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ABSTRACT

Artinition O-sequences of
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Cho Jung Yeon
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Graduate school of Education
Sungshin Women's University

Supervised by professor Shin Yong Su Ph.D.

The purpose of this study was to examine the
Codimension 3, Socle Degree 5 and Type 3 Artinian
O-sequences 73 based on Theorem of Froberg and

Laksov.

First of all, we prove that 39 sequences cannot be
level using [1], [4], [14], and we prove that 2 sequences

can be level by Theorem in [4].

Then, we introduce how to construct 32 sequences

using CoCoA, S-plus.



1. Introduction

Let k be an infinite field, R = k[z1,..., 2, = ;5 i, and let I be
a homogeneous ideal of R, A = R/I. The Hilbert function of A,
H, : N — N, defined by,

has been much studied and, in case I is the ideal of a subscheme of
P!, contains a great deal of information about the geometry of this
subscheme.

Let H be a numerical function which can be the Hilbert function of a
finite set of points in P". For any particular H, there are infinitely many
different collections of points which share H as their Hilbert function.
In [5], they showed, that there is a one to one correspondence between
all possible Hilbert functions of finite sets of points in P" and n-type
vectors (see Theorem 2.6, [5], see also [6] or [7]).

In [8], they asked the following questions.

(1) If H is a possible Hilbert function for a set of reduced points in
P", what are all the possible graded Betti numbers for sets of
points X C P™ which have Hilbert function H?

(2) What can be the Hilbert function of a level Artinian algebra,

(see Section 2 for the definition)?

By works of Bigatti [13], Hulett [11], and Pardue [12], we know that,
given H, there is a unique maximal set of graded Betti numbers which

can have.



In Section 2, we introduce some definitions and preliminary obser-
vations about Gorenstein and level Artinian algebras (see also [8]). In
8], they used the fact that if a set of points in P? has level coordinate
ring, then one can break the set up two subsets and used those subsets
to construct a level algebra of codimension 3. Moreover, they used this
method to get a complete list (in codimension 3) of all Hilbert func-
tions of level algebras of type 2 and socle degree < 5. Recently, in [4],
they obtained all possible Hilbert functions (in codimension 3) of level
algebras of socle degree 6 and type 2.

In Section 3, we prove that some sepecial O-sequences cannot be
level (see Propostions 3.8 and 3.10)

In Section 4, we introduce how to construct all codimension 3 level

Artinian algebras of socle degree 5 and type 3.

2. Gorenstein and Level O-sequences

Definition-Proposition 2.1 (Definition-Proposition 2.21, [8]). Let
R = klxg,---...,z,) and let A = R/I be a Cohen-Macaulay ring of

dimension d. Let
0—Fpg-1) = —F1—1—0

be a minimal free resolution of /. Then



(a) f B=ByP---P Be (B; # 0) is an Artinian algebra, then B
is level if and only if By = Ann(By).

(b) A is a level algebra if F,_(4_1) = R™(—s), for some s > 0.
rank F,_(4—1)
= Cohen-Macaulay type of A.

(¢) 1) If X is a non-degenerate set of points in P, A = R/Ix its
coordinate ring, then we say that ¢ is the socle degree of X
if ¢ is the socle degree of the Artinian algebra B = A/LA,
where L is any linear non-zero-divisor of A.

ii) X is called a level set of points if A = R/Ix is a level
algebra. In this case, the socle degree of X is ¢ = o(X) +
n— 1.

(d) If L is a linear non-zero divisor in A = R/I, then A is level if
and only if A/LA ~ A/(L, Ix) is level.

(e) A 0-dimensional differentiable O-sequence (equivalently, an O-
sequence whose first difference is the Hilbert function of an
Artinian algebra, see e.g., [9]) b = {b;}i>0 with by = n + 1,
is called lewvel if there is a level set of points in P” with Hilbert

function b.

