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1. INTRODUCTION

If we let R = k[zo,x1,...,2,] = ®i>oR;i, where k is an algebraically
closed field of characteristic 0, and let I be a homogeneous ideal of R,
A = R/I, then the Hilbert function of A, Hy : N — N, (or sometimes
H(A, —)) is defined by

HA(t) == dll’Il]€ Rt - dlmk It.

In the case I is the ideal of a subscheme X of P", the Hilbert function of
A = R/I is sometimes denoted by Hx(— ).

We associate to the graded Artinian algebra A a vector of non-negative
integers which is an (s + 1)-tuple, called the h-vector of A and denoted
h(A). Let A be as above. Then it is defined as follows.

h(A) = (1,dimy Ay, ...,dimg As) = (ho, h1,...,hs) with hg #0.
Let F be the minimal free resolution of R/I, i.e.,
F0—-F,—-Fp1—-—Fi—R—-R/I—0.

We can write
Vi
Fi = D R (—ayj)
j=1

where ;1 < --- < @jy,. The numbers «;; are called the shifts associated
to R/I, and the numbers (3;; are called the graded Betti numbers of R/I.

Now we recall that if the last free module of the minimal free resolution
of a graded ring A with Hilbert function H is of the form R™(—s) for
some s, then the Hilbert function H and a graded ring A are called level
(see [1],[2),3],[4], [6], [7), [8].[9))-

In [10], F. Zanello found how to construct a non-unimodal level O-
sequence which is ending as follows: ...,t,¢,t + 1,¢t,t,t 4+ 1,..., and a

very specific pattern of local maxima. In [9], he showed how to produce a
1
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non-unimodal level O-sequence which has different local maxima as many
as we desire. In particular, they are all either increasing or decreasing.

The goal of this paper is to find the behavior of local maxima of a codi-
mension 3 non-unimodal level O-sequence which has the decreasing local
maxima (see Theorem 2.6). Moreover, we prove that the local minima of
some codimension 3 non-unimodal level O-sequence exist in two consec-
utive degrees (see Theorem 2.4) and its local minima are decreasing with
a certain condition (see Theorem 2.7).

The computer program CoCoA [5] was used for all examples in this

article.

2. LocAL MAXIMA AND LocAL MINIMA OF A NON-UNIMODAL LEVEL
O-SEQUENCE

First, we introduce the theorem of larrobino to construct a level O-

sequence from the given level O-sequence.

Theorem 2.1 (Theorem 4.8A, [5]). Let H' = (hg, h1,...,hs) be the h-
vector of a level algebra A = R/Ann(M). Then, if F is a generic form
of degree s, the level algebra A = R/Ann((M, F)) has the h-vector H =
(Ho, H1,...,Hs) where, fori=1,...,s,

i s (7170, (1)),
S—1 (3

The following algorithm is to produce a level Artinian O-sequence from

the given level O-sequence based on Theorem 2.1.

Algorithm 2.2. (CoCoA).
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Define ADDUPHilbert (L)

S := [1];

For I := 2 To Len(L) Do
S1 := Sum(First(L,I));
Append (S, S1)

EndFor;

S2 := Comp(S, Len(S));

Return S;

EndDefine;

Define LEVELHVECTOR(T)

NewT := [1];

R := Comp(T,2);

E := Len(T)-1;

For J := 2 To Len(T) Do
I:=7J-1,;
Ti := Comp(T,J);
T1 := Bin(R-1+E-I, E-I);
T2 := Bin(R-1+I, I);
NewTi := Min(Ti+T1, T2);
Append (NewT, NewTi);

EndFor;

Return NewT;

EndDefine;

Define MAKELocalSeq(Seq, A, B, N)
NewN := B;
For T := 1 To N Do
NewN := NewN * A;
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EndFor;
For T := 1 To NewN Do
Append (Seq, NewN);
EndFor;
Return Seq;
EndDefine;

