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Ðaµ %K� 5� ³À

Fuzzy |9�½+Ë_� s��:r�Ér Zadeh[18]\� _�
�#� �è>h�)a s�A��Ð ú́§�Ér �<Æ��[þt\�

_�
�#� Õª Û�æÂÒô�Ç 6£x6 x$í
s� {9�7£x÷&%3��¦, ����"f fuzzy|9�½+Ë\� �'aô�Ç ���Ér ½̈

�̧[þts� &ñ
_�÷&�¦ #��Q ��t� $í
|9�[þts� 7£x"î
÷&%3���.

þj��H\���H fuzzy |9�½+Ë\� ��o�\�¦ &ñ
_�
�#� fuzzy ��o�/BNçß�(fuzzy metric

space)\�¦ ëß�[þt�¦, fuzzy �<ÊÃº_� ÂÒ1lx&h�(�sõ - fixed point) s��:r�̀¦ �Ö̧µ1Ï
�

>� ���½̈
��¦ e����.

2004�̧�\� Chang et. al.[2]��H z�́Ãº»¡¤\� &ñ
_��)a fuzzy Ãº(fuzzy number)_�

|9�½+Ë�̀¦��o�/BNçß�(metric space)�o
��¦¢̧#�l�\�í�H"f�'a>�(order relation)�̀¦

&ñ
_�
�#�7£x���<ÊÃº_�ÂÒ1lx&h�&ñ
o�\�¦7£x"î
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I. Introduction

The fuzzy set theory introduced by Zadeh [18] in 1965 has emerged an

interesting branch of pure and applied sciences. Since then, a lot of structures

on fuzzy sets are obtained and many authors have developed the fuzzy sets

and their applications.

In 1984, Kaleva and Seikkala [12] introduced the concept of fuzzy metric

space which generalizes the notion of metric space by setting the distance

between two points to be a nonnegative fuzzy number, and investigated some

connections between fuzzy metric spaces and probabilistic metric space.

Recently, George and Veeramani[7] modified the concept of fuzzy metric

spaces introduced by Kramosil and Michalek [14] and defined the Hausdorff

topology of fuzzy metric spaces.

Heilpern [11] proved some Banach type fixed point theorem for contrac-

tion fuzzy mapping. Kang and Cho[13] shows that Heilpern’s theorem is

a special case of generalized formulations of Caristi-Kirk type fixed point

theorem in complete metric space.

It is well-known that the existence of maximal element of a partially

ordered set is equivalent to the existence of fixed points of some monotone

functions.
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In 1955, Tarski [17] proved a fixed point theorem for increasing functions

on complete lattices. And Davis [4] proved that the converse of Tarski’s

Theorem is true. Since then, many authors studied the fixed point theorem

of monotone operators.

In 1987, Park [15] showed that Zorn’s lemma can be reformulated by

various types of fixed point theorems.

In many cases, the iterated sequence {fn(x)} converges to a maximal

fixed point of f , where f is a monotone function defined on some topological

ordered space X and x ∈ X.

In 1991, Chang and Ma [3] discussed the existence and iterative approxi-

mation of coupled fixed points for mixed monotone condensing operators and

extended and improved the corresponding results of Guo and Lakshmikan-

tham [9].

In 2004, Chang et. al. [2] proved some fixed point theorems for increasing

operators for fuzzy numbers on real line. They applied their theorem to solve

fuzzy equation for fuzzy numbers. Their theorems are based in the maximal

principle on general ordered sets.

Beg et. al [1] studied the existence of minimal and maximal fixed points

for mixed monotone operators on probablistic Banach space. Their proofs

are based on the iterative techniques of monotone operators.
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In this paper, we will discuss some fixed point theorems for monotone

operators in ordered topological space and increasing operators for fuzzy

numbers.

In section II, we will introduce some basic definitions of fuzzy sets and

fuzzy numbers. We will show that the set of fuzzy numbers can be equipped

with a metric using a Hausdorff metric.

