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YOUN-JOO CHOI

1. Introduction

In this thesis, let Z and Q be the rings of of integers and rational
numbers, respectively. Also, Z" is the set of all positive integers. It is
well-know that every finite integral domain is a field (see Remark 8).

The goal of this thesis is to prove that every finite ring without
divisors of 0 is a field (see Lemma 25, Theorems 46, and 47).

For this proof, we use several concepts and results of a field the-
ory, that is, we need the following concepts: Galois theory, splitting
fields, separable extensions, and normal extensions (see Theorem 41,
Definitions 21, 32 and 38).

In Section 2, we introduce some preliminary definitions and no-
tations. In Section 3, we study cyclotomic extensions and Galois

theory. Finally, we prove that a finite division ring is always a field.

2. Preliminaries

In this section, we introduce some preliminary notations and re-

sults in [1] and [2] .
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Lemma 1 ([1]). A subset H of a group G is a subgroup of G if and
only if
(1) H is closed under the binary operation of G,

(2) the identity element e of G is in H |
(3) for all a in H it is true that a™' in H also.

We shall give the proofs of some of them for readers. Moreover,

we will skip the proofs when they can be easily proved.

Definition-Proposition 2 ([1]). Let G be a group and let S be
any subset of G. Then

(a) Hs={r € G| st =xs forall se& S} isasubgroup of G.
(b) The subgroup Hg is an abelian group and Hg = Z(G) is
called the center of G.

Proof. (a) Let e be the identity element in G. Then

for every s € S, that is, e is in Hg.

For every x,y in Hg, s € S, we have

(zy)s = x(ys) = z(sy) = (sx)y = s(zy),

which implies that

xy € Hg.
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For every x € Hg and s € S,

s = sx
= o l(sz)r™! = z7l(zs)z7,
— r1s = s

1

and hence x=' € Hg, which follows from Lemma 1 that Hg is a

subgroup of G.

(b) By (a), H¢ is a subgroup of G. Moreover, by definition, every
element in Hg commutes with every element in G, and so every

element in Hg (C G) commutes in Hg, that is, Hg is abelian. O

Definition 3 ([1]). If @ and b are two nonzero elements of a ring R

such that ab =0 , then a and b are divisors of 0.

Definition 4 ([1]). An integral domain D is a commutative ring

with unity 1 # 0 which contains no divisors of 0 .

Definition 5 ([1]). Let R be a ring with unity 1 # 0. An element u
in R is a unit of R if it has a multiplicative inverse in R . If every

nonzero element of R is a unit, then R is a division ring (or skew

field).

Definition 6 ([1]). A field is a commutative division ring.
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Remark 7 (Theorem 19.5, [1]). The cancellation laws holds in a
ring R if and only if R has no divisors of 0.

Indeed, let R be a ring in which the cancellation laws hold, and
suppose ab = 0 for some a,b € R. We must show that either a or b
is 0. If a # 0, then ab = a0 implies that b = 0 by cancellation laws.
Similarly, b # 0 implies that a = 0, so there can be no divisors of 0
if the cancellation laws holds.

Conversely, suppose that R has no divisors of 0, and suppose that
ab = ac with a # 0. Then

ab—ac=a(b—c)=0.

Since a # 0 and R has no divisors of 0, we must have b — ¢ = 0, so

b = c. A similar argument shows that ba = ca with a # 0 implies
b=c.

Remark 8 (Theorem 19.11, [1]). The main result is that any finite
integral domain is a field.

In fact, let
0,1,aq,...,a,
be all the elements of a finite domain D and let D* = D — {0}. We

need to show that for a € D, where a # 0, there exists b € D such

that ab = 1. Now consider

aD* ={al,aay, ..., aa,}.
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All these elements of aD* are distinct, because aa; = aa; implies
a; = a; by the cancellation laws that hold in an integral domain by
Remark 7. Also, since D has no 0 divisors, none of these elements is
0. In other words, aD* C D* and |aD*| = |D*|, and so aD* = D*.
In particular, since 1 € D* = aD*, we have aa; = 1(= aa;) for some

1. Thus a has a multiplicative inverse.

Definition 9 ([1]). A field F is an extension field of a field F' if
F' is a subfield of E, denoted by F' < F.

Definition 10 ([1]). Let F' be a field. A wvector space over F
(or F-vector space) consists of an abelian group V' under addition
together with an operation of scalar multiplication of each element
of V' by each element of F' on the left, such that for all a,b € F' and

a, 3 € V the following conditions are satisfied.