Here we have an interesting question.
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Question 2.2. What are the possible Hilbert functions of level Ar-

tinian algebras of codimension 3 with r(R/(Ix + Iy)) = 37

3. Non existence of Level O-sequences of Socle Degree 5 and

Type 3

Before we construct all possible level Artinian O-sequences of socle
degree 5 and type 3, we would like to introduce how to construct all
Gorenstein O-sequences of socle degree 5 in the following Example 3.1
using Corollary 4.6. Notice that we used CoCoA [2], a system for
doing Computations in Commutative Algebra to calculate the Hilbert

functions in Example 3.1.

Example 3.1. Consider any level O-sequenceH : 1 3 a g v 1
Since the sequence H is of type 1, we have that H is a Gorenstein se-

quence of socle degree 5, and hence we have that
a=p0=3,4,5, or, 6 and v =3.

Let X be the set of all ’s in Z and Y be the set of all *’s in Z.

7 =

* ¥ X @
* @ %X @
® X & o
e 6 o o



Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy, : 1 36 10 13 15 16 —

. 136 10 10 10 10 —
Hy : 136 6 6 6 6 —
Hiiry 1 36 6 3 1 0 —.

By the same idea, we can construct all the other cases when a = 3 =

3,4, or, 5.

We recall a special case of a theorem of Froberg and Laksov of [3]
that if A is a level Artinian algebra of codimension 3 and type m with

o —1=1, then

o o)l ~17)

The following algorithm for CoCoA is due to Georgio Daldozzo in

Italy.

Define HvectorAdmis2(K)
L := [[[1,3]1]];
For I:=2 To K Do
Prov := [];
Foreach E1 In L[I-1] Do
For J:=1 To BinExp(El[Len(E1l)],I-1,1,1) Do
Append (Prov,Concat (E1, [J]));
EndFor;
EndForeach;

Append (L,Prov) ;



EndFor;

A := L[Len(L)];

B:= [Elements In A | Elements[Len(Elements)]=2];
Return [Elements In B | Elements[Len(Elements)-1]1< 7];

EndDefine;

Remark 3.2. Consider the sequence H : 1 3 a  ~v 2 0. Us-
ing the above algorithm for CoCoA, we obtained 79 possible Artinian
O-sequences of type 2 (see Example 3.18, [8]). The only 24 cases are
all possible level Artinian O-sequences among all 79 possible Artinian
O-sequences.

Here we introduce how to construct the most interesting case
1 3 6 10 6 2

among 24 possible level Artinian O-sequences, which is extremal.

x ®
x ®
x o ® %
=19 o % % x
® X @ X
® X O @
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy 1 3 6 10 14 18 20 —
Hx 1 3 6 10 10 10 10 —
Hy 1 3 6 10 10 10 10 —
HR/(IX‘|'IY) 1 3 6 10 6 2 0 —



We now consider Question 2.2 for the case o = 6. Using the above

Georgio’s algorithm for CoCoA again, we obtain all possible 73 Artinian

O-sequences of type 3 as in Table 1.
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TABLE 1. All possible Artinian O-sequences of length 6

and type 3



Before we find all possible level Artinian O-sequences of socle degree
5 and type 3, we need the following theorems and corollary to eliminate

some of non-level cases.

Theorem 3.3 (Theorem 2.12, [4]). Let hg—2, hg—1, hq be three non-

zero integers such that
ha=h"" and  he_y =hiY.

Let I be any ideal in R = k[x1, ..., x,]| such that the Hilbert function
of R/1 satisfies

H(R/I.,d—2)=hqo+e, €>0
H(R/I,d —1) = hy_,
H(R/I,d) = hq.

Then, the ring R/I has socle of dimension € in degree d — 2.

Theorem 3.4 (Theorem 8, [14]). IfH : hy hy --- hy 0 —isa
level Artinian O-sequence wheret > 2, then G : hg hy --- hi—1 0

— 15 also a level Artinian O-sequence.