We also introduce some definitions and basic concepts about general or-

dered sets and ordered topological spaces.

In section III, we will prove some fixed point theorems for ordered topolog-

ical spaces and fuzzy numbers. Also, we will prove a fixed point theorem for

condensing map in ordered metric spaces and in the space of fuzzy numbers.

And we will prove some coupled fixed point theorems for mixed monotone

operator in ordered topological spaces.
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II. Preliminaries

In this section, we introduce some definitions and basic results for fuzzy

sets and fuzzy numbers. We also consider the basic facts about ordered

topological spaces and mixed monotone operator.

Let X be a nonempty set. A function f : X → [0, 1] is called a fuzzy subset

of X. If f is a fuzzy subset of X, f(x) is called the grade of membership of

x in f .

Definition 1. Let x : R → [0, 1] be a fuzzy subset. Then x is called a fuzzy

number if

(1) the set xα = {ξ | x(ξ) ≥ α} is a closed interval [xαl
, xαr ] for each α > 0.

(2) {ξ ∈ R | x(ξ) > 0} is bounded.

The set of all fuzzy numbers is denoted by RL.

For each fuzzy number x and ξ ∈ R, we have

x(ξ) = sup{α > 0 | ξ ∈ xα}.

Moreover, the following basic properties are true (see Chang et. al. [2]).

Lemma 1. For each fuzzy number x, the mapping α → xαl
and α → xαr of

L0 = {α ∈ [0, 1] | α > 0} into R have the following properties.

4



(1) α → xαl
is increasing, α → xαr is decreasing and xαl

≤ xαr .

(2) xαl
= sup0<β<α xβl

and xαr = inf0<β<α xβr for all α ∈ L0.

(3) The infimum x0l
= infα>0 xαl

and the supremum x0r = supα>0 xαr exist

in R.

We will define a metric D on RL to show that (RL, D) is a metric space.

If (X, d) is a metric space and A, B ⊆ X are bounded subsets of X,

d(A, B) = inf{ε > 0 | A ⊆ N(B, ε), B ⊆ N(A, ε)}

is called the Hausdorff metric between A and B, where

N(A, ε) = {x ∈ X | d(a, x) < ε for some a ∈ A}.

Define D : RL × RL → R+ ∪ {0} by

D(u, v) = sup
α∈[0,1]

{d(uα, vα) | u, v ∈ RL}

where d(A, B) is the Hausdorff metric between A and B.

First, we will show that D is a metric on RL.

Lemma 2. D : RL × RL → R+ ∪ {0} is a metric.
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Proof. Let u, v, w ∈ RL then,

(1) D(u, v) = sup
α∈[0,1]

d(uα, vα) = max{|uαl
− vαl

|, |uαr − vαr |} ≥ 0.

(2) D(u, v) = max{|uαl
− vαl

|, |uαr − vαr |}
= max{|vαl

− uαl
|, |vαr − uαr |}

= D(v, u)

(3) D(u, v) = 0 if and only if uαl
= vαl

and uαr = vαr .
That is, D(u, v) = 0 if and only if u = v.

(4) D(u, v) = max{|uαl
− vαl

|, |uαr − vαr |}
≤ max{|uαl

− wαl
|, |uαr − wαr |}+ max{|wαl

− vαl
|, |wαr − vαr |}

= D(u, w) + D(w, v)
By (1), (2), (3) and (4), we have shown that D is a metric.

Now we will discuss the basic definitions and properties of ordered sets.

Let ≤ be an order relation on a nonempty set X. Then (X,≤) will be

called an ordered set. For elements x, y ∈ X, x ≥ y means y ≤ x. The

terms upper and lower bound, maximal and minimal element, supremum and

infimum etc. will be used as usual.

Definition 2. Let (X,≤) be an ordered set. For any x ∈ X, we denote

S(x) = {y ∈ X | x ≤ y}

is called the super set of x. And for u, v ∈ X such that u ≤ v, the set

[u, v] = {x ∈ X | u ≤ x ≤ v}

is called an order interval.
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Definition 3. Let X be a topological space and ≤ an order relation on X.

