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I. Introduction

Let X be a partially ordered set with an order relation < and f: X — X
a self-function. We say that f is increasing if z < y implies that f(x) < f(y)
for all z,y € X. Also a multivalued function F : X — 2%\ {@} is said to be
increasing if x <y and v € F(x) implies the existence of a w € F(y) such

that v < w.

Fixed Point theorems for functions in ordered sets are originated from

the following theorem of Zermelo (See Dunford and Schwartz [4] and Kirk

[5])-

Theorem (Zermelo). Let X be a partially ordered set and assume that

every chain in X has a supremum. Then every selfmap f : X — X satisfying
r< f(x), x€X

has a fixed point.

It is well-known that the above fixed point theorem is equivalent to Zorn’s
Lemma. Indeed, Park [9] showed that Zorn’s Lemma can be reformulated to
some fixed point theorems for single valued or multivalued functions satisfy-

ing Zermelo type conditions.



Obviously, any maximal element in X is a fixed point of self-function of
f in the Zermelo’s Theorem. Therefore we can see that fixed point theorems

in ordered sets are deeply related to maximal principles.

In 1955, Tarski [12] proved that every increasing function defined on a
complete lattice has a fixed point. Since then, many authors gave interests
to fixed points for increasing operators on ordered sets. In Tarski’s Theorem,

the completeness of the given lattice has a crusial role.

In 1971, Smithson [11] obtained a fixed point theorem for multivalued
functions in partially ordered sets. He extended the notion of monotonicity
of functions to multivalued functions and generalized Zermelo’s and Tarski’s

results.

In 2004, Carl and Heikkila [2] proved some fixed point theorems for mul-
tivalued functions on some ordered topological spaces and applied them to
prove some differential equations. They used the following assumption to

prove the existence of fixed point on an ordered topological vector space X;

(C) Each well-ordered chain C' of X whose increasing sequences converge

contains an increasing sequence which converges to sup C'.

Note that if (C) holds, then every convergent increasing sequence in X

has a supremum.



In this paper, we will prove some fixed point theorems for multivalued
functions on ordered topological spaces. And we will show that Carl-Heikkila
type fixed point theorem on second countable spaces can be proved without

assuming the condition (C).

In Section II, we will discuss some basic definitions and fundamental facts
about ordered sets.
In Section III, as main results, we will state and prove some fixed point

theorems for multivalued functions on ordered topological spaces.

First, we will find another proof of Carl and Heikkila’s fixed point theorem
[2]. And we will show and prove some fixed point theorems on ordered second
countable spaces without assuming (C). Also we will establish some other
fixed point theorems for multivalued increasing operators on ordered second

countable topological spaces.



II. Preliminaries

A nonempty set X with an order relation < is called an ordered set
and is denoted by (X, <). The terms upper bound, lower bound, supremum,

infimum, etc. will be used as usual.
Let (X, <) be an ordered set. For any x € X, we denote
S(x)={ye X|rv <y}and L(z) ={y € X[y <z}
If u,v € X and u < v, we denote [u,v] = {z € X |u <z <wv} and [u, ]

is called an order interval in X.

In the following, we define the monotonicity of single valued and multi-

valued functions in general ordered sets.

Definition 1. Let (X, <), (Y, =) be ordered sets and f : X — Y a function,

then f is said to be increasing if
r<y = f(x) 2 fly), yeX

A multivalued function F' : X — 2%\ {Q} is said to be increasing if
u,v € X, u<wv and z € F(u) imply an existence of y € F(v) such that

z <.



Definition 2. Let (X, <), (Y,=) be ordered sets. We say that X and Y

are isomorphic if there is a bijective function f: X — Y such that

r<y<= f(z) 2 fly), z,yeX.

As usual, if every nonempty subset of an ordered set X has the first
element, then X is called a well-ordered set.

Let (X, <) be a well-ordered set. For any x € X, if the set
{ye X|zx#y and z <y}

is nonempty, then the first element of this set is called the immediate succes-
sor of x and is denoted by x4+ 1. If £ does not have any immediate successor,

then x is called the last element of X.

Let B be a well-ordered set, and A C B. We say that A is an initial

segment of B if there is a b € B such that
A={z € B|zx<b}.

