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I Introduction

In an assemblage of particles, for example, cells, bacteria, chemicals, an-

imals and so on,each particle usually moves around in random way. The

particles spread out as a result of this irregular individual particle’s mo-

tion. when this microscopic irregular movement result in some macroscopic

or gross regular motion of the group we can think of it as a diffusion process.

Of course there may be interaction between particles and the environment

mat give some bias in which case the gross movement is not simple diffusion.

To get the macroscopic behaviour from a knowledge of the individual micro-

scopic behaviour is much too hard so we drive a continuum model equation

for the global behaviour in terms of a particle density or concentration. It

is instructive to start with a random process which we look at probabilis-

tically in an elementary way, and then drive a deterministic model. For

simplicity we consider initially only one-dimensional motion and the sim-

plest random walk process. the generalisation to higher dimensions is then

intuitively clear from the one-dimensional equation. Diffusion models form
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a reasonable basis for studying insect and animal dispersal and invasion;this

and other aspects of animal population models are discussed in detail, for ex-

ample, by Okubo(1980, 1986), Shigesada(1980) and Lewis(1997). Dispersal

of interacting species is discussed by Shigesada et al.(1979) and of compet-

ing species by Shigesada and Roughgarden(1982). Kareiva(1983) has shown

that many species appear to disperse according to a reaction diffusion model

with a constant diffusion coefficient. He gives actual values for the diffusion

coefficient which he obtained from experiments on variety of insect species.

Kot et al.(1996) studied dispersal of organisms in general and importantly

incorporated real data(see also Kot 2001). A common feature of insect pop-

ulations is their discrete time population growth. As would be expected

intuitively this can have a major effect on their spatial dispersal. The model

equations involve the coupling of discrete time with continuous space, a topic

investigated by Kot(1992) and Neubert et al.(1995).
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II Preliminaries

Suppose a particle moves randomly backward and forward along a line in

fixed steps ∆x that are taken in a fixed time ∆t. If the motion is unbiased

then it is equally probable that the particle takes a step to the right or left.

After time N∆t the particle can be anywhere from −N∆x to N∆x if we

take the starting point of the particle as the origin. The spatial distribution

is clearly not going to be uniform if we release a group of particles about

x = 0 since the probability of a particle reaching x = N∆x after N steps is

very small compared with that for x nearer x = 0.

Lemma 1. The probability p(m, n) that a particle reaches a point m space

steps to the right can be approximated for large m, n as

p(m, n) ∼
(

2

πn

)1/2

e
−m2

(2n) . (1)

Proof. Let us suppose that to reach m∆x it has moved a steps to the right

3



and b to the left. Then

m = a− b, a + b = n,

and so

a =
n + m

2
, b = n− a.

The number of possible paths that a particle can reach this point x = m∆x

is

n!

a!b!
=

n!

a!(n− a)!
Cn

a ,

where Cn
a is the binomial coefficient. The total number of possible n-step

paths is 2n and so the probability p(m, n) is

p(m,n) =
1

2n

n!

a!(n− a)!
, (2)

with a = n+m
2

when m + n is even.

Note that

n∑
m=−n

p(m, n) =
n∑

a=0

Cn
a

(
1

2

)n−a (
1

2

)a

=

(
1

2
+

1

2

)n

= 1,

and thus p(m,n) is the binomial distribution.
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If we now let n be large so that n±m are also large we have, asymptot-

ically,

n! ∼ (2πn)
1
2 nne−n, n � 1, (3)

which is Stirling’s formula. Using (2) in (1) we get the normal or Gaussian

probability distribution

p(m, n) ∼
(

2

πn

)1/2

e
−m2

(2n) , m � 1, n � 1.

For (1) m and n need not be very large to be an accurate approximation

to (2). In fact for all practical purposes we can use (1) for n > 6. Asymptotic

approximations can often be remarkably accurate over a wider range than

might be imagined.