Then (X,≤) is called an ordered topological space if

lim
n→∞

xn ≤ lim
n→∞

yn

for all convergent sequences {xn} and {yn} in X satisfying xn ≤ yn for all

n ∈ N.

If (X,≤) is an ordered topological space, x ∈ X and {xn} is a convergent

sequence in S(x), then xn ≥ x (n = 1, 2, 3, · · · ) implies than lim
n→∞

xn ≥

x. Hence lim
n→∞

xn ∈ S(x) and so S(x) is sequentially closed that is, every

convergent sequence in S(x) converges to a point in S(x).

Obviously, if X is a metric space, then S(x) is closed for all x ∈ X.

Definition 4. Let (X,≤) be an ordered set. A sequence {xn} in X is said

to be monotone increasing (decreasing, resp.) if

xn−1 ≤ xn (xn−1 ≥ xn, resp.)

for all n = 1, 2, 3, · · · .

Definition 5. An ordered topological space (X,≤) is said to be sequentially

order compact if every increasing sequence in X has a convergent subse-

quence.

The following is well-known.

7



Lemma 3. Let (X,≤) be an ordered topological space. If {un} is an in-

creasing sequence having a convergent subsequence {unk
} and v = lim

k→∞
unk

,

then v = sup
n

un.

Lemma 3 shows that any increasing sequence in X having convergent

subsequence has a supremum.

Definition 6. Let (X,≤) be an ordered set and f : X → X be a function.

We say that f is increasing if x ≤ y implies that f(x) ≤ f(y).

For any x ∈ X, the sequence {xn} defined by

x0 = x, x1 = f(x0), · · · , xn = f(xn−1), n ∈ N

is called the iteration of x by f .

Note that if f is increasing and x0 ≤ f(x0), then

x0 ≤ f(x0) ≤ f(f(x0)) ≤ · · ·

and so the iteration of x0 by f is increasing.

Let X be a nonempty set and f : X → X be a self function on X. Then

a point x ∈ X is called a fixed point of f if f(x) = x.

Now consider the following.
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Definition 7. Let (X,≤) be an ordered set and D = [u, v] be an order

interval in X. A function f : D × D → X is called a mixed monotone

operator if f(x, y) is increasing in x for each fixed y ∈ D and decreasing in y

for each fixed in x ∈ D. That is,

f(x1, y) ≤ f(x2, y) if x1 ≤ x2,

and

f(x, y1) ≥ f(x, y2) if y1 ≤ y2.

For a mixed monotone operator f , the sequence {(xn, yn)} in D × D

satisfying

xn = f(xn−1, yn−1), yn = f(yn−1, xn−1), n = 1, 2, · · ·

is called an iteration by f .

Definition 8. Let (X,≤) be an ordered set and D = [u, v] be an order

interval in X. Let f : D ×D → X be a mixed monotone operator.

(1) If x, y ∈ D with x ≤ y satisfies

x ≤ f(x, y) and f(y, x) ≤ y,

then (x, y) is called a coupled lower and upper fixed point of f .

(2) If x, y ∈ D with x ≤ y can be found such that

x = f(x, y) and f(y, x) = y,
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then (x, y) is called a coupled fixed point of f . If a coupled fixed point (x∗, y∗)

can be found such that

x∗ ≤ x and y ≤ y∗,

for every coupled fixed point (x, y) of f , then (x∗, y∗) is called the minimal

and maximal fixed point of f .

(3) A point x∗ ∈ D is a fixed point of f if

f(x∗, x∗) = x∗.

We introduce some definitions related to topological spaces and metric

spaces.

Definition 9. Let X be a topological space and A ⊆ X. We say that A is

relatively compact if A is compact.

We define the measure of noncompactness as follows.

Definition 10. Let X be a metric space and B the set of all bounded subsets

of X. A real valued function r : B → [0,∞) defined by

r(S) = inf{ε > 0 | S can be covered by finite number of sets of diam < ε}

is called the measure of noncompactness of S ∈ B.

