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I Introduction

Let X be a nonempty set. If ≤ is a relation on X which is reflexive,

transitive and antisymmetric, then ≤ is called an order relation on X and

(X,≤) is called a partially ordered set.

Fixed point theorems for functions on ordered sets are originated from

the following theorem of Zermelo.

Theorem I.1 (Zermelo). Let X be a partially ordered set and assume that

every chain in X has a supremum. then every selfmap f : X → X satisfying

x ≤ f(x), x ∈ X

has a fixed point.

Since then, many authors gave interests to fixed points for increasing op-

erators on ordered sets. It is well-known that some maximal principles can

be reformulated to fixed point theorems in ordered sets. Indeed, Zermelo’s

Theorem is logically equivalent to Zorn’s Lemma. See Park [12].

In 1955, Tarski [15] proved that every increasing function on a complete

lattice has a fixed point. Also, Smithson [14] obtained a fixed point theorem

for multivalued maps on partially ordered sets.
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Let (X, d) be a metric space and f : X → X be a function. Suppose that

there exists a k ∈ R such that

d(f(x), f(y)) ≤ kd(x, y), x, y ∈ X.

Then f is called a contraction mapping.

In metric spaces, the fixed point theorem generally known as the Banach’s

Contraction Principle appeared in 1922. Since then, because of its simplic-

ity and usefulness, it has become a very popular tool in solving existence

problems in many branches of mathematical analysis. The following is the

Banach’s Contraction Principle.

Theorem I.2 (Banach’s Contraction Principle). Let (X, d) be a com-

plete metric space. Then every contraction mapping f : X → X has a unique

fixed point.

Note that every contraction map is continuous. In 1976, Caristi [2] proved

a fixed point theorem for functions on complete metric spaces without as-

summing the continuity of given function. Caristi used very complicated

transfinite induction to prove his theorem. But now it is well-known that

Caristi’s Theorem can be deduced from a simple maximal principle on or-

dered sets.
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Theorem I.3 (Caristi). Let (X, d) be a complete metric space and ψ : X →
R ∪ {∞} be a lower semicontinuous function which is bounded from below.

Suppose that f : X → X is an arbitrary mapping satisfying

d(x, f(x)) ≤ ψ(x)− ψ(f(x)), x ∈ X.

Then f has a fixed point.

A lot of papers have been published to generalize or extend Banach’s

Contraction Principle and Caristi’s fixed point Theorem. In 2005, Nieto and

Lopez [10] prove a fixed point theorem for continuous increasing functions

satisfying some Banach type conditions on some limited domain. He used

the convergence of the iteration of given function to verify the existence of

fixed point.

In this paper, we will extend Nieto and Lopez’s a fixed point theorem for

increasing functions satisfying some Caristi type conditions without assum-

ming the continuity. We will use a maximality principle to prove our theorem.

In Section a, we will introduce some basic definitions and basic facts

about ordered sets and ordered metric spaces.

In section b, we will prove our main theorems. Caristi type fixed point

theorem under the condition of Nieto and Lopez [10]. Some other fixed point

theorems will be given.
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II Preliminaries

In this section, we will show some definitions and preliminary results on

ordered sets and ordered metric space.

In the following, let N and R denote the set of all natural numbers and

the set of all real numbers, respectively.

Let X be a nonempty set. Then every function f : X → X is called

a selfmap of X. Let f : X → X be a selfmap. If there is a point x ∈ X

satisfying f(x) = x, then x is called a fixed point of f .

Let f : X → X be a selfmap. Then we denote f 0(x) = x and f 2(x) =

f(f(x)) and fn(x) = f(fn−1(x)) for all n ∈ N. Each fn is called the nth

iteration of f .

Definition II.1. Let X be a nonempty set and 2X the power set of X. Then

a function F : X → 2X is called a multivalued function on X.