It is well-known that for any two well-ordered sets A and B, one of them

is isomorphic to an initial segment of the other unless they are isomorphic
(See Pinter [10]).

So every well-ordered set X can be indexed by a well-ordered set A by
X = {z,| o € A} which satisfies

T <ag=a<f, o fcA
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Let (X, <) be an ordered set and consider the following conditions;
(A) Every nonempty chain in X has a supremum.
(B) Every nonempty chain in X has an upper bound.
(C) Every nonempty well-ordered subset of X has a supremum.
(D)

D) Every nonempty well-ordered subset of X has an upper bound.

Zorn’s lemma asserts that if X satisfies (B), then X has a maximal ele-
ment. It is well-known that (B) can be replaced by any one of (A), (C) or
(D) (See Bourbaki [1]). Moreover, Park [9] showed that Zorn’s lemma can

be reformulated to some fixed point theorems as follows;

Theorem 1. (Park, [9]) Let (X, <) be an ordered set. Suppose that one of
(A),(B),(C) or (D) holds. Then the following equivalent statement holds;
(a) X has a maximal element.

(b) Every selffunction f: X — X satisfying
v < flz), zeX

has a fixed point.

(c) Every multivalued function F : X — 2%\ {Q} satisfying
Vee X, Jye F(z), z<y

has a fixed point.

(d) Every multivalued function F : X — 2%\ {Q} satisfying
Vee X, Jye F(z), <y

6



has a point o € X such that F(xzo) = {zo}.

Throughout this paper, all topological spaces are assumed to be Haus-
dorff. Let X be a topological space and C' C X. We say that C is sequentially

closed if every convergent sequence in C has the limit in C.

Now consider the following definitions for ordered topological space.
Definition 3. Let X be a topological space with an order relation <. Then
(X, <) will be called an ordered topological space if

Tp <y, = limzx, <limy,
for all convergent sequence {z,} and {y,}.

If {x,} is a convergent sequence in an ordered topological space X and y

is an upper bound of {x,, }, then z,, <y for all n € N implies that lim z, <y.

Definition 4. Let (X, <) be an ordered topological space. If S(z) and L(x)

are closed for all x € X, then < is called a closed order.

Remark. If (X, <) is an ordered topological space and {z,} is a convergent
sequence in S(z), then z < z, (n € N) implies that z < lim z,. Hence

lim z, € S(x).

n—oo



This shows that S(z) is sequentially closed for each z € X. Similarly, we
can show that L(z) is sequentially closed, too. So if X is an ordered metric

space, then < is always closed.

Moreover, the following is true;

Lemma 2. Let X be an ordered topological space with an order relation <.
Then for any increasing sequence {x,} in X, klim Ty, Is the supremum of
—00

{z,} for all convergent subsequence {x,, } of {z,} .

Proof. Let zy = khig T, For any ko € N, {@y, bk, C S(zp, ) implies
that zg = kh_)rglo Ty, 2 Ty, - Since ko was arbitary, xg is an upper bound for
the subsequence {z,, }.

Assume that y is an upper bound for {z,, }. Then z,, <y implies that
Ty = ,}Lrlc}o Zp, <y. Therefore xy = sup{xy, }.

For any £ € N, k < ny implies that z;, < z,, < zy. Hence z; is an upper
bound for {z,}. If y is an upper bound for {z,}, then it is also an upper

bound for {z,, }. Hence o <y. Therefore, xy = sup z,.

Definition 5. Let (X, <) be an ordered topological space. We say that X is
sequentially order compact if every increasing sequence in X has a convergent

subsequence.



From Lemma 2, we can show that every convergent increasing sequence

in X has a supremum.

Corollary. Let (X, <) be an ordered topological space. If X is sequentially

order compact, then every increasing sequence in X has a supremum.

Proof. Let {z,,} be an increasing sequence. Since X is sequentially order
compact, {z,} has a convergent subsequence {x,, }. By Lemma 2, klim T, =
— 00

sup x,,. Hence {z,} has a supremum.