10



Definition 11. Let X be a metric space and r be the measure of noncom-

pactness. Let f : X → X be a function. f is said to be condensing if it is

continuous, bounded and r(f(S)) < r(S) for any bounded set S ⊂ X with

r(S) > 0.

Fixed point theorems for condensing operator is originated from Sadovskii[16].

In this paper, we will discuss some fixed points of fuzzy condensing functions.

The following Lemma is well-known (See Kirk[8]).

Lemma 4. Let X be a metric space and S ⊆ X be a bounded subset. Then

the following are equivalent;

(1) r(S) = 0.

(2) For any ε > 0, S can be covered by finite number of set of diam < ε.

(3) S is compact.

(4) S is relatively compact.
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III. Main results

In this section, we will prove some fixed point theorems for increasing

operators in ordered topological space and apply to fuzzy numbers.

To begin with, we prove the following maximal principle on general or-

dered sets.

Theorem 5. Let (X,≤) be an ordered topological space, u0, v0 ∈ X and

u0 ≤ v0. Assume that B = [u0, v0] is a closed set of X and every iteration

in B has a convergent subsequence. Let f : B → B a continuous increasing

operator. Suppose that

u0 ≤ f(u0), f(v0) ≤ v0.

Then f has a minimal and a maximal fixed point.

Proof. Let u1 = f(u0), v1 = f(v0) and

un = f(un−1) and vn = f(vn−1), n = 1, 2, 3, · · · .

Since f is increasing, it follows from

u0 ≤ f(u0) = u1, v1 = f(v0) ≤ v0
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that

u0 ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ vn ≤ · · · ≤ v1 ≤ v0

holds.

Since the sequence S = {un}∞n=0 is an iteration, S has a convergent sub-

sequence {unk
}.

Let lim
k→∞

unk
= x∗ ∈ X. By Lemma 3, x∗ = sup un and hence un ≤ x∗ for

all n ∈ N.

If k ∈ N, then f(unk
) = unk+1 ≤ x∗ and the contiuity of f implies that

f(x∗) = lim
k→∞

f(unk
) ≤ x∗

Since f is increasing, un ≤ x∗ implies that f(un) ≤ f(x∗) for all n ∈ N.

Hence x∗ = lim
k→∞

unk
= lim

n→∞
f(unk−1) ≤ f(x∗). Hence x∗ = f(x∗) and

therefore x∗ is a fixed point of f .

Finally, we will prove that x∗ is a minimal fixed point of f in B.

Let x ∈ B and f(x) = x. Since f is increasing, it follows from u0 ≤ x

that f(u0) ≤ f(x), i.e., u1 ≤ x. Assume that n ≥ 1 and un ≤ x. Then

un+1 = f(un) ≤ f(x) = x. By induction, we have un ≤ x (n = 1, 2, 3, · · · ).

So

x∗ = sup un ≤ x.

Hence x∗ is a minimal fixed point of f . Similarly, we can show that f has

a maximal fixed point x∗,

x∗ = inf vn
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where {vn} is a decreasing sequence defined by vn = f(vn−1), n ∈ N.

From Theorem 5, we can prove a fixed point theorem for continuos in-

creasing operators on ordered topological space as follows.

Corollary 6. Let (X,≤) be an ordered topological space, u0, v0 ∈ X and

u0 ≤ v0. Let B ⊂ [u0, v0] be a closed subset of X. Let f : B → B be a

continuous increasing operator. Assume that B or f(B) is sequentially order

compact.

Suppose that

u0 ≤ f(u0), f(v0) ≤ v0.

Then f has a minimal fixed point.

Proof. If B or f(B) is sequentially order compact, then every iteration by f

has a convergent subsequence. Hence the result follows from Theorem 5.

Using Theorem 5, we can prove the following fixed point theorem for

condensing maps.