Let F : X → 2X be a multivalued function on X, then we say that x0 ∈ X
is a fixed point of F if x0 ∈ F (x0).
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Let (X,≤) be a partially ordered set. A function f : X → X is said to

be monotone nondecresing if

x ≤ y ⇒ f(x) ≤ f(y), x, y ∈ X.

For all x ∈ X, we denote

S(x) = {y ∈ X | x ≤ y} and L(x) = {y ∈ X | y ≤ x}.

For metric space (X, d) with an order relation ≤, we have the following;

Definition II.2. Let (X, d) be a metric space and ≤ be an order relation on

X. Then (X, d,≤) is called an ordered metric space if {xn}, {yn} are conver-

gent sequence in X and xn ≤ yn for all n ∈ N, then lim
n→∞

xn ≤ lim
n→∞

yn.

Remark. Let (X, d,≤) be an ordered metric space and {xn} be a con-

vergent sequence in X such that xn ≤ y, then lim
n→∞

xn ≤ y.

The following basic property holds in ordered metric space.

Proposition II.1. If (X, d,≤) is an ordered metric space, then S(x) and

L(x) are closed for all x ∈ X.
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Proof. Let {yn} be a convergent sequence in S(x) and lim
n→∞

yn = y0 then

x ≤ yn for all n ∈ N implies that x ≤ lim
n→∞

yn = y0. Therefore, y0 ∈ S(x).

Hence S(x) is closed. Similarly, L(x) is closed.

Definition II.3. Let (X, d) be a metric space. A function ψ : X → R∪{∞}
is said to be lower semicontinuous if {x ∈ X | ψ(x) ≤ α} is closed for all

α ∈ R.

Of course, every continuous map is lower semicontinuous. The following

is a basic property of lower semicontinuous functions;

Proposition II.2. Let (X, d) be a metric space and x0 ∈ X. If ψ : X →
R ∪ {∞} is lower semicontinuous, then ψ(x0) ≤ inf

x→x0

ψ(x).

Proof. Assume that ψ(x0) > lim inf
x→x0

ψ(x) = α. Choose ε > 0 so that

α < α + ε < ψ(x0). Then for all n > 0, there exists an xn ∈ X such that

xn ∈ S = {x| ψ(x) ≤ α + ε} and d(xn, x0) <
1

n
and ψ(xn) ≤ α + ε.

Since S is closed, lim
n→∞

xn = x0 ∈ S.

This shows that ψ(x0) ≤ α + ε, which contradicts the fact that α + ε ≤
ψ(x0). Therefore ψ(x0) ≤ lim inf

x→x0

ψ(x).
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If ψ : X → R∪{∞} is lower semicontinuous, then we can define a relation

≤ on X by

x ≤ y ⇔ d(x, y) ≤ ψ(x)− ψ(y), x, y ∈ X.

Then ≤ is an order relation on X and (X,≤) is a partially ordered set.

Moreover, we have;

Proposition II.3. Let (X, d) be a metric space and ψ : X → R ∪ {∞} be a

lower semicontinuous function. If ≤ is defined as above, then S(x) is closed

for each x ∈ X.

The following is a basic maximal principle on complete metric spaces.

Theorem II.4. Let (X, d) be a complete metric space and ψ : X → R∪{∞}
be a lower semicontinuous function which is bounded from below. Let ≤ be

the relation on X defined by

x ≤ y ⇔ d(x, y) ≤ ψ(x)− ψ(y), x, y ∈ X.

Then ≤ is an order relation on X and X has a maximal element.

The proof of above theorem is given in Dugundji and Granas [3].

In 1976, Caristi [2] proved a fixed point theorem for functions on complete

metric spaces without assumming continuity.
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Theorem II.5 (Caristi). Let (X, d) be a complete metric space and ψ :

X → R ∪ {∞} be a lower semicontinuous function which is bounded from

below. Suppose that f : X → X is an arbitrary mapping satisfying

d(x, f(x)) ≤ ψ(x)− ψ(f(x)), x ∈ X.

Then f has a fixed point.