Define MAKESequence(S, A, B, N)
Seq := [1;
For T := 1 To S Do
Append(Seq, I)
EndFor;
For T := 0 To N Do
Seq := MAKELocalSeq(Seq, A, B, N-I);
EndFor;
Return Seq;
EndDefine;

Define PRINTMaxima(NewOSeq, A, B, N)
Print "T = ", NewLine, NewOSeq, NewLine;
L := Len(NewOSeq);
MinimaSeq := [];
MaximaSeq := [];
IsIncrease := 1;
Max := -1; Min := -1; Temp := -1;
For T := 1 To L Do
Temp := Comp(NewOSeq, I);
If IsIncrease =1 Then

If Temp >= Max Then
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Max := Temp;
Else
Append (MaximaSeq, Max);
Min := Max;
IsIncrease := 0;
EndIf;

Else
If Temp <= Min Then

Min := Temp;

Else
Append (MinimaSeq, Min);
Max := Min;
IsIncrease := 1;

EndIf;

EndIf;
EndFor;

TempSeq := MaximaSeq;
MaximaSeq := [];
For I := Len(TempSeq) - N +1 To Len(TempSeq) Do
Append (MaximaSeq, Comp(TempSeq, I));
EndFor;
Print NewLine, NewLine, "Maxima = ", MaximaSeq, NewLine;

EndDefine;

Define DOJob(S, A, B, N)
Seq := MAKESequence(S, A, B, N);
Print Seq, NewLine, NewLine;
NewH := ADDUPHilbert(Seq);
Print NewH, NewLine, NewLine;

NewOSeq := LEVELHVECTOR (NewH) ;
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PRINTMaxima(NewOSeq, A, B, N);
EndDefine;

Here is an example of level Artinian O-sequence which can be obtained

using Algorithm 2.2.

Example 2.3 (CoCoA). Consider an O-sequence H' of codimension 3

such that

AH' = (1,2,3,...,300,32,32,...,32,16,16,...,16,8,8,...,8,4,4,4,4).
32-times 16-times 8-times

Using the command DOJob(S,A,B,N) from CoCoA with S=300,A=2,B=4,and

N=3, we obtain a non-unimodal level O-sequence H of codimension 3

having 4 local maxima as follows.

H = (1,3,6,10,15,21,28,36,45,...,46621, 46616, 46612,
46609, 46607, 46606, 46606, 46607, 46609, 46596, 46584, 46573,
46563, 46554, 46546, 46539, 46533, 46528, 46524, 46521,
46519, 46518, 46518, 46519, 46521, 46516, 46512, 46509,
46507, 46506, 46506, 46507, 46509, 46508, 46508, 46509, 46511).

In fact, Algorithm 2.2 with the command DOJob(300,2,4,3)from Co-

CoA produces a level O-sequence H using the given level O-sequence.

In the ezample we can see that the local maxima are decreasing. In fact,
we will show that it is always true under some additional conditions(see
Theorem 2.6).
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Theorem 2.4. Let a and b are positive integers such that a = 2 and
b >3, and let

AH = (1,2,3,...,S+1,
aVov,.oaN b, N, dN T,
a™N -b-times aN—1.p-times

a’-b,...,a> b, a-b,...,a-b, b,...,b)
~~ S~——
a?-b-times a-b-times b-times

where s > 0. Let H be a level O-sequence obtained from Theorem 2.1

with H'. If a = 2, b > 3, then local minima of H exist in two consecutive
degrees.

Proof. Let

ap=s5+2NtL. p 42N p4 .. g NGy

First we shall show that

Ha,_;+2N*L’~b—b+1 = Haz+2N*4-b—b+2-

Since

Hag+2N*‘f~b—b+1

2

2
= (8+ >_|_ oN+L o oNHL

2N+1.p times

2N=t.p 41
oN=€ p ... 419Ny
+ -+ Honvoep 1)

2N—L.p—p+1-times
and
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Hag+2N*f-b—b+2

2

2
= <S+ )+ ONHL p N gy

2N+1.p-times

—L
Nt oty 2
ON—L.p—2)