Theorem 7. Let X be an ordered metric space and B = [u0, v0] be a closed

subset of X. Let f : B → B a continuous increasing map. Assume that

u0 ≤ f(u0), f(v0) ≤ v0. If f is condensing, then f has a maximal and a

minimal fixed point.
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Proof. By Theorem 5, it suffices to show that any iteration by f has a conver-

gent subsequence. Let S = {xn}∞n=0 be an iteration by f , that is x1 = f(x0)

and xn = f(xn−1) for all n = 1, 2, · · · . Then S = {x0} ∪ f(S) implies that

r(S) = r(f(S)). Since f is condensing, r(S) = 0 and so S is relatively

compact. Therefore {xn} has a convergent subsequence.

Corollary 8. Let the condition of Theorem 7 be satisfied. Suppose that

f has only one fixed point x in B. Then for any x0 ∈ B, the successive

interation

xn = f(xn−1), n = 1, 2, 3, · · ·

converges to x.

Proof. Let B0 = [x0, v0], then f maps B0 into B0. As in the proof of Theorem

7, the iteration {xn} converges to some fixed point y. Since f has only one

fixed point x, y = x. Hence lim
n→∞

xn = x.

Now we will state and prove some fixed point theorems on the set of fuzzy

numbers.

Let RL be the set of all fuzzy numbers of R. Define a relation ≤ on RL

by

x ≤ y ⇔ xαl
≤ yαl

and xαr ≤ yαr for all α ∈ L0.
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Obviously, ≤ is an order relation on RL and so (RL,≤) is a partially ordered

set.

Let D be the metric defined on RL in Section II. The following Lemma

is due to Chang et. al. [2].

Lemma 9. Let x, y, z ∈ RL. If x ≤ y ≤ z, then D(z, y) ≤ D(z, x).

Using Theorem 5, we can prove the following.

Theorem 10. (Theorem 2.3 in [2]) Let B = [u0, v0] be a closed subset of

RL and f : B → B a continuous increasing operator. Assume that f is

condensing and u0 ≤ f(u0), f(v0) ≤ v0. Then f has a maximal and a

minimal fixed point.

Proof. From Lemma 2, we have known that (RL, D) is a metric space. To

apply Theorem 5, we will show that (RL,≤) is an ordered metric space.

Let {un}, {vn} be convergent sequences such that un ≤ vn, n ∈ N. Let

lim
n→∞

un = u0 and lim
n→∞

vn = v0.

Since lim
n→∞

un = u0,

lim
n→∞

D(un, u0) = sup
n

max{|unαl
− u0αl

|, |unαr
− u0αr

|} = 0
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implies that unαl
→ u0αl

and unαr
→ u0αr

as n →∞.

Similarly, vnαl
→ v0αl

and vnαr
→ v0αr

as n →∞.

Since vnαl
≥ unαl

and vnαr
≥ unαr

for all n ∈ N, and we have

v0αl
≥ u0αl

and v0αr
≥ u0αr

.

This show that u0 ≤ v0 and hence (RL,≤) is an ordered metric space.

Hence the result follows from Theorem 5.

Remark. In Theorem 10, the iteration {un} given by

f(u0) = u1, and f(un−1) = un, n = 1, 2, 3, · · ·

converges to a minimal fixed point x∗. Indeed, if m, k ∈ N and m > nk,

unk
≤ um ≤ x∗ implies that D(x∗, um) ≤ D(x∗, unk

) → 0 as nk → ∞, by

Lemma 2.

Theorem 10 can be used to prove the following existence theorem of fuzzy

equation;

Ex2 + Fx + G = x,

where E, F, G, and x are fuzzy numbers (see Chang et. al. [2]).

The following is a fixed point theorem for mixed monotone operators.
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Theorem 11. Let X be an ordered topological space and u0, v0 ∈ X, u0 ≤

v0. Let B a closed subset of [u0, v0] such that u0, v0 ∈ RL. Let f : B×B → B

be a mixed monotone operator such that

u0 ≤ f(u0, v0), f(v0, u0) ≤ v0.