Vi.ac € V.
Vs. a(ba) = (ab)a.
V. (a4 b)a = (aa) + (ba).
Vi. a(a+ B) = (aa) + (af) .
Vs. la = a.
Elements of V' are called vectors and elements of F' are called

scalars.
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Remark 11 (Example 30.4, [1]). Let E be an extension field of a
field I/ . Then E can be regarded as a vector space over F', where
addition of vectors is the usual addition in £ and scalar multiplica-
tion a« is the usual field multiplication in £ with a € F and a € E.
The axioms follow immediately from the field axioms for E. Here

our field of scalars is actually a subset of our space of vectors .

Lemma 12 ([1]). Let G be a nonempty set and (G, *) be a binary

structure satisfying the following three axioms as follows:

1. The binary operation x on G is associative.

2. There exists a left (right) identity element e in G such that
exx=u forallz € @G.

3. For each a € G, there exists a left (right) inverse a' in G

such that a’ * a = e.

Then G is a group.

Lemma 13. Let D be a ring. If D is a finite ring which has no

divisors of 0, then D 1is a division ring.

Proof. For every a in D* = D — {0}, define a map
Yo D — D* x — ax.

First, since D has no 0-divisor, ¢, is well-defined and one to one.

Hence |D*| = |¢,[D*]|. Moreover, since ¢,[D*] C D* we have
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¢q|D*] = D*, which means that ¢, is surjective. Hence there ex-
ists a @’ in D, such that aa’ = 1. In other words, a has a right
inverse in D*.

Let D* = D — (0). Then (D*,-) is well defined and D* # @. The
associativity clearly holds. Moreover, there exists a right identity
1 in D. Hence by Lemma 28, (D*,-) is a group. Therefore D is a

division ring, as we wished. Il

Definition-Proposition 14. If R is any ring, then the center of

R is the set
C={ce R|cr=rcforall re R}

Then C is easily seen to be a subring of R.

Definition 15 ([1]). An element « of an extension field F of a field

K is algebraic over K if f(a) = 0 for some nonzero polynomial

f(z) € Klx].

Theorem 16 ([1]). Let F' be an extension field of K, and let o € F,
where a 15 algebraic over K. Then there is an irreducible polynomial
p(x) € Klz] such that p(a)) = 0. This irreducible polynomial p(x) is
uniquely determined up to a constant factor in K and is a polynomial
of minimal degree > 1 in K|x] having « as a zero. If f(a) =0 for
f(z) € Klz], with f(z) # 0, then p(x) divides f(z).
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Definition 17 ([1]). An extension field F' of a field K is an al-
gebraic extension of K if every element in F' is algebraic over
K.

Definition 18 ([1]). If an extension field F' of a field K is of finite
dimension n as a vector space over K, then F'is a finite extension
of degree n over K. We shall let [F : K] be the degree n of F

over K.

Definition 19 ([1]). A field K is algebraiclly closed if every non-

constant polynomial in K[z| has a zero in K.

Theorem 20 (Theorem 31.17, [1]). Ewvery field K has an algebraic
closure, that is, an algebraic extension K of K which is algebraiclly

closed.

Definition 21 ([1]). Let K be a field with algebraic closure K. Let
{fi(z) | i € I} be a collection of polynomials in K[z] . A field FF < K
is the splitting field of {f;(x) | i € I} over K if F is the smallest
subfield of K containing K and all the zeros in K of each of the f;(z)
for ¢ € I.

A field E < K is a splitting field over K if it is the splitting field

of some set of polynomials in K[z].
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Definition 22 ([1]). Let F' be an extension field of K such that the
fixed field of the Galois group Autg F' is K itself. Then F' is said to

be a Galois extension (field) of K or to be Galois over K.

Lemma 23. Let F' be an extension field of K and f € Klz]. If
u € F is a root of f and o € AutgF, then o(u) € F is also a root

of f.

Proof. If f = > kia', then f(u) = 0 implies 0 = o(f(u)) =
o(Sk') =3 o(ki)o(u') = 3o kio(u)' = f(o(w)). 0

Lemma 24. If F' is an extension field of K and E is an intermediate
field of the extension such that E is algebraic and Galois over K,
then E is stable (relative to F and K ), that is, for all o € AutkF,
ola) € E,Va € E.