2N—L.p—p42-times

we have

Hyon—tp py1 — Hopponv-c4 pio

N—/{
= 2N—f~b+-~~+2N—£-b+<2 'b+1)

2N—L.p—p41-times

ON=l 4 g oN= 2V
ON—L . 2

L 2N —£.p—b+2-times

= 2N Cop iV )2V ) - SN p) 2N b - 1)
= —2N=t.poN—tp

= 0,

which means that

Ha[+2N—‘f~b—b+1 = Hag+2N—f~b—b+2-

Now we will show that H,, on—t4_pyq and H,, onv—e4 o are local

minima.

In other words, it suffices to show
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Hoy > > Hyppon-ty p1 = Hyppon—cp pro <--- < Hayyy

First, we show that

Hoprit > Hopri, 1<i<aVlp—btl.
Since
Hag-l—’i—l
2
= <s; >+ Nl g N g
2N+1?l:times
2N=L . p—p+2— (i —1)
oN—=t ... 9oN=C
o TUoov-em =1y )
i—1-times
and

Hag—l—i

2
= (S; >+ N p 2Ny

2N+1.p-times

QN=HL . h b+ 2 —
ON—t+1 . p —p—4 )’

QN_K.b+...+2N_E.b_|_<

i-times

we have
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Hypvion — Heoyyi

= QNZ.b_|_..._|_2N€.b_|_<

i—1-times

2N_e.b_|_...+2N_£.b_<

i-times

AN p— b2 - (i - 1)\ |
ON—L+1 . —h— (i — 1)

QN=HL . p —h 42—
ON—t+1 . —

= 2N Lopp 2N p— b+ 3 — )2V b — b+ 2 —1)

— 2@V — b+ 2 )2V b — b+ 1 — )

= 2N pp Nt p 4 L(2p—2i+4)

= Nl ppo. Nt .p_p—_j4+2
= b2Vt 1) 42—

> b2Vt -1+ 2-2V b —b+1)

> 0,

which shows that

Hypvic1 > Hoyyd,

for every i =1,2,...,28 ¢ . b — b+ 1.

Now we will show that

(f1<i<2Nt.pb—b41)
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Huprjo1 < Haprjy 2V b—b+3<j<2N0.p
Since
Hoytj-1
2
= <8—; >+ oN+L o oNHL
2N+1.b-times
N=Lp—b+2—(j—1)
QN_Z.b+...+2N_€.b+< ) >7
j—1-times 2N_£+1 b= (j B 1)
and
Hae-i-j
2
= (s; >+ N p g 2Ny
2N+1.p-times
oN=tHL . p —h 42—
N—¢ N—¢ J
2 b4+ 2 ‘b+< ON—(H1 .} _p_ );
j-times
we have

Hepyj — Hoytj—1

2N7€+1_b_b+2_j
= oN—l .. L oN=t _
Tt T ON—t+1 . — j

Vv
j-times

QN=HHL . p b+ 2— (5 1)
oN—¢£ . v oN= g
b+ -+ b N—EHL (1)

j—1-times
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= 2N SN b b2 - )2V b — b+ 1 — )
%(21\“”1-b—b+3—j)(2N*“1-b—b+2—j)

= oN=t.p Nt . h 4 h 24

= 2Vt btb—2+4

> 2NL.pyrb—242N . p b4 3
(o 2N p—b+3<j<2Ntp)

=1

> 0,

which means that

Hoytj—1 < Hayvys for every j=2N"C.b—p+3,... 2Nt p.

Therefore, we have that

Hoy> - >Hy on—ep i1 = Hyppon-e_ 9 <--- < Hqyyy,

as we desired.
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Corollary 2.5. Let H be as in Theorem 2.4. Then H has the local

mazima at degrees

ap=s+2Nt1 b4 542N p4 .o pN- Ly 4 =0,1,--- N —1.

