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I. Introduction

A quasi-ordered set (X,≤) is a nonempty set together with a reflexive

and transitive relation ≤ on X. If ≤ is antisymmetric, then (X,≤) is called

a partially ordered set.

The following Zorn’s lemma is valid for quasi-ordered sets.

Theorem (Zorn’s Lemma). Let (X,≤) be a quasi-ordered set. If every

chain in X has an upper bound, then X has a maximal element.

Consider the following conditions;

(C1) Every nonempty chain in X has a supremum.

(C2) Every nonempty chain in X has an upper bound.

(W1) Every nonempty well-ordered subset of X has a supremum.

(W2) Every nonempty well-ordered subset of X has an upper bound.

Note that in the theorem above the condition (C2) is assumed for Zorn’s

lemma.

It is well-known that Zorn’s lemma is valid under each assumption (C1),

(W1) or (W2) instead of (C2). There have been a lot of maximal principles

using (C1)(See [7]), (W1)(See [12]) or (W2)(See [1]).
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Also it is known that Zorn type maximal principles are equivalent to some

fixed point theorems for functions on ordered sets.

The following fixed point theorem is equivalent to Zorn’s Lemma (See

Dunford and Schwartz [5]).

Theorem (Zermelo). Let X be a partially ordered set and assume that

every chain in X has a supremum. Then every selfmap f : X → X satisfying

x ≤ f(x), x ∈ X

has a fixed point.

In 1955, Tarski proved the following fixed point theorem for increasing

operators on complete lattices;

Theorem (Tarski). Let X be a complete lattice. Then every increasing

selfmap f : X → X has a fixed point.

Park [10] showed that Zorn’s lemma can be reformulated to some fixed

point theorems on ordered sets. Also he obtained some fixed point theorems

for multivalued functions on ordered spaces [11].

Fixed point theorems for increasing operators in quasi-ordered sets have

wide applications in topology and nonlinear analysis.
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In 1996, Fang [6] proved a fixed point theorem for increasing operators in

a supremum sequentiable and ordered complete upper-semilattice. Also he

showed that his theorem can be applied to solve some integral equations.

In this paper, we will discuss some fixed point theorems for increasing

operators on ordered spaces.

Section II deals with some basic definitions and preliminary results con-

cerning ordered sets, supremum sequentiable spaces and others.

In Section III, as main results, we will prove a fixed point theorem in an

order complete upper-semilattice without assuming supremum sequentiabil-

ity. Also we will prove that an ordered separable metric space is supremum

sequentiable.

By using them, we obtain a fixed point theorem for increasing operators

in ordered separable metric space which is sequentially order compact. More-

over, we will prove the existence of coupled fixed points of mixed monotone

operators in ordered topological spaces.
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II. Preliminaries

A quasi-ordered set (X,≤) is a nonempty set together with a reflexive

and transitive relation ≤ on X. If ≤ is antisymmetric, then (X,≤) is called

a partially ordered set.

Let (X,≤) be a quasi-ordered set and x ∈ X. We define

S(x) = {y ∈ X | x ≤ y}

to be the super set of x. Also the set

I(x) = {y ∈ X | y < x}

is called the initial segment of X determinded by x.

A totally ordered subset A of a quasi-ordered set (X,≤) is a subset of X

such that for any a, b ∈ A,

a ≤ b or b ≤ a.

A totally ordered subset of X is also called a chain.

Let (X,≤) be a quasi-ordered set. A partially ordered subset W of X

is called a well-ordered set if every nonempty subset of W has the least

element, that is, if C is any nonempty subset of W , then there is an element

c ∈ C such that c ≤ x for all x ∈ C. If x ∈ W and there is an element
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y 6= x such that x ≤ y, then the set {y ∈ X | x < y} has the least element,

say x + 1. It is called the immediate successor of x. If x has no immediate

successor, then x is called the last element. It is well-known that every subset

of a well-ordered set X is isomorphic to X or an initial segment of X.

If A is a subset of a quasi-ordered set (X,≤), an element x ∈ X is called

an upper bound (lower bound, resp.) of A if

∀a ∈ A, a ≤ x (x ≤ a, resp.)