III. Main results

We will prove some fixed point theorems for multi-valued increasing func-

tions on some ordered topological spaces.
To begin with, we will prove;

Lemma 3. Let (X, <) be an ordered set and F : X — 2%\ {(@} an increasing
multivalued function. Assume that

(3.1) Py = {x € X| thereexistsa y € F(x) suchthat = < y} is
nonempty.
Then there is a maximal well-ordered set C' which satisfies the property;

(3.2) v+ 1 € F(z) for all x € C having the immediate successor.

Proof. Let A={C C By | C is well-ordered, z+ 1 € F(z) forall z €
C' having the immediate successor}.
Let ug € Py and Cy = {up}. Then Cy € A and so A # ().

Define relation < on A by
C=<D<«<= C=D or C isan initial segment of D.

Then it is well-known that < is an order relation on A. We will show that

A has a maximal element.

10



Suppose that ¥ is a nonempty well-ordered subset of A.
We will show that C' = [JX is an upper bound of ¥. Since ¥ is well-
ordered, X can be indexed by ¥ = {C, | a € A} where A is a well-ordered

set such that
a<f <= C,=Cs forall o, €A.

If D is a nonempty subset of C, the set Ay={ a€ A | DNC, # o}
is a nonempty subset of A. And so it has the first element ay.

Since D () Cy, is a nonempty subset of a well-ordered set C,,, it has the
first element ug. For all w € D, there is a § € A such that u € Cs. Then
B € Ay and so ap < 3. But then C,, = Cs or C,, is an initial segment of
Cjp. Since vy is the first element of C,,, vy < u. Hence uy is the first element
of D.

This shows that C' is a well-ordered subset of X. Moreover,

c=Jz={J{C. | acn}

implies that C, <X C, «a € A.
Hence C' is an upper bound of ¥. By Zorn’s lemma, A has a maximal

element Cj.

Let (X, <) be an ordered topological space. Carl and Heikkila [2] used the
following condition (C) to establish some fixed point theorems for multivalued

operators in ordered Banach spaces;

11



(C) Each well-ordered chain C' of X whose increasing sequences converge

contains an increasing sequence which converges to sup C.

Using Lemma 3, we can obtain another proof of the following fixed point

theorem;

Theorem 4. (Lemma 2.2 in [2]) Let (X, <) be an ordered topological space
satisfying (C) and F : X — 2%\ {@} be a multivalued function. Assume
that (3.1) holds and

(4.1) If x, <y, € F(x,),n € N and if {y,} is increasing, then {y,} has
a limit in F,.

Then F' has a maximal fixed point which is also a maximal element of F.

Proof. By Lemma 3, there is a maximal well-ordered subset Cy of F

satisfying (3.2). Let
Do ={y € Py | y is the last element of Cy or y = x+1 for some z € Cy}.

Then obviously, Dy is a well-ordered subset of F.

Assume that {y,} is an increasing sequence in Dgy. Then y,, = x,, + 1 for
some x, € Cy or y, is the last element of Cy, n € N.

Since z, <y, =z, +1€ F(z,) and y, <y,11 forall n € N {y,} has
a limit in Fy, by (4.1). Since X satisfies (C), Dy has an increasing sequence

{yn} which converges to vy = sup Dy.

12



If x € Cy and z is the last element of Cy, then x € Dy and so x < vy.

If x € Cy and = has the immediate successor = + 1, then x + 1 € Dy and
r<xz+1<v.

Therefore vy is an upper bound of C and hence Cy | J{vo} satisfies (3.2).

By maximality of Cy, we conclude that vg € Cy. Obviously, vy is a maxi-

mal element of Py and vy € F(vp).

If (X, <) is an ordered topological space with some separability assump-

tion, we can prove a fixed point theorem without assuming (C).

Theorem 5. Let (X, <) be an ordered topological space. Assume that
(5.1) every nonempty well-ordered subset of X has a countable dense subset,
(5.2) X is sequentially order compact.

Let F : P — 2P\ {Q} satisfy (3.1), (4.1). Then F has a maximal fixed

point.

Proof. By Lemma 3, there is a maximal well-ordered set Cy of P, satisfy-
ing (3.2). By assumption, Cj has a countable dense subset {u,}32,. After
rearranging, we may assume that {w,} is increasing, by (5.2), {u,} has a
convergent subsequence {u,, }. Let ]}Lrgo Up, = v. Then v = sup u,,.