Using Theorems 6 and 7, the following cases in Table 2 are not level.



2) [1,3,3,4,3,3]3) 1,33, 4,4,3] 4 [1,3,3,4,5 3
6) [1,3,4,4,3,3]8) |1,3,4,4,53] 9 |1,3,4,5, 3,3
14)1,3,5,4,3,3|16) | 1,3,5,4,5,3|17)| 1, 3, 5, 5, 3, 3
20)[1,3,5,5,6,3(21)]1,3,5,6,3, 3|26 13,57 3,3
34)[1,3,6,4,3,3(36) | 1,3,6,4,5 3|37 13,6,5, 3,3
10)[1,3,6,5,6,341)]1,3,6,6,3,3]46)[1,3,6,7, 3,3
53)11,3,6,8,33(60)|1,3,6,9,3,3|67) 13,6, 10, 3, 3

TABLE 2. By Theorems 6 and 7, the cases are not level.

Theorem 3.5 (Theorem 4.1, [1]). Let R = k[x1, 22, 23] and let H =
(ho, h1, ..., hs) be the h-vector of a graded Artinian algebra A = R/I

with socle degree s. If
hd—l > hd and hd = hd+1 < 2d + 3,

then H is not level

Y

5 11,3, 4, 3,3 3[13) |1, 3, 5,
1,363, 3,3 13,6

.3[15) (1, 3,5, 4, 4,
33) | 1, 3, 35) 3 1,3,6,5,5

3
39) | L, 3, 3

3,3
4,4

Y ) Y ) ) Y ) Y Y ) Y

TABLE 3. By Theorem 8, the cases are not level.

Theorem 3.6 (Corollary 2.11, [4]). Let h = (1, hq,..., hs) be a level
sequence with hg > 1 and let A be any Artinian algebra with Hy = h.
Then the vector (hs, hs_1,...,hy,1) is the sum of:
1) a Gorenstein sequence (1,by,...,bs_1,1) (of length s+ 1) which
15 the h-vector of a quotient of A and
2) hy —1 O-sequences (1,dj1,...,dj;), j=1,...hg — 1, each of

which is the h-vector of a quotient of A.
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Remark 3.7 (Remark 2.7, [4]). There is one more additional useful

fact that comes out of the proof. If we let h = (1,%1, cohy), <
s be any one of the O-sequences in the decomposition promised by

Theorem 3.6, then hy < hy.

Proposition 3.8. There is no level Artinian algebra with the Hilbert

function1 3 6 8 4 3.

Proof. Assumel 3 6 8 4 3islevel. Then thereverse of (1, 3,6, 8,4, 3)
can be written as the sum of a Gorenstein sequence (1,0, ..., by, 1) and

an two O-sequences of lenth 6 by Theorem 3.6, namely

1) (3,4,8,6,3,1) = (1,1,1,1,1,1)+(2,3,7,5,2,0),

2) (3,4,8,6,3,1) = (1,2,2,2,2,1)+(2,2,6,4,1,0),

3) (3,4,8,6,3,1) = (1,2,3,3,2,1)+(2,2,5,3,1,0),

5) (3,4,8,6,3,1) = (1,3,4,4,3,1)+(2,1,4,2,0,0),

) ( ) = ( )+( )
) ( ) = ( )+( )
) ( ) = ( )+( )
4) (3,4,8,6,3,1) = (1,3,3,3,3,1)+(2,1,5,3,0,0),
) ( ) = ( )+( )
6) (3,4,8,6,3,1) = (1,3,5,5,3,1)+(2,1,3,1,0,0),
7) ( ) = ( )+( )

3.4,8,6,3,1) = (1,3,6,6,3,1)+(2,1,2,0,0,0).
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But, in 1),
(27377757270) = 1 ,Oé,ﬁ,())+(1,2,6,5—O&,2—ﬁ,0),
S