An element u ∈ X is called a supremum of A and is denoted by u = sup A

if u is an upper bound of A and for all upper bound x of A, u ≤ x holds.

Similarly an element v is called an infimum of A and is denoted by v = inf A

if l is a lower bound of A and for all lower bound x of A, x ≤ v holds.

Let (X,≤) be a quasi-ordered set. An element a ∈ X is said to be

maximal (minimal, resp.) if

a ≤ x =⇒ x ≤ a (x ≤ a =⇒ a ≤ x, resp.)

for all x ∈ X. Note that if ≤ is a partial order, and if a is a maximal element,

then x ≤ a implies that x = a.

Now consider the following definitions.

Definition II. 1. Let X be a quasi-ordered set. We say that X is supremum-

sequentiable if for any arbitrary totally ordered subset M ⊆ X which has the
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supremum, there exists a sequence {xn} ⊂ M such that

sup M = sup{xn}.

Definition II. 2. Let X be a quasi-ordered set, S a nonempty subset of

X. S is said to be a complete upper-semilattice (complete lower-semilattice,

resp.) if any nonempty subset of S has a supremum (infimum, resp.) in

S. S is a complete lattice if S is not only a complete upper-semilattice but

also a complete lower-semilattice. S is an order complete upper-semilattice

(order complete lower-semilattice, resp.) if any totally ordered nonempty

subset of S has a supremum (infimum, resp.) in S. S is an order complete

semilattice if S is not only an order complete upper-semilattice but also an

order complete lower-semilattice.

Definition II. 3. Let (X,≤) be a partially ordered set. If X is endowed

with a topology τ , then (X,≤) is called an ordered topological space if for all

convergent sequences {xn} and {yn}, xn ≤ yn for all n = 1, 2, 3, · · · implies

that

lim xn ≤ lim yn.

Remark. If (X,≤) is an ordered topological space, then for each x ∈ X,

S(x) is ordered sequentially closed, that is, if {xn} is an increasing sequence
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in S(x) which converges to some x0 ∈ X, then x0 ∈ S(x). If (X,≤) is an

ordered metric space, then S(x) is closed.

Definition II. 4. Let (X,≤) be an ordered topological space. X is said to

be sequentially order compact if every increasing or decreasing sequence in X

has a convergent subsequence.

Let X be a topological space. We say that X is second countable if it

has a countable topological basis. Also we say that X is separable if it has a

countable dense subset.

Note also that any second countable topological space is separable and

any separable metric space is second countable (See [2]).

Remark. Note that a topological space X is second countable if and only if

it has a countable basis for the set of all closed subsets of X. That is, there is

a countable collection {Ci}∞i=1 of closed subsets of X such that for any closed

subset F of X, there is a subcollection {Cij}∞j=1 of {Ci}∞i=1 satisfying

F =
∞⋂

j=1

Cij .
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III. Main results

In this section, we will prove fixed point theorems for increasing operators

on ordered spaces. To begin with, we state and prove some lemmas.

Lemma 1. Let X be a partially ordered set. Then X is supremum se-

quentiable if and only if for any totally ordered subset M ⊆ X which has

supremum, there is an increasing sequence {xn} in M such that

sup M = sup{xn}.

Proof. Assume that M is supremum sequentiable. Then there is a sequence

{xn} in M such that

sup M = sup{xn}.

Let y1 = x1 and y2 = max{y1, x2}, then y1 ≤ y2. For n ≥ 1, we denote

yn = max{yn−1, xn}. Then it is obvious that yn is increasing and xn ≤ yn for

all n ∈ N.

Let sup M = sup{xn} = a, then yn = max{x1, x2, · · · , xn} ≤ a for all

n ∈ N. Hence a is an upper bound of {yn}. Let b ∈ X be any upper bound

of {yn}, then it is an upper bound of {xn}, since xn ≤ yn for all n ∈ N. This

shows that a ≤ b and also that a is the supremum of {yn}. Therefore

a = sup M = sup{yn}.
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Remark. It is not always true that every subset of a supremum sequentiable

partially ordered set is supremum sequentiable.