Let z € Cy. Since {u,} is dense in Cy, z = kh_)rgo Uy, for some subsequence

{up, } of uy,. Since u,, < wv for all k € N,z < v. Hence v is an upper bound

13



of Cy. Since v = sup u,,, we see that v = sup Cy. As in the proof of Theorem

4, vy € Cy and vp is a maximal element of Py. Hence vy € F'(uvp).

The following is a basic maximal principle in Kang [7].

Theorem 6. Let (X, <) be an ordered second countable topological space.
Assume that X is sequentially order compact. Then X has a maximal ele-

ment.

Using Theorem 6, we can prove the following;

Theorem 7. Let (X, <) be an ordered second countable topological space.
Let F : X — 2%\ {@} be an increasing operator. Assume that (3.1) holds

and Py is sequentially order compact. Then F' has a fixed point.

Proof. If x € Py, then there exists a y € F(z) such that x < y. Since F is
increasing, there exists a z € F'(y) such that y < z. This shows that y € B
and hence the multivalued function defined by G(x) = F(z) () P, maps Fp
into 270\ {O}.

By Theorem 6, Py has a maximal element xy. But then there exists a y €
G(z9) = F(zo) () Py such that xy < y. By the maximality of xy, we have

y = xo € F(x0) and so zg is a fixed point of F.

14



Obviously, if f : X — X is a single valued function, we have the following;

Corollary. Let (X, <) be an ordered second countable topological space
and f : X — X be increasing. If the set Py = {x € X | = < f(x)} is

nonempty and sequentially order compact, then f has a fixed point.

Note that the above Corollary is equivalent to Theorem 6 in Kang|7].

Theorem 8. Let (X, <) be an ordered second countable topological space
and P be a sequentially order compact subset of X.

Let F : P — 2P\ {®} be an increaing operator. Assume that (3.1) holds
and
(8.1) For allu € P, if vy, vy € F(u), there exists a v € F(u) such that v; < v
and vy, < .
(8.2) For each u € P, the value F(u) of F is sequentially compact.

Then F' has a maximal fixed point.

Proof. Note that the set Py = {u € P|u<wv for some v € F(u)}is
nonempty and second countable.

Let {u,} be an increasing sequence in Fy. Since F' is increasing, we can
choose an increasing sequence {v,} such that v, € F(u,),u, < v,. Since P
is sequentially order compact, {u, } has a convergent subsequence {u,, }. Let

v = lim u,,. Then v = supw, by lemma 2, and hence u,, < v for all n € N.

k—o0
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Since F' is increasing, there exist w, € F(v) such that v, <w,. By (8.1),
we may assume that w, is increasing. Since F'(v) is sequentially compact,
{w,} has a convergent subsequence {w,, }. Let ]}1_{210 Wy, = wy € F(v). By
lemma 2, wy = kh_glow”’“ = supw,. But v, <wv, <w, foralln=1,2,---
implies that wy > supu, = v. So v € Py and hence F, is sequentially order

compact. By Theorem 7, F' has a fixed point.

16
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Abstract

The fixed point theory on ordered sets have been studied by Zermelo,
Tarski and others. In 1908, Zermelo proved that if X is a partially ordered
set any of whose nonempty chain has an upper bound, then every function
f X — X satistying x < f(z), + € X has a fixed point. And in 1955,
Tarski proved that every increasing function defined on a complete lattice
has a fixed point.

The Zermelo and Tarski ’s fixed point theory is meaningful because they
are only related to ordering structure and independent of algebraic and topo-
logical structures. The existence of the fixed points of functions is basically
related to the subsistence of maximal element and the completeness of given

ordered sets.

In 1971, Smithson defined the monotonicity of multivalued functions and
proved a fixed point theorem for multivalued function in ordered sets. He

generalized the Zermelo and Tarski’s result.

In this paper, we show another proof of the fixed point for multivalued
functions given by Carl and Heikkila [2].
And we prove some other fixed point theorems for multivalued functions

on ordered second countable spaces.
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