Proof. If u € E, let f € K[z]| be the irreducible polynomial of u and
let uw = wuq,us, ..., u, be the distinct roots of f that lie in £. Then
r<n=degf. If 7 € AutgFE, then it follows from Lemma 23 that
7 simply permutes the u;. This implies that the coefficients of the
monic polynomial g(z) = (x — w;)(z — ug) - - - (x — u;) € E|x] are
fixed by every 7 € Autg E. Since E is Galois over K, we must have
g € K[z]. Now u = wu; is a root of g and hence f | g. Since g is
monic and deg g < deg f, we must have f = g. Consequently, all the
roots of f are distinct and lie in E. Now if 0 € Autg F', then o(u) is
a root of f by Lemma 23, whence o(u) € E. Therefore, E is stable
relative to F' and K. U
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Lemma 25 (Theorem 3.11, [2]|). If E is an extension field of K,

then the following statements are equivalent.

(1) E is algebraic and Galois over F;

(2) E is separable over F' and E is a splitting field over F' of a
set S of polynomials in Fz|;

(3) E is a splitting field over F of a setT' of separable polynomials

Lemma 26 (Theorem 5.3, [2]). If E is a field and G is a finite
subgroup of the multicative group of nonzero elements of E, then
G is a cyclic group. In particular, the multiplicative group of all

nonzero elements of a finite field is cyclic.

Lemma 27 (Lemma 33.9, [2]). If F is a field of prime characteristic
p, then (a+B)P" = o?" +3°" for alla, 3 € F and all positive intergers

n.

Remark 28 (Remarks, [2]). (1) Let K be a field and n a posi-
tive integer. An element ( € K is said to be an nth root of
unity provided (" = 1. It is easy to see that the set of all
nth roots of unity in K forms a multiplicative subgroup of
the multiplicative group of nonzero elements of K. This sub-
group is cyclic by lemma 26 and has order at most n. ( € K
is said to be a primitive nth root of unity provided ( is

an nth root of unity and ¢ has order n in the multiplicative
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group of nth root of unity. In particular, a primitive nth root
of unity generates the cyclic group of all nth root of unity.
(2) If char(K) = p and p | n, then n = p*m with (p,m) = 1 and
m < n. Thus 2" —1 = (2™ — 1)*". Consequently the nth
roots of unity in K coincide with the mth roots of unity in

K. Since m < n, there can be no primitive nth root of unity

in K.

3. Cyclotomic Extensions and Galois Theory.

First of all, we introduce the primitive nth root of unity and cyclo-

tomic extension here.

Lemma 29. Let K be a field of characteristic p > 0. If p{n, then

(1) 2™ — 1 has n distinct roots in any splitting field F' of 2" — 1
over K, and

(2) the cyclic group of nth roots of unity in F has order n and
F' contains a primitive nth root of unity.

(3) In particular, if K does contain a primitive nth root of unity,

then K contains n distinst roots of x™ — 1, whence F' = K.
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Proof. (1) Let a € F and o™ — 1 = 0. Note that n - a"! # 0 since

(p,n) = 1.
Define
" —1
glz) = ——
= (" '+ar" 2+ .- +a" 2 +a" ) e Fla].
Then
gla) = a1 4. 4ot
= n-a"!

# 0.

Therefore ™ — 1 has n distinct zeros in F.

(2) Let G ={a; | af =1, a; € F, i =1,...,n} be the set of all zeros
of ™ — 1. Then G is a finite subgroup of F™*, and hence G is a cyclic
group of order n by Lemma 26. Thus G has an element of order n,
which is a primitive nth root of unity.

(3) Supose K contains a primitive nth root of unity, a. Then
{1,q,...,a™ '} is the set of zeros of 2™ — 1 , that is, K contains

n distinct zeros of ™ — 1, and hence

F=K()=K.

Definition 30 ([2]). A splitting field E over a field F of 2" —1 € F[z]
(where n > 1, 1 is a unity in F') is called a cyclotomic extension

of order n .
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Remark 31. Let G = (a) be a cyclic group of order n. Then a* = ¢
for some positive integer k € Z* if and only if n | k. In fact, let
k =nqg+r where ¢,r € Z and 0 <r < n.
Then
a* =a" " = (a")1-a" =a" =¢
= r=0("]al=n)

Conversely, if n | k, i.e, k = n - ¢ for some ¢ € Z*, then

a" =a" = (a") = el =e.

Definition 32 ([2]). Let K be a field and f € K[x] an irreducible
polynomial. The polynomial f is said to be separable if in some
splitting field of f over K every root of f is a simple root.

If F'is an extension field of K and u € F'is algebraic over K, then u
is said to be separable over K provided its irreducible polynomial
is separable. If every element of F' is separable over K, then F'is

said to be a separable extension of K.