Lemma 2. Suppose a particle moves randomly along the x−axis with the

condition that

lim
∆x→0∆t→0

(∆x)2

2∆t
= D 6= 0.
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Then the probability u(x, t) finding the particle at the location x at time t is

u(x, t) = lim
∆x→0∆t→0

p( x
∆x

, t
∆t

)

2∆x
=

(
1

4πDt

) 1
2

e−x2/(4Dt). (4)

Proof. Let us set

m∆x = x, n∆t = t,

where x and t are the continuous space and time variables. If we anticipate

letting m → ∞, n → ∞, ∆x → 0, ∆t → 0 so that x and t are finite , then

it is not appropriate to have p(m,n) as the quantity of interest since this

probability must tend to zero the number of points on the line tends to ∞

as ∆x → 0. The relevant dependent variable is more appropriately u = p
2∆x

,

where 2u∆x is the probability of finding a particle in the interval (x, x+∆x)

at time t. From (1) with m = x
∆x

, n = t
∆t

,

p( x
∆x

, t
∆t

)

2∆x
∼

{
∆t

2πt(∆x)2

} 1
2

exp

{
−x2

2t

∆t

(∆x)2

}

If we assume

lim
∆x→0∆t→0

(∆x)2

2∆t
= D 6= 0
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the last equation gives

u(x, t) = lim
∆x→0∆t→0

p( x
∆x

, t
∆t

)

2∆x
=

(
1

4πDt

) 1
2

e−x2/(4Dt).

The quantity D represents the diffusion coefficient or diffusivity of the

particles.

Let us now relate this result to the classical approach to diffusion, namely,

Fickian diffusion. This says that the flux, J , of material, which can be cells,

amount of chemical, number of animals and so on, is proportional to the

gradient of the concentration of the material. That is, in one dimension

J ∝ − ∂c

∂x
⇒ J = −D

∂c

∂x
, (5)

where c(x, t) is the concentration of the species and D is its diffusivity. The

minus sign simply indicates that diffusion transports matter from a high to

a low concentration. We now write a general conservation equation which

says that the rate of change of the amount of material in a region is equal
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to the rate of flow across the boundary. If the region is x0 < x < x1 and no

material is created,

∂

∂t

∫ x1

x0

c(x, t)dx = J(x0, t)− J(x1, t). (6)

If we take X1 = x0 + ∆x , take the limit as ∆x → 0 and use (5) we get the

classical diffusion equation (7) in one dimension,

lim
∆x→0

∂
∂t

∫ x0+∆x

x0
c(x, t)dx

∆x
= lim

∆x→0

J(x0, t)− J(x0 + ∆x, t)

∆x

∂

∂t
c = −∂J

∂x

From (5) we have that

∂c

∂t
= −∂J

∂x
=

∂(D ∂c
∂x

)

∂x
(7)

which, if D is constant, becomes

∂c

∂t
= D

∂2c

∂x2
(8)
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III Main Results

Theorem 3. If we release an amount Q of particles per unit area at x = 0

at t = 0, that is,

c(x, 0) = Qδ(x) (9)

where δ(x) is Dirac delta function, then the solution of (8) is

c(x, t) =
Q

2(πDt)
1
2

e−
x2

4Dt , t > 0 (10)

which, with Q = 1, is the same result as (4), obtained from a random walk

approach when the step and time size are small compared with x and t.

Proof. We apply the Fourier Transform

F[f ] = F (ξ) =
1√
2π

∫ ∞

−∞
f(x)e−iξxdx

on both sides of the equation (8) to obtain that

F

[
∂c

∂t

]
= F

[
D

∂2c

∂x2

]
.

Simplifying it gives

9



∂

∂t
F[c] = DF[

∂2c

∂x2
]

= D(−ξ)2F[c]

= −Dξ2F[c].