Proof. The result is immediate from the proof of Theorem 2.4. O

Theorem 2.6. With notation as in Theorem 2.4, H is a level O-sequence
of codimension 3 having N + 1 local mazxima. Furthermore,all N-local

mazima are decreasing for a =2, b > 3.

Proof. We will show that

Hg on+1pyoN pyqpon—e+1p > HooN+ipyon pypon—ep

for every £ =0,1,...,N — 1.

In fact, by Theorem 2.4, we have

Hs+2N+1-b+2N-b+---+2N*Z+1-b

2
= <S—: >_|_ oN+L o oNHL

2N+1.p-times

2N€+1'b+_”+2NZ+1_b+<

2N—t+1.ptimes

ON—L+1 . p _ p

2N—f+1-b—b+2>
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and
HS+2N+1-b+2N.b+...+2N7£,b
2
= <8+ ) + 2NNy
S
2N+1.p-times
2N_Z.b 2N—€,b
ot (v s )
2N—L.p-times
and hence

Hs+2N~b+2N—1-b+~-~+2N—4+1~b - Hs+2N.b+2N—1.b+-~+2N—’~’~b

2N — b 42 . oN—)2 2N=C.p—b+2
B A EI R Rl Gt el WP

= -2V b 2)(b- 2N —p 4 1)
(b-2N"H2 — J(b- 2V — b+ 2)(b- 2V — b+ 1)
= 2.b-(b-2V"t—2b+3)

b |b(2Nt b —2)+3

DO

> 0 (“N—-(>1),
which follows
Hs+2N-b+2N_1-b+~~+2N_Z+1'b > Hs+2N~b+2N_1~b+~~+2N_£~b

for every £ =0,1,..., N — 1, as we wished. O

Theorem 2.7. Let H be as in Theorem 2.4. Then all N-local minima

are decreasing.
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Proof. By Theorem 2.4, it suffices to show that

H font1 oV ppegoN—t414pi1 > HooNt1poN gy o=t piq

for every £ =0,1,2,--- N — 1.

Since
Hy oN+1pyoN by qpaN=t+15py1
2
= (Sl_ > + 2N p Ny
2N+1.p-times
2N p 41
N—{+1 N—l+1
2 bt +?2 b+<2N—€+1-b—1>’
QN —L+1.p—p41-times
and
Hy oN+1p4aN by paN—hpt1
2
= (Si_ ) + 2N p Ny
2N+1.p-times
N p41
N—¢ N—¢
Nl p 42 'b+(2N—€-b—1)’
2N—L.p—b+1-times
we have

Hs+2N+1-b+2N-b+---+2N—l+1-b—b+1 - Hs+2N+1-b+2N-b+---+2N—@-b—b+1

oN=Hl . p 41 Nt p 41 _ -
- <2N—f+1'b—1) B (2N—f.b_1> - @D b -4

—(b—1)(2N=H1 . p)
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= 22N 70 p)2 4 2N p) — b (2N )
= (2N tp) [N —1) + 2]
> 0 (“N—-(0>1b>3),

which follows that

Hy ont1ppoN ppqpoN—t+1ppi1 > HopoN i oN pppoN—24pp

for every £ =0,1,..., N — 1, as we wished. Il

Example 2.8 (CoCoA). Consider an O-sequence H' of codimension 3
such that

AH' = (1,2,3,...,300,32,32,...,32,16,16,...,16,8,8,...,8,4,4,4,4).

32-times 16-times 8-times

With the command DOJob(S,A,B,N) from CoCoA with S=300,A=2,B=4,and

N=3, we obtain a non-unimodal level O-sequence H of codimension 3

having 4 local minima as follows.

H = (1,3,6,10,15,21,28,36,45,...,46621,46616,46612,
46609, 46607, 46606, 46606, 46607, 46609, 46596, 46584, 46573,
46563, 46554, 46546, 46539, 46533, 46528, 46524, 46521,
46519,46518,46518, 46519, 46521, 46516, 46512, 46509,
46507,46506,46506, 46507, 46509, 46508, 46508, 46509, 46511),

which shows that the local minima of H are decreasing.
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