Lemma 33. Let n be a positive integer and F' a field which contains
a primitive nth root of unity (.

(1) If d | n, then ("' = 7 is a primitive dth root unity in F.

(2) Ifd | n, u is a nonzero root of x* — a € Flx], then 2% — a has

d distinct roots, namely u, nu, n*u, ...,n%1!

, wheren € F is a
primitive dth root of unity. Furthermore F(u) is a splitting

field of z% — a over F and is Galois over F.
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Proof. (1) Note that (¢) is a cyclic group of order n. Hence, by

Remark 31, | (4 |= <nf%> = d, that is, (@ is a primitive d-th root of
unity.
(2) Note that u, nu, n?u, ...,n%1 are all zeros of ¢ — a; for
(u-n)" —a
— iy —a
= ul—a
= 07

for every 1 =0,1,...,d — 1.

d—1 d—1

Moreover, since 1,7, ...,n* " are all distinct, w, un,...,un®"" are also
all distinct, and F'(u) is a splitting field of a separable polynomial

2% — a over F. Therefore F(u) is Galois over F, as we wished. [

Example 34. Let a = ’HT‘/‘;” Then « is the primitive 3rd root

of unity, and F = Q(«) contains a primitive 3rd root of unity.
Hence, by Lemma 33, 23 — 2 has 3 distinct roots, v/2, v/2a, /202
and F(v/2) = Q(a, v/2) is a splitting field of 2% — 2 over F and is

Galois over F'.

Definition 35 ([1]). A finite extension E of a field K is a finite

normal extension of K if F is a separable splitting field over K.

Definition 36 ([1]). A finite normal extension of a field K is abelian

over K if Autg FE is an abelian group.
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Lemma 37. If E is abelian over K and F' is normal extension of
K, where K < F < FE, then E s abelian over K and F' is abelian

over K.

Proof. Since E is abelian over K, we have that AutyxFE is abelian.
Moreover, since AutpE' < Autx E) we see that Autz FE is also abelian,
that is, /' is abelian over F.

Since F'is normal extension of K, by Galois Theory, we have AutyF =
Autg F/AutpE which is also abelian. In other words, F' is abelian
over K. U

Definition 38 ([1]). A finite normal extension E of a field K is
cyclic over K if Autg FE is a cyclic group.

Lemma 39. If E is cyclic over K and F' is normal extension of K,

where K < F < E, then F' is cyclic over K and E is cyclic over F'.

Proof. Since AutpFE is a subgroup of a cyclic group Autgx F, AutpFE
is also a cyclic group. Moreover, since E' is a normal extension F', E'is
cyclic over F'. Since F' is a normal extension of K, by Galois Theory,
we have that AutpF < Autg E and so Autg F' = Autg E/AutpE is

cyclic, and hence F' is also a cyclic extension of K. U
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Remark 40. Let G = (a) be a cyclic group of order n < +oo and
let 7,5 € Z. Then

at = a’
& a7 =e (e:identity of G)
< nl(i—j)
& i=j (mod n).

Theorem 41 ([2]). Fundamental Theorem of Galois Theory
If F is a finite dimensional Galois extension of K , then there is a
one-to-one correspondence between the set of all intermediate fields

of the extension and the set of all subgroups of the Galois group
Autgc F (given by E +— E' = AutgF ) such that:

(1) the relative dimension of two intermediate fields is equal to
the relative index of the corresponding subgroups; in particu-
lar, Auti F has order [F : K];

(2) F is Galois over every intermediate field E, but E is Ga-
lois over K if and only if the corresponding subgroups E =
AutpF is normal in G = Autg F; in this case G/E' is (iso-
morphic to) the Galois group AutxE of E over K.

Theorem 42. Let n be a positive integer, ' a field such that the
characteristic of F' does not divide n and E a cyclotomic extension

of F' of order n.

(1) E =F(C), where ¢ € E is a primitive nth root of unity.
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(2) E is an abelian extension of dimension d, where d | p(n) (p
is the Euler function); if n is prime, then E is actually a
cyclic extension.

(3) AutpE is isomorphic to a subgroup of order d of the multi-
plicative group of units of Z,,.