We solve the differential equation of the type

∂y

∂t
= y′ = −Dξ2y, equivalently,

∂y

y
= −Dξ2∂t

with the initial condition

F[c(x, 0)] = F[Q, δ(x)]

= QF[δ(x)]

in the form

y(0) =
Q√
2π

e0.

Thus the differential equation becomes

∂y

∂t
= y′ = −Dξ2y

∂y

y
= −Dξ2∂t.

The solution of the initial value problem is

ln |y| = −Dξ2t + c̃,

10



y = ce−Dξ2t.

Since y(0) = c, we have the solution

y(t) = y(0)e−Dξ2t,

and thus
F[c] = y(t)

= y(0)e−Dξ2t

= Q√
2π

e−Dξ2t

Now by applying the inverse Fourier Transform we obtain that

c(x, t) = F−1[ Q√
2π

e−Dξ2t]

= Q√
2π

F−1[e−Dξ2t]

= Q√
2π

e−Dξ2t(a = 1√
4Dt

)

= Q√
2π

F−1[e
−ξ2

4a2 ]

= Q√
2π

a
√

2e−a2x2

= Q√
π

1√
4Dt

e−
x2

4Dt

= Q

2(πDt)
1
2
e−

x2

4Dt , t > 0

11



c(x, t) =
Q

2(πDt)
1
2

e−
x2

4Dt , t > 0 (11)

which, with Q = 1, is the small result as (4), obtained from a random walk

approach when the step and time size are small compared with x and t.

Now we drive a way of relating the diffusion equation to the random walk

approach using p(x, t), from (4), as the probability that a particle released at

x = 0 at t = 0 reaches x in time t. At time t−∆t the particle was at x−∆x

or x+∆x. Thus, if α and β are probabilities that a particle will move to the

right or left

p(x, t) = αp(x−∆x, t−∆t) + βp(x + ∆x, t−∆t), α + β = 1 (12)

If there is no bias in the random walk, that is, it is isotropic, α = 1
2

= β.

Theorem 4. The probability function p(x, t) satisfies that

∂p

∂t
= D

∂2p

∂x2
.

If the total number of released particles is Q, then the concentration of par-

ticles c(x, t) = Qp(x, t) and the last equation becomes (8).
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Proof. Expanding the right-hand side of (12) in a Taylor series,

p(x, t) =
1

2
p(x−∆x, t−∆t) +

1

2
p(x + ∆x, t−∆t)

= {1

2
p(x, t) +

1

2
p(x, t)}+ {1

2

∂p

∂x
(−∆x) +

1

2

∂p

∂t
(−∆t)}

+{1

2

∂p

∂x
(∆x) +

1

2

∂p

∂t
(−∆t)}

+
1

2

1

2!
{∂2p

∂x2
(∆x)2 + 2(−∆x)(−∆t)

∂2p

∂x∂t
+ (∆t)2∂2p

∂t2
}+ · · ·

p(x, t) = p(x, t)− ∂p

∂t
(∆t) +

1

2

∂2p

∂x2
(∆x)2 +

1

2

∂2p

∂t2
(∆t)2 + · · ·

∂p

∂t
= [

(∆x)2

2∆t
]
∂2p

∂x2
+ (

∆t

2
)
∂2p

∂t2
+ · · ·

Let ∆x → 0, ∆t → 0

lim
∆x→0∆t→0

(∆x)2

2∆t
= D

We get

∂p

∂t
= D

∂2p

∂x2

If the total number of released particles is Q, then the concentration of par-

ticles c(x, t) = Qp(x, t) and the last equation becomes (8).
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Reaction Diffusion Equation in three space dimensions

Consider now diffusion in three space dimensions. Let S be an arbitrary

surface enclosing a volume V . The general conservation equation says that

the rate of change of the amount of material in V is equal to the rate of flow

of material across S into V plus the material created in V . Thus

∂

∂t

∫
V

c(x, t)dv = −
∫

S

Jds +

∫
V

fdv, (13)

where J is the flux of material and f , which represents the source of material,

may be a function of c, x and t. Applying the divergence theorem to the

surface integral and assuming c(x, t) is continuous, the last equation becomes

∫
V

[
∂c

∂t
+∇ · J − f(c,x, t)