2 2 Oé,ﬁ,O)+(1,1,5,5—O&,2—ﬁ,0),
<9

2 3 Oé,ﬁ,O)+(1,1,4,5—O&,2—ﬁ,0),

= (173704767'%0)+(1>0>7_a>5_ﬁ>2_770)7
a<6

can’t be as a sum of two O-sequences since (1,2,6,5 — «,2 — 3,0),
(17 17 57 5—0&, 2_67 0)7 (17 17 47 5—0&, 2_67 0) and (17 07 7—0&, 5_67 2_77 0)

are not O-sequences.

In 2),
(27276747170) = (1,1,1,@,5,0)—I—(1,1,5,4—a,1—6,0),
a<l1
= (172704767'%0)+(1>0>6_O‘>4_ﬁ>1_770)7
a<3

cannot be as a sum of two O-sequences since (1,1,5,4 — «, 1 — 3,0)

and (1,0,6 — a,4 — 3,1 — ~,0) are not O-sequences.

In 3),

(27275737 170) = (17 1,@,/8,’)/,0) _l_(
= (1,2,@,/8,’}/,0)_'_(

cannot be as a sum of two O-sequences since (1,1,5—«,3—3,1—+,0)

,1,5-0&,3-6,1-7,0),0&31
,0,5-0&,3—6,1—’}/,0),Oé§3

—_ =

and (1,0,5 —«,3 — 3,1 —~,0) are not O-sequences since 5 — a > 2.

IH4), (27175737070) = (1,1,0(,5,0,0)—I—(1,0,5—Oz,3—ﬁ,0,0),oz S 1
cannot be as a sum of two O-sequences since (1,0,5 — «,3 — 3,0,0) is

not O-sequence since 5 — o > 4.
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By the same idea as above, we one can show that the cases 5), 6),

and 7) cannot be as a sum of two O-sequences.

Therefore 54) 1 3 6 8 4 3 is not level, as we wished. O

Using the same idea as in the proof of Proposition 12, one can show

that the following two more case cannot level;

27Y11,3,5,7,4,3 [61)]1,3,6,9,4,3]68) 1, 3,6, 10, 4, 3
69) | 1, 3, 6, 10, 5, 3

Y

Y )

TABLE 4

Definition 3.9. (a) A total order on the monomials of each degree
is said to be a term order if
i) x; > -+ > x,, and
ii) m; > my implies mmy > mms, for any monomials m, m;
and ma.
(b) The reverse lexicographic order is a term order defined to
be 2 - xin > g7t ... 29 if and only if
i) > ig > > g or
i) > i, =>_ jr and
there is s such that i, = j; for s <t <n and is < js.
(c) The lexzicographic order is a term order defined to be z' - - - zin >
20t if and only if

i) i > jior



i) > i, =>_ jr and
there is s such that i, = j; for t < s < n and i > js.

(d) Let S be a subset of all monomials in Ry. S is a lex-segment
if a monomial m of deree d is in S, then every monomial m’ of
degree d in Ry such that m’ > m isin S.

(e) Let I = D,5¢ It be a graded ideal of R. We say that I is a
lex-segment ideal if for every t > 0, I; is generated (as a

vector space) by a lex-segment.

By the following Proposition 3.11, the case 22) 1 3 5 6 4 3is

not level.

Proposition 3.10. There is no level Artinian algebra with the Hilbert
function1 3 5 6 4 3.

Proof. Assume there exists a homogeous ideal I of R = k[z,y, z| such
that the minimal free resolution of R/I is H and R/I is level.