Note that Caristi’s original proof was based on transfinite induction. But

if we use Theorem II. 4, the proof of Caristi’s theorem is very simple. Sup-

pose that x0 ∈ X is maximal. Then d(x0, f(x0)) ≤ ψ(x0)− ψ(f(x0)) implies

that x0 ≤ f(x0). By the maximality of x0, x0 = f(x0).

Remark. Assume that d(x, f(x)) ≤ ψ(x)− ψ(f(x)) for all x ∈ X, then

x ≤ f(x) for all x ∈ X and f is a monotone function.
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III Main Results

In this section, we will prove some fixed point theorems for functions sat-

isfying Caristi type conditions.

In 2005, Nieto and Lopez [10] proved Banach type fixed point theorem

to extend the theoretical results of fixed points in partially ordered sets and

apply them to study a problem of ordinary differential equations.

The following Caristi type fixed point theorem generalizes the theorem of

Nieto and Lopez.

Theorem III.1. Let (X, d,≤) be a complete ordered metric space. Let f :

X → X be a nondecreasing function and that there is a lower semicontinuous

function ψ : X → R ∪ {∞} which is bounded below and

d(x, f(x)) ≤ ψ(x)− ψ(f(x))

for all x ∈ X satisfying x ≤ f(x). Assume that A = {x | x ≤ f(x)} is

nonempty and closed , then f has a fixed point.

Proof. If f(x0) = x0, the proof is finished. If y ∈ A, then y ≤ f(y).

since f is nondecreasing, f(y) ≤ f(f(y)) implies that f(y) ∈ A. So f maps

A into A.
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Define � on X by

x � y ⇔ x ≤ y and d(x, y) ≤ ψ(x)− ψ(y).

Then � is an order relation on X. Note that

S(x) = {y | x � y} = {y | x ≤ y and d(x, y) ≤ ψ(x)− ψ(y)}

is closed in X. Since x ≤ f(x) for all x ∈ A,

d(x, f(x)) ≤ ψ(x)− ψ(f(x))

for all x ∈ A. Hence x � f(x) for all x ∈ A. Choose x0 ∈ A and let

a = inf
x∈S(x0)

ψ(x).

For n = 1, there exists an x1 ∈ S(x0), a ≤ ψ(x1) < a + 1. Assume that

x1 ≤ x2 ≤ · · · ≤ xn were chosen so that

inf
x∈S(xn−1)

ψ(x) ≤ ψ(xn) < inf
x∈S(xn−1)

ψ(x) +
1

n
. (1.1)

Choose an xn+1 ∈ S(xn) such that

inf
x∈S(xn)

ψ(x) ≤ ψ(xn+1) < inf
x∈S(xn)

ψ(x) +
1

n+ 1
. (1.2)

Inductively, we can construct a sequence xn satisfying (1.2). Then {S(xn)}
is a decreasing sequence of closed sets in A.

Assume that y ∈ S(xn), then y ∈ S(xn) ⊆ S(xn−1) and

ψ(y) ≥ inf
x∈S(xn−1)

ψ(x) ≥ ψ(xn)− 1

n
.
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∴ ψ(xn)− ψ(y) ≤ 1

n

Hence if y ∈ S(xn), then

d(xn, y) ≤ ψ(xn)− ψ(y) ≤ 1

n
.

Therefore diamS(xn) ≤ 2

n
for all n ∈ N. So {S(xn)} is a decreasing

sequence of closed sets in A such that diamS(xn)→ 0 as n→∞.

Since X is complete,
∞⋂
n=1

S(xn) = {ξ} for some ξ ∈ A. ξ ∈ S(xn) implies

that xn ≤ ξ for all n ∈ N.

If ξ ≤ η in X, then η ≥ ξ ≥ xn implies that η ∈ S(xn) for all n ∈ N. So

η ∈
∞⋂
n=1

S(xn) = {ξ} and hence ξ = η.

Hence ξ is a maximal element in (X,�). But then ξ ≤ f(ξ) implies that

d(ξ, f(ξ)) ≤ ψ(ξ) − ψ(f(ξ)). Hence ξ � f(ξ) and since ξ is maximal with

respect to �, ξ = f(ξ).