]
dv = 0. (14)

Since the volume V is arbitrary the integrand must be zero and so the con-

servation equation for c is

∂c

∂t
+∇ · J = f(c,x, t) (15)

This equation holds for a general flux transport J, whether by diffusion or

some other process.
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If classical diffusion is the process then the generalization of (5), for ex-

ample, is

J = −D∇c (16)

and (15) becomes

∂c

∂t
= f +∇ · (D∇c) (17)

The source term f in an ecological context, for example, could represent the

birth-death process and c the population density, n. With logistic popula-

tion growth f = rn(1 − n
K

), where r is the linear reproduction rate and K

the carrying capacity of the environment. The resulting equation with D

constant is

∂n

∂t
= rn(1− n

K
) + D∇2n (18)

known as the Fisher-Kolmogoroff equation.

If we further generalize (17) to the situation in which there are, for ex-

ample, several interacting species or chemicals we then have a vector ui(x, t),

i = 1, . . . ,m of densities or concentrations each diffusing with its own dif-

fusion coefficient Di and interacting according to the vector source term f .

15



(17) becomes

∂u

∂t
= f +∇ · (D∇u), (19)

where D is a matrix of diffusivities, and ∇u is a tensor so ∇ · D∇u is a

vector.

Models for Animal Dispersal

Diffusion models form a reasonable basis for studying insect and ani-

mal dispersal and invasion. Dispersal of interacting species is discussed by

Shigesada et al.(1979) and of competing species by Shigesada and Rough-

garden(1982). A common feature of insect populations is their discrete time

population growth. As would be expected intuitively this can have a major

effect on their spatial dispersal.

One extension of the classical diffusion model which of particular rel-

evance to insect dispersal is when there is an increase in diffusion due to

population pressure. One such model has the diffusion coefficient, or rather

the flux J, depending on the population density n such that D increases with

16



n ; that is,

J = −D(n)∇n,
∂D

∂n
> 0. (20)

A typical form for D(n) in (20) is D0(
n
n0

)m, where m > 0 and D0 and n0 are

positive constants.

Theorem 5. If D(n) = D0(
n
n0

)m in (20) with m > 0 and positive constants

D0 and n0, then the dispersal equation for n without any growth term

∂n

∂t
= −∇ · J

has an exact analytical solution of the form

n(x, t) =


n0

λ(t)
[1− ( x

r0
λ(t))2]

1
m , |x| ≤ r0λ(t)

0, |x| > r0λ(t)
(21)

where λ(t) = ( t
t0

)
1

2+m and r0, t0 are some positive constants.

Proof. The dispersal equation for n without any growth term becomes

∂n

∂t
= −∇ · J

∂n

∂t
= −∇ · J

= −∇ · −D(n)∇n

= D0∇ · [( n
n0

)m∇n].

17



In one dimension

∇n =
∂n

∂x
,∇ · f =

f

∂x

∂n

∂t
= D0∇ · [( n

n0
)m∇n]

= D0∇ · [( n
n0

)m ∂n
∂x

]

∂n

∂t
= D0

∂

∂x
[(

n

n0

)m ∂n

∂x
] (22)

which has an exact analytical solution of the form

n(x, t) =


n0

λ(t)
[1− ( x

r0
λ(t))2]

1
m , |x| ≤ r0λ(t)

0, |x| > r0λ(t)

where
λ(t) = ( t

t0
)

1
2+m , and

r0 =
QΓ( 1

m
+ 3

2
)

π
1
2 n0Γ( 1

m
+1)

, t0 =
r2
0m

2D0(m+2)

(23)

where Γ is the gamma function and Q is the initial number of insects released

at the origin. It is straightforward to check that (21) is a solution of (22) for

all r0.

