 =
∑

T∈G(I)d+1

(
m(T )− 1

2

)
= 3 × k = 3k.

Now we move on the Betti number:

β3,d+3 =
∑

T∈G(I)d

(
m(T )− 1

3

)
.

Recall hd = d + i and j := hd−1 − hd. The calculation in this case is

much more complicated, and there are four cases based on i and j.

Case 2 -1 . (` − 1)d − (`−2)(`−1)
2

< i < `d − (`−1)`
2

and ` =

1, 2, . . . , d.

Then the last monomial of Id is

x`
2x

i−(`−1)d+ `(`−3)
2

3 x
`d− (`−1)`

2
−i

4 .

(a) (k−1)d− (k−1)k
2

< i+j < kd− k(k+1)
2

and k = `, `+1, . . . , d.

Then the first monomial of Id −R1Id−1 is

xk
2x

(i+j)−((k−1)d− (k−2)(k+1)
2 )

3 x
(kd− (k−1)(k+2)

2 )−(i+j)

4 ,
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and hence we have (j + k)-generators in Id as follows:

xk
2x

(i+j)−((k−1)d− (k−2)(k+1)
2 )

3 x
(kd− (k−1)(k+2)

2 )−(i+j)

4 , . . . , xk
2x

d−k
4 ,

x
(k−1)
2 x

d−(k−1)
3 , x

(k−1)
2 x

(d−1)−(k−1)
3 x4, . . . , x

(k−1)
2 x

d−(k−1)
4 ,

...

x`+1
2 x

(d−1)−`
3 , x`+1

2 x
(d−2)−`
3 x4, . . . , x

`+1
2 x

(d−1)−`
4

x`
2x

d−`
3 , . . . , x`

2x
i−(`−1)d+

`(`−3)
2

3 x
`d− (`−1)`

2
−i

4

and thus

β3,d+3 =
∑

T∈G(I)d

(
m(T )− 1

3

)
= j + `,

(b) i + j = (k − 1)d − (k−1)k
2

and k = ` + 1, . . . , d.

Then the first monomial of Id −R1Id−1 is

xk−1
2 x

d−(k−1)
3 ,

and hence we have (j + k)-generators in Id as follows:

xk−1
2 x

d−(k−1)
3 , xk−1

2 x
(d−1)−(k−1)
3 x4, . . . , x

k−1
2 x

d−(k−1)
4 ,

...

x`+1
2 x

(d−1)−`
3 , x`+1

2 x
(d−2)−`
3 x4, . . . , x

`+1
2 x

(d−1)−`
4

x`
2x

d−`
3 , . . . , x`

2x
i−(`−1)d+

`(`−3)
2

3 x
`d− (`−1)`

2
−i

4

and thus

β3,d+3 =
∑

T∈G(I)d

(
m(T )− 1

3

)
= j + `.

Case 2 -2 . i = `d − (`−1)`
2

and ` = 1, 2, . . . , d.

Then the last monomial of Id is

x`
2x

d−`
3 .



12

(a) (k−1)d− (k−1)k
2

< i+ j < kd− k(k+1)
2

and k = `+1, . . . , d.

Then the first monomial of Id −R1Id−1 is

xk
2x

(i+j)−((k−1)d− (k−2)(k+1)
2 )

3 x
(kd− (k−1)(k+2)

2 )−(i+j)

4 ,

and hence we have (j + k)-generators in Id as follows:

xk
2x

(i+j)−((k−1)d− (k−2)(k+1)
2 )

3 x
(kd− (k−1)(k+2)

2 )−(i+j)

4 , . . . , xk
2x

d−k
4 ,

x
(k−1)
2 x

d−(k−1)
3 , x

(k−1)
2 x

(d−1)−(k−1)
3 x4, . . . , x

(k−1)
2 x

d−(k−1)
4 ,

...

x`+1
2 x

(d−1)−`
3 , x`+1

2 x
(d−2)−`
3 x4, . . . , x

`+1
2 x

(d−1)−`
4

x`
2x

d−`
3 ,

and thus

β3,d+3 =
∑

T∈G(I)d

(
m(T )− 1

3

)
= j + `.

(b) i + j = (k − 1)d − (k−1)k
2

and k = ` + 1, . . . , d.