Here is the Betti diagram for the lex-segment ideal with this Hilbert

function:
total 1 9 14 6
0 1 - - -
1 - 1 - -
2 - 1 1 -
3 - 3 5 2
4 - 1 2 1
5 - 3 6 3

13
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Suppose that I has 3 generators in degree 6. Let J be the ideal
generated by the components of I of degree < 5. Then the Hilbert
functionof R/Jis1 3 5 6 4 3 3 ---. Notethat the growth from
degree 5 to degree 6 is maximal, and that in degrees 4, 5 and 6 the
sequence 3 3 3 is a maximal sequence. Therefore, by Theorem 3.3,
R/J has a socle element in degree 4. Hence also R/I has such a socle
element. It follows that in order for R/I to be level, I must have at
most 2 generators in degree 6. But then both copies R(—6) of the last

free module cannot be canceled. O

By the same idea as above, one can prove that the case 42) is not

level.

Remark 3.11. (Non-Cancellable Case) Let I be a lex-segment ideal
in R with Hilbert function 1 3 6 6 7 3. Then the minimal free

resolution of R/I is

0 — R(-5)@®RY-T)®R(-8) — RY—-4)® R (—6)® R*(-7)
— RY-3)® R(-5)@®R}(-6) — R — R/I — 0,

and hence the copy R(—5) in the last free module is not cancelable,
that is, the case 45) 1 3 6 6 7 3 is not level. By the same idea,

one can prove that the cases 47), 52) and 62) cannot be level.

By Example 3.13 in [4], the case 38) 1 3 6 5 4 3 is not level,

either.



4. Some Construction of Gorenstein and Level Artinian

O-sequences

Definition 4.1 (Definition 3.1, [?]).  (a) A finite set X of points P?
is called a basic configuration of type (d,e) if there exist
distinct elements b;, ¢; in k such that

d e
Ix = <H(x —bjz), H(y — CjZ)) :
=1 j=1
We denote X := B(d, e).

(b) A finite set X of points in P? is called a pure configuration
if there exist finite basic configurations B(dy, e1),. .., B(dm, em)
where e; > --- > e,,, which satisfy the following three condi-
tions:

(i) B(d;,e;) NB(dj,ej) = @ if i # j,

(i) X =B(di,e1) - UB(dm, €m),
(iii) @(B(d;,ei)) D @(B(dit1,€i41)) for all 1 <i < m —1, where
¢ : P2\ {(1,0,0)} — P! is the map defined by sending the
point (z,y, z) to the point (y,z). In this case, we denote

X =UL B(d;, e).

15
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Proposition 4.2 (Proposition 3.8, [8]). Let X = (J;", B(di, e;) be a

pure configuration in P2. Then a minimal free resolution of X is :
m—+1

0— P R(-p) - P R(—a:) = R — R/Ix -0,
=1 =1

where
=€, ¢G=d+--+d+e (2<i<m),

i1 =di+ - +dn, pi=q¢+d (1<i<m).

Corollary 4.3 (Corollary 3.10, [8]). Let X = J", B(d;, e;) be a pure

configuration in P%2. Then X is level if and only if
e — €it1 = dis1

foralll <i<m—1.

If r(A) is Cohen-Macaulay type of a Cohen-Macaulay standard graded
k-algebra A, and if A = @izo A; is an Artinian level algebra, then
r(A) = dimy, Ay(a)—1, where 0(A) = min{i|4; = 0}. HZ =", B(d;, e;)

is a level pure configuration in P2, then r(Z) = r(R/Iz) = m.

Lemma 4.4 (Lemma 3.14, [8]). Let Z be a level set of points in P* and
X a subset of Z. Set Y :=7Z/X. Then R/(Ix + Iy) is an Artinion level
graded k-algebra with o(R/(Ix+ Iy)) = 0(Z) — 1 and r(R/(Ix + Iy)) <
r(Z).



Corollary 4.5 (Corollary 3.15, [8]). Let Z = |J;*, B(d;, e;) be a level
pure configuration in P* and X a subset of Z. Set Y := Z/X. Then
R/(Ix+1Iy) is an Artinion level graded k-algebra with o(R/(Ix+Iy)) =
di+e—2 and r(R/(Ix + Iy)) < m.