Proof. (1) Lemma 28 (2) shows that £ contains a primitive nth root
of unity ¢. By definition 1, ¢, ...,{""! € F(¢) are the n distinct roots
of 2" — 1, hence F(¢) = E.
(2) Since the irreducible factors of 2™ — 1 are separable, Lemma 25
implies that E is Galois over F. If 0 € AutpFE, then o is completely
determined by o((). Let irr(¢,F) = ap + a1z + - - - + a,2" = p(x).
Since o(a) = a, for every a € F, we have
0 = o(0)

= o(ap+ai(+- - +a,(")

= ap+ao(C) + -+ a0 (Q)",
and hence p(c(¢)) = 0. In other words, o(¢) = (" forsome 1 <i <n
since irr(¢,F) | ™ — 1. Similarly o7(¢) = ¢?, for some j, so that
(! = 07'o(¢) = (Y. Hence by Remark 40, i -j = 1 (mod n), so
1 € Zy is a unit. Let Z be the multiplicative group of units of the

ring Z,. Then we obtain a monomorphism
v: Autpll — 7, 0 — .
Hence G = G//ker = Imy, and so we have
| AutpE [=| Tme | || Z;, [= ¢(n).

Moreover, since Z} is a abelian group, AutpE = Imy < Z7 is also an

abelian. Furthermore, if n is a prime, then Z? is cyclic, and hence,



18 YOUN-JOO CHOI

by Lemma 26, AutpE = Imp < Z is also cyclic. Hence E is a cyclic

extension. 0

Definition 43 ([2]). Let n be a positive integer, F' a field such that
char(F) does not divide n , and E a cyclotomic extension of order
n of F. The n-th cyclotomic polynomzial over F is the monic

polynomial g, = (z — (3)(x — (o) - - - (x — () where (1, (s, ..., (, are

all the distinct primitive nth roots of unity in F.

Theorem 44. Letn be a positive integer, F a field such that char(F)
does not divide n and g,(x) the nth cyclotomic polynomial over F.
(1) 2" =1 = [1yp, 9a().
(2) The coefficients of g,(x) lie in the prime subfield P of F. If
char(F') = 0 and P is identified with the field Q of rationals,
then the coefficients are actually integers.

(3) deggn(z) = ¢(n), where ¢ is the Euler function.

Proof. (1) Let E be a cyclotomic extension of F' of order n and ¢ € F
a primitive nth root of unity. The cyclic group G = () of all nth
roots of unity contains all dth roots of unity for every divisor d of n.
In fact, if « € E and o — 1, then o™ — 1 = 0. Hence « is a zero of
2™ — 1, and hence a = (' for some 0 < i < n — 1. Clearly, n € G
is a primitive dth root of unity (where d | n) if and only if | n |= d.

Therefore for each divisor d of n.
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and
" —1=][e@-n=1]C I @-m) =]]g).
neG dln n€G,|nl=d din

(2) We prove the first statement by induction on n. Clearly,
gi(x) =2 —1€ Plx].
Assume that (2) is true for all £ < n and let

fa@)= [ ala):

dn,d<n

Then f(x) € Plx] by the induction hypothesis and in E[z],

2" — 1= f(x)gn(z)

by (1). On the other hand 2" — 1 € P[z] and f(x) is monic. Conse-
quently, the division algorithm in P|[z] implies that

o' = 1= f(x)h(z) +r(z)

for some h(z), r(z) € P[z] C Flz]|. Therefore, by the uniqueness of
quotient and remainder (of the division algorithm applied in E[z])

we must have

2" —1 = f(x)h(x)+r(z), h(z), r(z) € Plz] < Elx]

and hence
r(z) =0 and g,(z) = h(x) € Plz]. This completes the induction.
If char (F') = 0 and P = Q, then a similar inductive argument using

the division algorithm in Z[z| and Q[z] (instead of P[z], F|[x]) shows
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that g, (x) € Z[x] .
First,
gi(x) =x—1€ Z[z].
Note that 2" —1 = f(x)g,(z) and g,(x) € Qz], and ag,(x) € Z|x]

for some a € Z. In other words,

a@* —1) = f(z) (agn(z))

= cla@@" =1)) = c(f(z)- (agn(z)))
= o(f(z))c(agn(z))

= a = 1-clagn(z)),

which means that g,(x) € Z|x].

(3) deg g, (z) is clearly the number of primitive nth roots of unity.
Let ¢ be such a primitive root so that every other (primitive) root
is a power of (. Then (* (1 < ¢ < n) is a primitive nth root of unity
(that is, a generator of G) if and only if (¢,n) = 1. But the number
of such ¢ is by definition precisely p(n). O

Remark 45 (Theorem 6.13, [2]). Let D be a unique factorization
domain with quotient field F' and f(z) a primitive polynomial of
positive degree in D[z]|. Then f(x) is irreducible in D[] if and only
if f(z) is irreducible in F[z].