Lemma 2. Let (X,≤) be an ordered topological space and {xn}∞n=1 be an

increasing sequence in X. Assume that {xn} has a convergent subsequence

{xnk
}∞k=1 and x0 = lim

k→∞
xnk

, then x0 = sup xn.

Proof. For each k ∈ N, {xni
}∞i=k ⊆ S(xnk

) and hence

x0 = lim
i→∞

xni
∈ S(xnk

),

since S(xnk
) is ordered sequentially closed. So x0 ≥ xnk

and k ≤ nk implies

that x0 ≥ xnk
≥ xk.

Since k was arbitrary, x0 is an upper bound of {xn}∞n=1. If y is an upper

bound of {xn}, xnk
≤ y for all k ∈ N. Hence

x0 = lim
k→∞

xnk
≤ y.

Therefore, x0 = sup xn.

Theorem 3. Let (X,≤) be an ordered separable metric space. Then X is

supremum sequentiable.
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Proof. Let M ⊆ X be a chain which has the supremum. Since M is

seperable, there exists a countable dense subset {xn} of M . We will show

that

sup M = sup{xn}.

Let u = sup M . Then obviously, xn ≤ u for all n ∈ N. Hence u is an upper

bound of {xn}. If u is not the supremum of {xn}, then there exists an upper

bound u0 of {xn} such that u0 < u.

Since u0 < u = sup M , u0 is not an upper bound of M . So there exists

an x ∈ M such that x � u0.

Since {xn} is dense in M , x = lim
i→∞

xni
for some subsequence {xni

} of

{xn}. Since xni
≤ u0 for all i = 1, 2, 3, · · · , we have x = lim

i→∞
xni

≤ u0, which

contradicts the fact that x � u0.

Therefore,

u = sup{xn}.

If (X,≤) is also sequentially order compact, we have the following:

Theorem 4. Let (X,≤) be an ordered separable metric space which is se-

quentially order compact. Then X is an order complete semilattice and

supremum sequentiable.
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Proof. By Theorem 3, it remains to show that X is an order complete

semilattice. Let M be a nonempty totally ordered subset of X. Since X is

a separable metric space, so is M . So there exists a countable dense subset

{xn}∞n=1 of M . As in the proof of Lemma 1, we may assume that {xn} is

increasing. Since X is sequentially order compact, {xn} has a convergent

subsequence {xnk
}∞k=1.

Let x0 = lim
k→∞

xnk
, then x0 = sup{xn} by Lemma 2. Since {xn} is dense in

M , for all x ∈ M , there exists a subsequence {xni
}∞i=1 of {xn} such that

x = lim
i→∞

xni
.

Since x0 ≥ xni
for each i ∈ N, x0 ≥ x.

This shows that x0 is an upper bound of M . If y is an upper bound of M ,

then it is also an upper bound of {xn}. Hence x0 ≤ y and so

x0 = sup M.

Similarly, we can show that M has the infimum.

This shows that X is an order complete semilattice.

Fang[6] proved a fixed point theorem in a supremum sequentiable order

complete upper-semilattice. We prove the following theorem without assum-

ing supremum sequentiability.
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Theorem 5. Let (X,≤) be a partially ordered set and D ⊆ X. Let f :

D → D be an increasing function and assume that D or f(D) is an order

complete upper-semilattice.

Suppose that there exists an element x ∈ D such that

x ≤ f(x).

Then f has a maximal fixed point.

Proof. If f(D) is an order complete upper-semilattice, then we may consider

f : f(D) → f(D). So we may assume that D is an order complete upper-

semilattice.

Let P = {x ∈ D | x ≤ f(x)} and
∑

be the collection of all well-ordered

subset M of P such that f(x) is the immediate succesor of x if x 6= f(x) and x

is not the last element of M . Order
∑

by the relation C ¹ D iff C is an

initial segment of D.

Let C be a well-ordered subset of
∑

and let M0 =
⋃ C. We will show

that M0 ∈
∑

.

To show that M0 is well-ordered, let A be a nonempty subset of M0. Since

C is well-ordered, the set

{C ∈ C | A ∩ C 6= ∅}

has the least element, say C0. Then A ∩ C0 has the least element x0.
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For any a ∈ A, a ∈ M0 =
⋃ C implies that a ∈ A ∩ C for some C ∈ C.