Now we classify all cases in Table 1 in the following example.

Theorem 4.6 (Proposition 5.24, [4]). Let (1, hy, ho,--- , hs) be the h-
vector of a level algebra A = R/I where R = k[z1,--- ,x,]. Let j =
max{i | h; = (Hj_l)}. Then, there is an ideal J C I so that B = R/J

is a level algebra with h-vector (1, hy,---  hj, hjp1 +1,---  hs +1).

Before we use Theorem 4.6, we shall show how to construct the
following two level O-sequences (1,3,6,7,4,2) and (1,3,6,9,5,2) using

link-sum construction.

Example 4.7. We start with a level set of points, Z in P? which we
partition into two subsets X and Y. The points of X will be denoted
with e’s and those of Y with x’s. Next to each diagram we give the

Hilbert functions of all the relevant rings.
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~

*
*
%
Z=<e® *x % x
x % e ®
x o e %
([ o o x
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
H;, 1 3 6 10 14 17 19 —
Hy : 1 36 7 7 7 7 —
Hy : 1 3 6 10 11 12 12 —
HR/(IX‘|'IY) 1 3 6 7 4 2 0 —
[ ] [ ] [ ]
[ ] [ ] [ J *
7Z=<e @ % x
o x x %
ok ok %k

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hz; :1 36 10 14 17 19 —
Hyx : 136 9 9 9 9 —
Hy : 1 3 6 10 10 10 10 —
HR/(IX‘|'IY) 1 3 6 9 5 2 0 —

Now we can apply Theorem 4.6 to get level Artinian O-sequences for

the following : 55) from (1,3,6,7,4,2), 70) from (1,3,6,9,5,2).

Example 4.8. We can construct 32 cases among 73 cases in Table 1,
which are: 1), 7), 10), 11), 12), 18), 19), 23), 24), 25), 28), 29), 30),
31), 32), 43), 44), 48), 49), 50), 51), 56), 57), 58), 59), 63), 64), 65),
66), 71), 72), 73).



* K X ¥ X ¥

* ¥ X ¥
® X X% *

K

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy 1 3 6 10 15 21 24 —
Hx 133 3 3 3 3 —
Hy 1 3 6 10 15 21 21 —
Hpory © 1 33 3 3 3 0 —
7)
(% %
* ok
X o %
Z: ® Xk @
ok %
(* * *x *
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy 1 3 6 10 15 21 24 —
Hx 134 4 4 4 4 —
Hy 1 3 6 10 15 20 20 —
HR/(IX‘|'IY) 1 3 4 4 4 3 0 —
10)
(*
e o
* ok %
Z =< % @ x
x e x
x e x
* ok %
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Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hr)(r+10)

11)

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hp/ (1)

12)

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

He/ (1)

—_ = = =

—_ = = =

—_ = = =

W W w w

|k

W W w w

. ®

W W w w

6 9 12 15 18 —
45 5 5 H —
6 9 11 13 13 —
45 4 3 0 —
°

°

e x x

x % %

e x x *

x % % *

6 10 15 21 24
4 5 5 5 5
6 10 15 19 19
4 5 5 3 0

LiLd

* K X ¥ X X
* ¥ X @
* ¥ X ¥

6 10 15 21 24 —

4 5 6 6 6 —
6 10 15 18 18 —
4 5 6 3 0 —.