Then the first monomial of Id −R1Id−1 is

x
(k−1)
3 x

d−(k−1)
4 ,

and hence we have (j + k)-generators in Id as follows:

x
(k−1)
2 x

d−(k−1)
3 , x

(k−1)
2 x

(d−1)−(k−1)
3 x4, . . . , x

(k−1)
2 x

d−(k−1)
4 ,

...

x`+1
2 x

(d−1)−`
3 , x`+1

2 x
(d−2)−`
3 x4, . . . , x

`+1
2 x

(d−1)−`
4

x`
2x

d−`
3 ,

and thus

β3,d+3 =
∑

T∈G(I)d

(
m(T )− 1

3

)
= j + `,

as we wished. �
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Theorem 6. Let H and j be as in Proposition 5. Then for every

i = −(d − 1), . . . ,−1, 0, 1, 2, . . . , d, d + 1, d + 2, and j ≥ 3, H is not

level.

Proof. By Proposition 3.8 in [2], this proposition holds for i = −(d −

1), . . . ,−1, 0, 1. Hence we may assume that 2 ≤ i ≤ d + 2.

Let J be a lex-segment ideal in R = k[x1, x2, x3, x4] such that the

Hilbert function R/J is H.

Then, by Proposition 5, we have that

β2,d+3(J) =

{
3, for i = 2, . . . , d,

4, for i = d + 1, d + 2,
and

β3,d+3(J) =

{
j + 1, for i = 2, . . . , d,

j + 2, for i = d + 1, d + 2.

(4)

Hence if j ≥ 3, then we have β3,d+3 > β2,d+3. Therefore H is not

level, as we wished. �

Example 7. Consider an Artinian O-sequence

H : 1 4 10 13 10 10 0.

Then hd = h4 = 2×4+2 = 10 and hd−1−hd = h3−h4 = 13−10 = 3.

Hence, by Theorem 6, H is not level.

Example 8. Consider an Artinian O-sequences

G1 : 1 4 10 12 10 10 0.
G2 : 1 4 10 14 11 11 0.
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which do not satisfy the condition of Theorem 6.

Let I and J be lex-segment ideals in R = k[x1, x2, x3, x4] such that

the Hilbert functions of R/I and R/J are G1 and G2, respectively.

Then the minimal free resolutions of R/I and R/J are

0 → R2(−6) ⊕R4(−7)⊕ R(−8) ⊕ R10(−9)
→ R9(−5) ⊕R14(−6) ⊕ R4(−7) ⊕ R31(−8)
→ R14(−4) ⊕ R17(−5) ⊕ R5(−6) ⊕ R32(−7)
→ R8(−3) ⊕R7(−4) ⊕ R2(−5) ⊕ R11(−6)
→ R → R/I → 0, and

0 → R(−6) ⊕ R5(−7) ⊕R2(−8) ⊕ R11(−9)
→ R5(−5) ⊕R18(−6) ⊕ R6(−7) ⊕ R35(−8)
→ R9(−4) ⊕R22(−5) ⊕ R6(−6) ⊕R37(−7)
→ R6(−3) ⊕R9(−4) ⊕ R2(−5) ⊕ R13(−6)
→ R → R/J → 0,

respectively. Hence we cannot say if Hilbert functions G1 and G2 are

level only based on shifts and Betti numbers from the above minimal

free resolutions of R/I and R/J . In other words, with an additional

condition for i to be the maximum value i = d + 2 (or hd = 2d + 2),

we can decide if the Hilbert function in Question 1 is not level using

shifts and Betti numbers.



15

3. Algorithms for CoCoA to Construct Some Non-Level O-sequences.

The folloing algorithm is to check if the given sequence is an O-

sequence.

Algorithm 9 (CoCoA: Checking O-sequences).

Define OSEQUENCE(T)

A1:="==> Yes, this is an O-Sequence.";

A2:="==> No, this is NOT an O-Sequence." ;

A:=A1;

For I:= 2 To Len(T)-1 Do

J:=I+1;

S1:=Comp(T,I);

S2:=Comp(T,J);

BinValue:=BinExp(S1,I-1,1,1);

--Print I, J, S2, BinValue, NewLine;

If BinValue < S2 Then A:= A2

EndIf;

EndFor;

S:=Comp(T,1);

If S > 1 Then Print "The 1st component should be 1,

so this is NOT an O-Sequence.", NewLine

EndIf;



16

If S < 1 Then Print "The 1st component should be 1,

so this is NOT an O-Sequence.", NewLine

EndIf;

If S=1 Then Print T, A

EndIf;

EndDefine;

Example 10 (CoCoA).

(1) OSEQUENCE([1, 4, 9, 13, 17, 9, 4]);

[1, 4, 9, 13, 17, 9, 4]==> Yes, this is an O-Sequence.

(2) OSEQUENCE([1, 4, 9, 13, 20]);

[1, 4, 9, 13, 20]==> No, this is NOT an O-Sequence.