But then C0 ¹ C, since C0 is the least element of C such that A ∩ C0 6= ∅.
Since C0 is the initial segment of C, A ∩ C0 is the initial segment of A ∩ C.

Hence a0 ≤ a.

This shows that a0 is the least element of A. Therefore, M0 is well-

ordered.

Moreover, if x ∈ M0 is not the last element of M0, then x ∈ C for some

C ∈ C. We may assume that x is not the last element of C. Hence f(x)

is the immediate successor of x in C0. If there is an element y ∈ M0 such

that x ≤ y ≤ f(x), then y ∈ C1 for some C1 in C. Since C is well-ordered,

C ¹ C1 or C1 ¹ C. In any case, x, y ∈ C or x, y ∈ C1 and since f(x) is the

immediate successor of x there, y = x or y = f(x). This shows that f(x) is

the immediate successor of x in M0.

We have shown that M0 ∈
∑

and hence it is the supremum of C.

By Zorn’s lemma,
∑

has a maximal element, say C0. Since D is order

complete upper-semilattice, C0 has a supremum.

Let x0 = sup C0. We will show that x0 is a maximal fixed point of f . If

x0 is not a fixed point of f , C0 6= C0∪{x0, f(x0)} and C0∪{x0, f(x0)} ∈
∑

,

which contradicts the maximality of C0.

If x0 is not a maximal fixed point, there is an y ∈ X such that x0 < y and y =

f(y). But then C0 ∪ {y} ∈
∑

and C0 6= C0 ∪ {y}, contradiction.

Hence f has a maximal fixed point x0.
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The following is Fang’s theorem [6].

Theorem 6. Let X be a partially ordered set, D ⊆ X be a supremum

sequentiable and complete upper-semilattice. Let f : D → D is defined as

above. Then the set of all fixed points F = {x | f(x) = x} is a complete

upper-semilattice.

Proof. It remains to prove that F is a complete upper-semilattice. We refer

the reader to the proof given in Fang [6].

Using Theorem 5 and Theorem 6, we can prove the following;

Theorem 7. Let X be a partially ordered set, D ⊆ X a nonempty set,

A : D → D an increasing (decreasing, resp.) operator.

Suppose that there exists u ∈ D satisfying

u ≤ Au (Au ≤ u, resp.),

and there exist several partially ordered sets D1, D2, . . . , Dn and increasing

(decreasing, resp.) operators

Bi : Di−1 → Di (i = 1, 2, . . . , n + 1),
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such that

A = Bn+1Bn. . . B1,

where D0 = D, Dn+1 = A(D). Moreover, assume that for some i ∈ I =

{0, 1, 2, . . . , n+1}, Di is an order complete upper-semilattice. Then A has a

fixed point. Moreover, if one of Di is supremum sequentiable, then the fixed

point set is a complete upper-semilattice.

Proof. Assume that i = 0 or n + 1. Then the result follows from Theorem

4. Let 0 < i < n + 1. Let B = BiBi−1. . . B2B1, C = Bn+1Bn. . . Bi+1. Then

A = CB and A(D) ⊂ D, C(Di) ⊂ D, BC : Di → Di.

By Theorem 4, BC has a fixed point x0. That is, BC(x0) = x0. Hence

AC(x0) = CBC(x0) = C(x0)

and so C(x0) is a fixed point of A.

As mentioned above, if one of Di is supremum sequentiable, then the set

of all fixed points of A is a complete upper-semilattice.

From Theorem 4 and Theorem 6, we have the following;

Theorem 8. Let (X,≤) be an ordered separable metric space. If D ⊆ X

is sequentially order compact and f : D → D is an increasing function and

there exists an element x ∈ D such that x ≤ f(x), then the fixed point set

F = {x | f(x) = x} of f is nonempty and a complete upper-semilattice.

15



Proof. By Theorem 4, D is a supremum sequentiable and order complete

semilattice. Hence the conclusion follows from Theorem 6.

Note that Theorem 8 is an extension of Theorem 1 in [13], which is a

fixed point theorem for increasing operators in ordered normed spaces.

Now we will prove a fixed point theorem for mixed monotone operators.