We now prove the main theorem here.

Theorem 46. A finite division ring D s a field.
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(a) The center K of D is a field and D is a vector space over K,
whence |D| = |K|™ for somen € Z7.

(b) If 0 # a € D, then N(a) ={d € D | da = ad} is a subdivi-
sion ring of D containing K. Furthermore, |N(a)| = q" for
some r € Z" where r | n.

(¢) If0 #£a € D — K, then N(a)* is the centralizer of a in the
group D* and [D* : N(a)*] = (¢ — 1)/(q" — 1) for some
r € Z" such that 1 <r <mn andr|n.

(d) ¢"=1=q—-14+>,(¢" —1)/(¢" — 1), where the last sum
taken over a finite number of integers r such that 1 <r <n
and r | n.

(e) For each primitive n-th root of unity ¢ € C, |¢ — (| > q—1,
where |a + bi| = Va®+ b2 for a +bi € C. Consequently,
lgn(q)| > q — 1, where g,, is the n-th cyclotomic polynomial
over Q.

(f) The equation in (d) is impossible unless n = 1, whence K =
D.

Proof. (a) K =x € D | xy =yx, for all y € D. Then it is obvious
that 0 € K and 1 € K. Assume «, € K. Then for every x € D,

(=P = ax— Pz
= za—zf (o, fEK)

= a(a—p),
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i.e, « — f € K. This means that (K, +) is an abelian group. More-

over,

(af)r = a(fz)
a(zp)

= a(zp) (B EK)
(az)p
(za)f (" a € K)
= z(af),

and so aff € K. Hence k is a subring of D. Furthermore, for every

a € K — 0, there exists a™! € D s.t aa™! = a~'a = 1. Hence, for

every x € D,
ax = za(a€eK)
= alar)a! = al(za)a!
= ra~! = oz_lx,

which means that ™! € K, i.e, K is a field. Note that, by Re-
mark 11, D is a vector space over K. Since D is a finite division
ring, D is a finite dimensional vector space over K, say n € Z". In
other words, | D |=| K |™.

(b) By the similar method as in the proof of (a), one can show that
N(a) is a subdivision of D containing K. Let | K |= ¢. Note that
K < N(a) < D, that is, [N(a) : K| | [D : K]. Hence | N(a) |=r for
some r = [N(a) : K] and r | n. Hence | N(a) |=| K |"=¢".

(c) Let a € D — K. Then N(a)* = N(a) — 0 ( < D*) is clearly the
centraliger of a in the group D*, and

DN = R T

for some r € Z* s.t 1 <r < n and, by (b), r | n.
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(d) Let N(ay)*, ..., N(as)* be the distinct centraligers of ay, ..., as €
D* — K. Then, by the class equation of D*,

| D*| = [CD7) [+ 25D N(a)']
= [ K" [+ 22D N(a)T]
= (-D+2. @ -1/ -1 (. ()

(e) Note that ¢ € C — R, and thus b # 0. Hence

G—aF
> /(g —a)?
lq—al
> |¢g—1| (-0<a<l).

lq— (|

Moreover, since

»(n)

gn(e) =c[[(z =)

i=1

where ¢ € Z and (; are all primitive nth root of unity,

[ I TIZY a6 |
[ TIEY la—1|

g1

’q_1|?

| gn(q) |

AVARN AVARRAYS

Le., [ gn(q) | > (¢—1).
(f) Note that since f,(z) = =1, g, (z) | fr(2) and (gn(z)
1, for every r | n and 1 < r < n. Hence f,(x) = g,(z)h,(z) with

h.(z) € Z]z]. In particular,

gn(a) | fr(a) = <qn — i)

q’/‘
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for such r. Thus

la) 1 (q" = 1) = (@ = 1) + 22 (Zn - i)

>0 [ a=1 (= ol | 5=,

which is a contradiction if n > 1. Therefore, n = 1, that is, D = K,

which completes the proof. Il

Theorem 47. Let D be a finite ring with no divisors of 0. Then D
is a field.

Proof. 1t is immediate from Lemma 25 and Theorem 46. Il
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The goal of this thesis is to prove that every finite ring without
divisors of 0 is a field. For this proof, we use several concepts and
results of a field theory, that is, we need the following concepts:
Galois theory, splitting fields, separable extensions, and normal
extensions.

Finally, we prove that a finite division ring is always a field.
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