18)

N
I
X % ¥ %X X x @

* @ X ¥ X ¥
*¥ ® @ O X

\

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy 136 9 12 15 18 —
Hx 1355 5 5 5 —
Hy 136 9 11 13 13 —
HR/(IX"‘IY) 1 3 5 5 4 3 0 —
19)
(@ %
* @
7 — * ok ok
* ok ok
* ok ok
\k *x @ %

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

H;, 1 3 6 10 15 21 24 —
Hx 1 35 5 5 5 5 —
Hy 1 3 6 10 15 19 19 —
Hp/pir,) 0 1 35 5 5 3 0 —.
23)
(%
*
7T, —

@ X % ¥ * ¥

* ¥ X %
® X & o
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Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hr)(r+10)

24)

—_ = = =

W W w w

|k

6
)
6
)

* % @ X ¥ %

Then the Hilbert functions

Hp/ (1)

25)

—_ = = =

W W w w

K

Ot Oy OO

* K X ¥ X X

Then the Hilbert functions

He/ (1)

—_ = = =

W W w w

Ot Oy Ot

10 15 21 24
6 6 6 6
10 14 18 18
6 5 3 0

Ll

® O X X
* @ X %

of X, Y, Z, and R/(Ix + Iy) are

10 15 21 24
6 6 6 6
10 15 18 18
6 6 3 0

LiLd

* @ X ¥
* @ %X @

of X, Y, Z, and R/(Ix + Iy) are

10 156 21 24 —
6 7 7 7T —
10 15 17 17 —
6 7 3

0 — .



28)

N
I
*x © © @ X x @

* K X ¥ X ¥
*¥ ® @ O X

\

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy 1 36 9 12 15 18 —
Hx 1357 7 7 7T —
Hy 136 9 10 11 11 —
HR/(IX"‘IY) 1 3 5 7 ) 3 0 —
29)
(% %
* ok
ok %
Z= ok %
X @ @
[+ ® x x
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy 1 3 6 10 15 21 24 —
Hx 135 7 7 7 7T —
Hy 1 3 6 10 14 17 17 —
HR/(IX"‘IY) 1 3 5 7 6 3 0 — .
30)
(%
*
7 —

® O X X X ¥

* @ X %
® X % ¥
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Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —
Hy : 135 7 7 7 7 —
Hy : 1 3 6 10 15 17 17 —
HR/(IX"‘IY) 1 3 5 7 7 3 0 —
31)
(® %
o x
D R
o x x %
e O o o
(* * * *

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

Hy : 135 7 8 8 8 —
Hy : 1 3 6 10 15 16 16 —
HR/(IX"‘IY) 1 3 5 7 8 3 0 — .
32)
(% x
® X
7 — ® Xx X @
e o o x
e Xx o @
(® * o o

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

Hx : 1 3 6 10 15 15 15 —
Hy : 135 7 9 9 9 —
HR/(IX"‘IY) 1 3 5 7 9 3 0 — .
43)
(%
*
7, —

* ¥ ¥ 6 e e

* @ X @
* ¥ X @
*
*



Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy 1 3 6 10 15 21 24 —
Hx 136 6 6 6 6 —
Hy 1 3 6 10 14 18 18 —
Hpory © 136 6 5 3 0 — .
44)
(% %
[
ok %
Z= x e %
ok %
(* * *x o
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —
Hy : 1 36 6 6 6 6 —
Hy : 1 3 6 10 15 18 18 —
HR/(IX+IY) 1 3 6 6 6 3 0 —
48)

* ¥ ¥ 6 e @
o O X @ X

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy 136 9 12 15 18 —
Hx 1367 7 7T 7T —
Hy 136 9 10 11 11 —
HR/(IX‘|'IY) 1 3 6 7 ) 3 0 —
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49)

N
I
* % % X % %
* @ %

® X @ o

%
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

*

Hx : 136 7 7 7 7 —
Hy : 1 3 6 10 14 17 17 —
HR/(IX"‘IY) 1 3 6 7 6 3 0 — .
50)
(@ o
x @
* ok k%
L= * @ Xk x
* ok k%
Lk * ® @

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

H; : 1 3 6 10 15 21 24 —

Hyx [ Y Y
Hy 10 15 17 17 —

HR/(IX"‘IY) 7 7 3 0 — .

