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1. Introduction

Let D be an integral domain. If D is a Euclidean domain(ED for short see
Definition 2.6) then it is a principal ideal domain(PID for short see Definition 2.5).

However, the converse is not true in general. Thus in this thesis, we give an
example of a principal ideal domain, which is not a Euclidean domain.

More precisely, the domain D is a subset of the complex numbers with the usual

operations of addition and multiplication:

b(1++/—13
D= {a + (+2) a and b are integers} .

It is easy to show that D is an integral domain with a unit. The goal of this thesis
is to show that D is a principal ideal domain(see Theorem 3.1), but it is impossible
to define a Euclidean norm on D which makes D a Euclidean domain(see Theorem

3.2).

2. Preliminary Definitions and Theorem

Definition 2.1 (Definition 19.2, [1]). If @ and b are two nonzero elements of a ring

R such that ab = 0, then a and b are divisors of 0 (or zero divisors).

Definition 2.2 (Definition 19.6, [1]). An integral domain D is a commutative

ring with unity 1 # 0 and containing no divisors of 0.
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Definition 2.3 (Definition 45.4, [1]). A nonzero element p that is not a unit of an
integral domain D is an #rreducible of D if every factorization p = ab in D has the

property that either a or b is a unit.

Definition 2.4 (Definition 27.21, [1]). If R is a commutative ring with unity and
a € R, the ideal {ra | r € R} of all multiples of a is the principal ideal generated
by a and is denoted by (a).

An ideal N of R is a principal ideal if N = (a) for some a € R.

Definition 2.5 (Definition 45.7, [1]). A integral domain D is a principal ideal

domain (abbreviated PID) if every ideal in D is a principal ideal.

Definition 2.6 (Definition 46.1, [1]). A Euclidean norm on an integral domain
D is a function v mapping the nonzero elements of D into nonnegative integers such

that the following conditions are satisfied:
1. For all a,b € D with b # 0, there exist ¢ and r in D such that a = bq + 7,
where either = 0 or v(r) < v(b).
2. For all a,b € D with b # 0, where neither a nor b is 0, v(a) < v(ab).

An integral domain D is a Fuclidean domain (abbreviated ED) if there exists a

Euclidean norm on D.



3

Definition 2.7 (Definition 47.6, [1]). Let D be an integral domain. A multiplica-

tive norm N on D is a function mapping D into the integers Z such that the

following conditions are satisfied:
1. N(a) = 0 if and only if « = 0.

2. N(af) = N(a)N(pB) for all af € D.

Theorem 2.8. If D is an integral domain with a multiplicative norm N, then

N(1) =1 and |N(u)| = 1 for every unit w in D. If, furthermore, every a such

that |N(«)| =1 is a unit in D, then an element w in D, with |N(m)| = p for a prime

p € Z, is an irreducible of D.

Proof. Let D be an integral domain with a multiplicative norm N. Then
N(1)=N(1-1)=N(1)N(1)

shows that N(1) = 1. Also, if v is a unit in D, then

Since N (u) is an integer, |N(u)| = 1.
Let m € D such that |[N(7)| = p, where p is a prime in Z.

If 7 = af where a, 8 € D, then we have
p=IN(m)| = [N(aB)| = [N(a)N(B)| = [N(a)[[N ()],

so either |[N(a)| =1 or |[N(3)| = 1.

By assumption, either « or § is a unit of D. Thus 7 is an irreducible of D, as

expected.

O
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1+\/T3]
2

Lemma 2.9. Let D =7 [ be an integral domain and U be the set of all

units of D. Then U = {£1}.

b(1++/—1
Proof. Let a = a + (+23) in U where a, b are integers. Then
b(1++/—1
N(a) = N(a+(—i_23))
(o))
2 2
= a+é Q—i—ibg
B 2 4
= 1.

1362
If b # 0, then N(a) > 3T > 1, and so b = 0. Hence a®? = 1, i.e., a = +1, and thus

U = {£1}, as we desired. O

Lemma 2.10. Let D and U be as above. Then 2 and 3 are irreducibles of D.