Remark. Assume that f is continuous and ≤ is closed. Since

d(xn, ξ) ≤ diamS(xn) ≤ 2

n

for all n ∈ N, {xn} converges to ξ. If f is continuous, then xn ≤ f(xn)

implies that

ξ = lim
x→∞

xn ≤ lim
x→∞

f(xn) = f(ξ).

That is, ξ ≤ f(ξ).
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We can prove Nieto and Lopez’s Theorem [10] by using Theorem III.1.

Corollary 1 (Nieto and Lopez). Let (X,≤) be a partially ordered set and

suppose that there exists a metric d in X such that (X, d) is a complete metric

space. Let f : X → X be a continuous and nondecreasing mapping such that

there exists k ∈ [0, 1) with

d(f(x), f(y)) ≤ kd(x, y)

for all x, y satisfying x ≥ y. If there exists x0 ∈ X with x0 ≤ f(x0), then f

has a fixed point.

Proof. Let ψ(x) =
1

1− kd(x, f(x)) is continuous for x ∈ X. Then

d(x, f(x))− kd(x, f(x)) ≤ d(x, f(x))− d(f(x), f 2(x))

thus

d(x, f(x)) ≤ 1

1− kd(x, f(x))− 1

1− kd(f(x), f 2(x)).

Hence

d(x, f(x)) ≤ ψ(x)− ψ(f(x))

for all x ∈ X satisfying x ≤ f(x).

Therefore, Corollary 1 follows from Theorem III.1.

Remark. Let xn = fn(x0) for x0 ∈ X and n ∈ N. Then

d(xn, xn+p) ≤ d(xn, xn+1) + · · ·+ d(xn+p−1, xn+p) ≤ ψ(xn)− ψ(xn+p)
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thus

0 ≤ d(xn, xn+1) ≤ ψ(xn)− ψ(xn+1).

Hence ψ(xn) is decreasing. Since

n+p∑
i=n

d(xi, xi+1) ≤ ψ(xn)− ψ(xn+p).

In particular,
∞∑
i=0

d(xi, xi+1) is converges. Hence {xn} is a Cauchy se-

quence. So {fn(x0)} converges to a fixed point x of f .

We have proved a fixed point theorem of Caristi type on complete or-

dered metric spaces. The following is a fixed point theorem for continuous

nondecreasing functions on metric space.

Theorem III.2. Let (X, d,≤) be a complete ordered metric space. Let f :

X → X be a continuous nondecreasing function and that there is a lower

semicontinuous function ψ : X → R ∪ {∞} which is bounded below and

d(x, f(x)) ≤ ψ(x)− ψ(f(x))

for all x ∈ X satisfying x ≤ f(x). Assume that there exists an x0 ∈ X such

that x0 ≤ f(x0). Then f has a fixed point.

Proof. Since x0 ≤ f(x0),

d(x0, f(x0)) ≤ ψ(x0)− ψ(f(x0))
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by assumption. Since f is increasing, x1 = f(x0) ≤ f(x1). Let x1 = f(x0)

and assume that x1, x2, · · · , xn were closen so that

xk ≤ xk+1, xk ≤ xk+1 = f(xk), k = 0, 1, · · · , n− 1.

Then d(xn−1, xn) ≤ ψ(xn−1) − ψ(xn) and xn ≤ f(xn−1) ≤ f(xn). Let

xn+1 = f(xn). By induction, we can construct a sequence {xn} such that

xn ≤ xn+1 = f(xn) and

d(xn, xn+1) ≤ ψ(xn)− ψ(xn+1), n = 1, 2, · · · .

{ψ(xn)} is a real sequence bounded below decreasing. Hence α = inf
n∈N

ψ(xn)

exists. For any ε > 0, there exists N ∈ N such that n ≥ N implies

ψ(xn) < α + ε. Assume that m ≥ n ≥ N then

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xm−1, xm)

≤ ψ(xn)− ψ(xn+1) + ψ(xn+1)− ψ(xn+2) + · · ·+ ψ(xm−1)− ψ(xm)

≤ ψ(xn)− ψ(xm) ≤ α + ε− α = ε.