— =
W W Ww
(@) o))

51)

*
@ X * ¥ X ¥

® X ¥
® X X ¥

Lo o o
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

*

Hx : 136 7 8 8 8 —
Hy : 1 3 6 10 15 16 16 —
HR/(IX"‘IY) 1 3 6 7 8 3 0 — .



56)

*
* @ ¥ X X %
e o o

* ¥ @ @

%
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

*

Hyx : 1 36 8 8 8 8 —
Hy : 1 3 6 10 13 16 16 —
HR/(IX"‘IY) 1 3 6 8 6 3 0 — .
57)
(x ®
* @
7 — *x @ @ =k
*x @ X @
* ok x @
Lk %k ok ok

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

Hx 136 8 8 8 8 —
Hy 1 3 6 10 14 16 16 —
HR/(IX"‘IY) 1 3 6 8 7 3 0 — .
58)
(® %
® =k
* ok ok ok
Z= * ok ok ok
® X Xx @
Lk *x @

[
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

Hyx : 1 36 8 8 8 8 —
Hy : 1 3 6 10 15 16 16 —
HR/(IX"‘IY) 1 3 6 8 8 3 0 — .
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59)

N
I
o x % % @ X%

* ¥ X @
® X O X

\ ®
Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

6 10 15 21 24

HZ 1 3 -
Hx 1 36 &8 10 10 10 —
Hy 1 3 6 10 14 14 14 —
HR/(IXJFIY) 136 8 9 3 0 —
63)
(o
* @
¥ o e
Z=<% % e
® x %
* @ %
e x o

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

H; :1 36 9 12 15 18 —
Hy : 1369 9 9 9 —
Hy : 1369 9 9 9 —
HR/(IX"‘IY) 1 3 6 9 6 3 0 —
64)
(®
koK
Z: *x @ @
* @ X
* ok ok
* k@




Then the Hilbert functions of X, Y, Z, and R/

~—~

Ix + Iy) are

Hy; : 1 3 6 10 15 21 24 —
Hx : 136 9 9 9 9 —
Hy : 1 3 6 10 13 15 15 —
HR/(IX"‘IY) 1 3 6 9 7 3 0 — .
65)
(x %
*x @
Z: ® X e ©
* k @ x
* kx e @
L® >k k k

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

Hy : 1 36 9 9 9 9 —
Hy : 1 3 6 10 14 15 15 —
Hp/per,) 0 1 36 9 8 3 0 —.
66)
(% %
*x @
7 — *x @ x @
® O Xx o
® k x X
L ® * * *x

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are
Hy; : 1 3 6 10 15 21 24 —

Hy : 1 36 9 9 9 9 —
Hy : 1 3 6 10 15 15 15 —
Hppiry 0 1 36 9 9 3 0 — .
71)
(% %
* ok
7 — * X% @
[ ] [ ] [ ]
* @ %
¥ *x o @
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Then the Hilbert functions of X, Y, Z, and R/

~—~

Ix + Iy) are

H; : 1 3 6 10 15 21 24 —
Hy : 1 3 6 10 10 10 10 —
Hy : 1 3 6 10 12 14 14 —
HR/(IX"‘IY) 1 3 6 10 7 3 0 —
72)
(% %
*
7 — * k@
® Xx @
e o o
\ k ®© e @

Then the Hilbert functions of X, Y, Z, and R/(Ix + Iy) are

Hy; : 1 3 6 10 15 21 24 —

Hx : 1 3 6 10 10 10 10 —

Hy : 1 3 6 10 13 14 14 —
HR/(IX"‘IY) 1 3 6 10 8 3 0 — .

73)

® X X @ X @

® X @ X
* @ % @

|k

Then the Hilbert functions of X, Y, Z, and R/

~—~

Ix + Iy) are

Hzy : 1 36 10 15 21 24 —
Hy : 1 36 10 14 14 14 —
Hy : 1 3 6 10 10 10 10 —

Hijir) @ 1 36 10 9 3 0 —
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