Note that the truncation of a Gorenstein O-sequence or more gen-

erally of a level O-sequence, is again a level O-sequence. Moreover we

can construct a Gorenstein O-sequence using a 0-dimensional differ-

entiable O-sequence. Hence we see that any 0-dimensional differen-

tiable O-sequence is always level. The folloing algorithm is to obtain

a 0-dimensional differentiable O-sequence which is also level, using the

given O-sequence from CoCoA.
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Algorithm 11 (CoCoA: Adding Up O-sequences).

Define ADDUPHilbert(L)

S:=[];

For I := 2 To Len(L)

Do S1:=Sum(First(L,I));

Append(S,S1);

EndFor;

S2:=Comp(S,Len(S));

S:=[S];

Append(S,S2);

S;

EndDefine;

The following Theorem is to obtain a level O-sequence using the

given level O-sequence.

Theorem 12 (Theorem 4.8A, [5]). Let h = (h0, h1, . . . , he) be the

h-vector of a level algebra A = R/Ann(M). Then, if F is a generic

form of degree e, the level algebra A = R/Ann(〈M,F 〉) has h-vector

H = (H0,H1, . . . ,He),where, for i = 1, . . . , e,

Hi = min

{
hi +

(
r − 1 + e − i

e− i

)
,

(
r − 1 + i

i

)}
.
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We introduce the following algorithm to obtain a level O-sequence

using the given level O-sequence based on Theorem 12.

Algorithm 13 (CoCoA: Obtaining Level h-vector).

Define LEVELHVECTOR(T)

NewT:=[1];

R:=Comp(T,2);

E:=Len(T)-1;

For J := 2 To Len(T) Do

I:=J-1;

Ti:=Comp(T,J);

T1:=Bin(R-1+E-I,E-I);

T2:=Bin(R-1+I,I);

NewTi:=Min(Ti+T1,T2);

Append(NewT,NewTi);

EndFor;

Print "From h=", T, " and r=", R, NewLine;

Print "We have T=", NewT

EndDefine;

By the same argument as the proof of Corollary 2.9 in [7], we obtain

the following corollary easily.
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Corollary 14. Let H = {hi}i≥0 be an O-sequence with h1 = 4. If

hd−1 > hd + 2, hd ≤ 2d + 2, and hd+1 ≥ hd

for some degree d, then H is not level.

Proof. Note that, by the proof of Theorem 6, any graded ring with

Hilbert function

H′ : h0 h1 · · · hd−1 hd hd →

has a socle element in degree d − 1.

Now let A =
⊕

i≥0 Ai be a graded ring with Hilbert function H. If

Ad+1 = 〈f1, f2, . . . , fhd+1
〉 and I = (fhd+1, . . . , fhd+1

)
⊕

j≥d+2 Aj, then a

graded ring B = A/I has Hilbert function

h0 h1 · · · hd−1 hd hd,

and hence B has a socle element in degree d − 1 by Theorem 6. Since

Ai = Bi for every i ≤ d, A also has the same socle element in degree

d − 1 as B, and thus H is not level as we wished. �

Example 15. Let H be as in Example 7, which is not level. Note that

10〈4〉 = 12. Hence, by Corollary 14, the following two O-sequences

1 4 10 13 10 11 0, and
1 4 10 13 10 12 0.

are not level, either.
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Example 16. Consider a level O-sequence (1, 4, 7, 10, 11, 13, 16) of

codimension 4. By Theorem 12, we obtain the following level O-

sequence

(1, 4, 10, 20, 21, 17, 17)

Then 17 = 2 × 5 + 7, which shows there exists a level O-sequence of

codimension 4 with the condition on hd = 2d + 7

Note that we know that the O-sequence of codimension 4 of type in

Question 1 is not level if hd ≤ 2d + 2 and hd−1 > hd + 2. However

we can construct an example of a level O-sequence of codimension 4 of

type in Question 1, when hd ≥ 2d + 7. Unfortunately, we don’t know

if an O-sequence of codimension 4 of type in Question 1 is level, when

hd−1 > hd + 2 and 2d + 3 ≤ hd ≤ 2d + 6.

Question 17. Can we construct a O-sequence of codimension 4 when

hd−1 > hd + 2 and 2d + 3 ≤ hd ≤ 2d + 6?
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Based on a theorem of Fröberg and Laksov in [7], 334 Codimension 3,

Type 3, and Length 7 Artinian O-sequences was discovered by CoCoA

(see Appendix A). Of them, after that, the case, that is not become a

level, was studied .

After the O-sequence, is not become a level by Theorem and Remark,

was found out, the table, which conforms to each case, was completed.

Of the O-sequence that was not rejected by the former method, the

special case, that is not become a level, was also demonstrated.



As a result, it was demonstrated that 221 O-sequences, of 334

O-sequences, is not a level. 10 O-sequences, that can not know whether

they are a level or not by the former method, was remained.
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