Suppose that f is continuous and every iteration by f in B×B has a conver-

gent subsequence. Then f has a coupled fixed point (x∗, y
∗) ∈ B×B, which

is minimal and maximal in the sense that x∗ ≤ x ≤ y∗ and x∗ ≤ y ≤ y∗ for

any coupled fixed point (x, y) ∈ B ×B of f . Moreover, we have

x∗ = lim
n→∞

un, y∗ = lim
n→∞

vn,

where un = f(un−1, vn−1) and vn = f(vn−1, un−1), n = 1, 2, 3, · · · , which

satisfy

u0 ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ vn ≤ · · · ≤ v1 ≤ v0.

Proof. First, we define an order relation � on B ×B by

(x, y) � (z, w) ⇔ x ≤ z and w ≤ y.

Then it is easy to show that B × B = [(u0, v0), (v0, u0)] is an order interval

in B ×B.

Define F : B ×B → B ×B by

F (x, y) = (f(x, y), f(y, x)).

18



If (x, y) � (z, w), then

f(x, y) ≤ f(z, y) ≤ f(z, w) and f(y, x) ≥ f(w, x) ≥ f(w, z)

implies that

F (x, y) = (f(x, y), f(y, x)) � (f(z, w), f(w, z)) = F (z, w).

Hence F is increasing.

Assume that {(xn, yn)} is an iteration by F . Then

(xn, yn) = F (xn−1, yn−1) = (f(xn−1, yn−1), f(yn−1, xn−1))

implies that

xn = f(xn−1, yn−1), yn = f(yn−1, xn−1).

Hence {(xn, yn)} is a iteration by f . By assumption, it has a convergent

subsequence. By Theorem 5, F ha a maximal fixed point (x0, y0) in B ×B.

Obviously, (x0, y0) is a coupled fixed point of f , which is minimal and

maximal in the sense given above.

We say that f is completely continuous if f is continuous and f(S) is

compact for any bounded subset S of B × B (see Chang et. al[2]). Note

that if f is completely continuous then every iteration by f has a convergent

subsequence. Hence we have the following for fuzzy numbers.
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Corollary 12. (Chang. et. al[2]) Let u0, v0 ∈ RL, u0 ≤ v0 and B a closed

subset of [u0, v0]. Let f : B × B → B be a mixed monotone operator such

that

u0 ≤ f(u0, v0), f(v0, u0) ≤ v0.

Suppose that f is complete continuous, then f has a coupled fixed point

(x∗, y
∗) ∈ B×B, which is minimal and maximal in the sense that x∗ ≤ x ≤ y∗

and x∗ ≤ y ≤ y∗ for any coupled fixed point (x, y) ∈ B × B of f . Moreover,

we have

x∗ = lim
n→∞

un, y∗ = lim
n→∞

vn,

where un = f(un−1, vn−1) and vn = f(vn−1, un−1), n = 1, 2, 3, · · · , which

satisfy

u0 ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ vn ≤ · · · ≤ v1 ≤ v0.
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Abstract

Fixed Points of Increasing Operators on Fuzzy Numbers

Since Zadeh introduced the concept of fuzzy set theory, many authors

showed its wide applications to various fields, and proved a lot of properties

of structures and functions on fuzzy sets.

Recently, it is shown that the set of fuzzy sets can be made into metric

spaces by defining some metric, and the fixed point theory on fuzzy metric

spaces are studied widely.

In 2004, Chang et. al. proved some fixed point theorems for increasing

operators for fuzzy numbers on real line. They applied their theorem to solve

fuzzy equation for fuzzy numbers. Their theorems are based in the maximal

principle on general ordered sets.

In this paper, we showed fixed point theorems for increasing operators on

general ordered sets and some fixed point theorems on fuzzy numbers. Also

we proved a fixed point theorem for condensing map in ordered metric space.

Moreover, we proved a coupled fixed point theorem for mixed point mono-

tone operators in ordered topological space.
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