Hence {xn} is a Cauchy sequence. So {xn} converges to some ξ ∈ X.

Since f is continuous,

f(ξ) = lim
n→∞

f(xn) = lim
n→∞

xn+1 = ξ.

Therefore, ξ is a fixed point of f .

We have another fixed point theorem under the condition given in Nieto

and Lopez [10];
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Theorem III.3. Let (X,≤) be a partially ordered set and suppose that there

exists a metric d in X such that (X, d) is a complete metric space and ≤ is

a closed order. Let f : X → X be a continuous nondecreasing function such

that there is a lower semicontinuous function ψ : X → R ∪ {∞} which is

bounded from below and

d(x, f(x)) ≤ ψ(x)− ψ(f(x))

for all x ∈ X satisfying x ≤ f(x). If there exsists a point x0 ∈ X such that

x0 ≤ f(x0), then f has a fixed point.

Proof. As in the proof of Theorem III.2, we can show that {S(xn)} is

a decreasing sequence of closed sets in X. Hence there exists a ξ ∈ X such

that
∞⋂
n=1

S(xn) = {ξ}.

We will show that ξ ≤ f(ξ). Since diamS(xn) ≤ 2

n
for all n ∈ N, {xn}

converges to ξ.

Hence ξ = lim
x→∞

xn ≤ lim
x→∞

f(xn) = f(ξ). That is, ξ ≤ f(ξ). Since ξ is

maximal element in (X,≤), ξ = f(ξ).

For multivalued function F : X → 2X , we have the following;

Theorem III.4. Let (X, d,≤) be a complete ordered metric space. Let F :

X → 2X\{∅} be a multivalued function. Suppose that there exists a lower

semicontinuous function ψ : X → R ∪ {∞} which is bounded below and

∀x ∈ X, ∃y ∈ F (x), x ≤ y and d(x, y) ≤ ψ(x)− ψ(y).
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Assume that A = {x ∈ X | x ≤ y for some y ∈ F (x)} is nonempty and

closed, then F has a fixed point.

Proof. As in the proof of Theorem III.1, the relation � defined by

x � y ⇔ x ≤ y and d(x, y) ≤ ψ(x)− ψ(y)

is an order relation and there exists a maximal element ξ in A. By assump-

tion, there exists an η ∈ F (ξ) such that ξ ≤ η and

d(ξ, η) ≤ ψ(ξ)− ψ(η).

That is, ξ � η and by the maximality of ξ, ξ = η ∈ F (ξ).

Hence ξ is a fixed point of F .
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Abstract

Fixed point theorems for functions on ordered sets are originated from

the theorem of Zermelo. It is well-known that some maximal principles can

be reformulated to fixed point theorems in ordered sets. Indeed, Zermelo’s

Theorem is logically equivalent to Zorn’s Lemma.

In metric spaces, the fixed point theorem generally known as the Ba-

nach’s Contraction Principle appeared in 1922. In 1976, Caristi [2] proved

a fixed point theorem for functions on complete metric spaces without as-

summing the continuity of given function. Caristi used very complicated

transfinite induction to prove his theorem. Since then, a lot of papers have

been published to generalize or extend Banach’s Contraction Principle and

Caristi’s fixed point Theorem. In 2005, Nieto and Lopez [10] prove a fixed

point theorem for continuous increasing functions satisfying some Banach

type conditions on some limited domain. He used the convergence of the

iteration of given function to verify the existence of fixed point.

In this paper, We will extend Nieto and Lopez’s a fixed point theorem

for increasing functions satisfying some Caristi type conditions without as-

summing the continuity. We will use a maximality principle to prove our

theorem. Also we will show that another fixed point theorem under the con-

dition given in Nieto and Lopez.
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