Some fixed point theorems for mixed monotone operators were obtained by

Guo and Lakshimikantham [3], Yong Sun [15] and many others.

Let (X,≤) be a partially ordered set and D ⊆ X be an order complete

upper-semilattice. An operator A : D×D → X is said to be mixed monotone

if A(x, y) is increasing in x for each fixed y ∈ D and decreasing in y for each

fixed x ∈ D. That is,

A(x1, y) ≤ A(x2, y) if x1 ≤ x2,

and

A(x, y1) ≥ A(x, y2) if y1 ≤ y2.

If there exist x, y ∈ D with x ≤ y such that

x = A(x, y) and A(y, x) = y,

then (x, y) is called a coupled fixed point of A. Moreover, if A(x, x) = x, then

a point x ∈ D is a fixed point of A ([15]).
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Theorem 9. Let (X,≤) be a partially ordered set and D ⊆ X be an order

complete semilattice.

Let A : D × D → X be a mixed monotone operator. If there is a (u, v) ∈
D ×D such that

u ≤ v and u ≤ A(u, v) ≤ v, u ≤ A(v, u) ≤ v,

then A has a coupled fixed point.

Proof. Let us define a partial ordering ≤ in X ×X by

(x1, y1) ≤ (x2, y2) if and only if x1 ≤ x2, y1 ≥ y2.

We will show that D ×D is an order complete upper-semilattice. Let P be

a totally ordered subset of D ×D. Then the sets

P1 = {a ∈ D | (a, b) ∈ P for some b ∈ D}

and

P2 = {b ∈ D | (a, b) ∈ P for some a ∈ D}

are totally ordered subsets of D.

Since D is an order complete lattice, P1 has a supremum a0 ∈ X and P2 has

an infimum b0 ∈ X. For any (a, b) ∈ P , we have

a ≤ a0 and b0 ≤ b.
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This shows that (a, b) ≤ (a0, b0) and so (a0, b0) is an upper bound of P0.

For any upper bound (u, v) of P in X ×X and for any (a, b) ∈ P ,

(a, b) ≤ (u, v)

implies that a ≤ u and v ≤ b.

Hence u is an upper bound of P1 and v is a lower bound of P2. So a0 ≤
u, v ≤ b0 and (a0, b0) ≤ (u, v). This shows that (a0, b0) = sup P in X ×X.

Therefore, D ×D is an order complete upper-semilattice.

We define a function F : D ×D → X ×X by

F (u, v) = (A(u, v), A(v, u)), (u, v) ∈ D ×D.

If (x1, y1) ≤ (x2, y2), then we have

A(x1, y1) ≤ A(x1, y2) ≤ A(x2, y2)

and

A(y2, x2) ≤ A(y1, x2) ≤ A(y1, x1),

which implies that F (x1, y1) ≤ F (x2, y2). Hence F is an increasing operator.

By Theorem 4, F has a fixed point (x0, y0) ∈ D × D. It is obvious that

(x0, y0) is a coupled fixed point of the mixed monotone operator A.

From the above theorem and Theorem 4, we obtain the following;
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Theorem 10. Let (X,≤) be an ordered separable metric space. Let D ⊆ X

be sequentially order compact and A : D × D → X be a mixed monotone

operator.

If there is a (u, v) ∈ D ×D such that

u ≤ v and u ≤ A(u, v) ≤ v, u ≤ A(v, u) ≤ v,

then A has a coupled fixed point.
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Abstract

It is well-known that a fixed point theorem for increasing operators is

deeply related to Zorn′s lemma or the existence of maximal elements on

ordered sets.

In 1996, Fang [6] proved a fixed point theorem for increasing operators on

ordered complete upper-semilattices which are supremum sequentiable. Also

he showed that his theorem could be applied to solve some integral equations.

In this paper, we showed a fixed point theorem for increasing operators

on general ordered sets without assuming supremum sequentiability. Also

we proved that an ordered separable metric space is supremum sequentiable.

By using the above, we showed that if an ordered separable metric space is

sequentially order compact, then it is a complete semilattice.

Moreover, we proved a coupled fixed point theorem for mixed monotone

operators in ordered topological spaces.
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