The evaluation of r0 comes from requiring the integral of n over all x

18



to be equal to Q. The population is identically zero for x > r0λ(t). This

solution is fundamentallay different from that when m = 0, namely, (10).

The difference is due to the fact that D(0) = 0. The solution represents

a kind of wave with the front at x = xf = r0λ(t). The derivative of n is

discontinuous here. The wave ’front’ which we define here as the point where

n = 0, propagates with a speed
dxf

dt
= r0dλ

dt
, which, from (23), decreases with

time for all m. The solution for n is illustrated schematically in figure 2.

The dispersal patterns for grasshoppers exhibit a similar behavior to this

model. Without any source term the population n, from (21), tends to zero

as t → ∞. Shigesada proposed such a model for animal dispersal in which

she took the linear diffusion dependence D(n) ∝ n.

Chemotaxis

Let us suppose that the presence of a gradient in an attractant, a(x, t)

, gives rise to a movement, of the cells say, up the gradient. The flux of

cells will increase with the number if cells, n(x, t) , present. Thus we may

19



reasonably take as the chemotactic flux

J = nχ(a)∇a, (24)

Where χ(a) is a function of the attractant concentration. In the general

conservation equation for n(x, t), namely,

∂n

∂t
+∇J = f(n),

where f(n) represents the growth term for the cells, the flux

J = Jdiffusion + Jchemotaxis,

where the diffusion contribution is from (15) with the chemotaxis flux

from (23). Thus a basic reaction− diffusion− chemotaxisequation is

∂n

∂t
= f(n)−∇ · nχ(a)∇a +∇ ·D∇n, (25)

where D is the diffusion coefficient of the cells. Since the attractant a(x, t)

is a chemical it also diffuses and is produced, by the amoebae, for example,

20



so we need a further equation for a(x, t). Typically

∂a

∂t
= g(a, t) +∇ ·Da∇a, (26)

where Da is the diffusion coefficient of a and g(a, n) is the kinetics/source

term, which may depend on n and a . Normally we would Da > D . Here hn

represents the spontaneous production of the attractant and is proportional

to the number of amoebae n , while −ka represents decay of attractant activ-

ity; that is, there is an exponential decay if the attractant is not produced by

the cells. One simple version of the model has f(n) = 0; that is, the amoebae

production rate is negligible. This is the case during the pattern formation

phase in the mould’s life cycle. The chemotactic term χ(a) is taken to be

a positive constant χ0 . The form of this term has to be determined from

experiment. With constant diffusion coefficients, together with the above lin-

ear form for g(a, n), the model in one space dimension becomes the nonlinear

system
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∂n

∂t
= f(n)−∇ · nχ(a)∇a +∇ ·D∇n,

= D
∂

∂x

∂n

∂x
− ∂

∂x
nχ0

∂a

∂x

∴
∂n

∂t
= D

∂2n

∂x2
− χ0

∂

∂x
(n

∂a

∂x
) (27)

∂a

∂t
= g(a, n) +∇ ·Da∇a

= hn− ka + Da
∂

∂x

∂a

∂x

∴
∂a

∂t
= hn− ka + Da

∂2a

∂x2
(28)
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ABSTRACT
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In an assemblage of particles, for example, cells, bacteria, chemicals, an-

imals , and so on each particle usually moves around in random way. The

particles spread out as a result of this irregular individual particle’s mo-

tion. when this microscopic irregular movement result in some macroscopic

or gross regular motion of the group we can think of it as a diffusion process.

To get the macroscopic behaviour from a knowledge of the individual micro-

scopic behaviour is much too hard so we drive a continuum model equation

for the global behaviour in terms of a particle density or concentration. It is

instructive to start with a random process which we look at probabilistically

in an elementary way, and then drive a deterministic model.
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