Proof. Let 2 =« - 3, where o, 8 € D. Then

so N(a) =1, 2, or 4.
If N(a) =1, then « is a unit in D, and if N(«) = 4 such that N(3) =1, so B is a

unit in D.



b(1+v/—13) .

in D where a, b are integers, then

Suppose that N(a) =2. If a = a+ 5

2

(o))

N(@) = N <a+ b(Hm))

5 5
N2 [(Vigb)’
BN

( b>2 1352
2.

1 2
If b # 0, then N(«a) > 3Tb > 2, which implies that b = 0. Thus, N(a) = a? = 2,

which is impossible because a is integer. Therefore 2 is an irreducible of D.

Now we shall show that 3 is an irreducible of D.

If - 8 =3, where a, § € D, then

so N(a) =1, 3, or 9.
If N(o) =1, then a is a unit in D, and if N(«) =9, then N(3) =1, so (3 is a unit

in D.
b(1+v-13) .

in D, where a, b are integers, then

Suppose that N(a) =3. fa=a+ 5
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N(a):N<a+b(1+2\/Tg)>

- a((ert)
ot (42)
3( > ”2

13b?
If b # 0, then N(a) > s 3, which implies that b = 0. Thus, N(a) = a? = 3,

which is impossible because a is integer. Therefore 3 is an irreducible of D, which

completes the proof. O

Definition 2.11 (Definition [3]). Let D be an integral domain and let D* := D—{0}.
A non-empty subset P of D* is called a product ideal of D if xy € P for all x € P

and y € D*.

Notice that D* is a product ideal.

Definition 2.12 (Definition [3]). Let S be a nonempty subset of an integral domain

D. The derived set of S, denoted by Sy, is defined by

So:={xeS|y+aD CS, for some y in D}.
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Definition 2.13 (Definition 45.1, [1]). Let R be a commutative ring with unity and
let a,b € R. If there exists ¢ € R such that b = ac, then a divides b (or a is a

divisor of b), denoted by a | b.

Definition 2.14 (Definition [3]). Let D be an integral domain.
An element z of (D*)g := Djj is said to be a side divisor of y in D provided there

is a z in D that is not in D{ such that z | (y + 2).

Definition 2.15 (Definition [3]). Let D be an integral domain. An element x of

D* is a universal side divisor if it is a side divisor of every element of D.

Theorem 2.16. Let D be an integral domain with a multiplicative norm N. If for
all pairs of non-zero elements x and y in I with N(y) < N(x), either y | x or there

exist z and w in D with 0 < N(xz —yw) < N(y), then I is a principal ideal of D.

Proof. Let I # {0} be an ideal in D. Let y be an element of I with minimal nonzero
norm, and let = be any other element of I, i.e., N(y) < N(z). In particular, for all
z, w € D, we have xz — yw = 0 or xz — yw # 0.

Note that N(y) < N(x) and 2z —yw € I for any z, w € D. However, if y { , then
there exists z and w in D with 0 < N(zz — yw) < N(y) means that zz — yw # 0.

Hence we have 0 # zz —yw € I and N(y) < N(zz — yw), then

0 < N(zz —yw) £ N(y) < N(zz — yw),
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which is a contradiction. Thus y | .

Therefore, I = (y), i.e., I is a principal ideal of D, as we wished. O

Lemma 2.17. Let D be as above. If S is a product ideal in D, then Sy is a product

ideal in D.

Proof. If x is in Sy, then z is in S and there exists y in D such that y +xD C S.
Let z be in D*. Since S is a product ideal and z is in S, xz is in S. Further,
y+ (zz)D Cy+axD C S.

This shows that SyD* C Sp; i.e., Sy is a product ideal. O

Lemma 2.18. Let D be as above. If S CT C D, then So C Tp.

Proof. If x is in Sy, then x is in S and hence in T', and there exists a y in D such

that y +xD C S C T. Therefore, = is in Ty, and Sy C Tp. O

Theorem 2.19. If D is a Euclidean domain, then there ezists a sequence, {P,}, of

product ideals with the following properties:

(iv) Let (D*) gy := Dg and (D*)(n) = D}, = (D},_y), for every positive n, the

n-th derived set Dy, of D*. Then D; C P,
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Proof. Let v be a Euclidean variation on D. For each nonnegative integer n, define
P, ={x € D* | v(x) > n}. This defines the sequence which obviously has properties
(i) and (ii). Suppose that x is in P, and y is in D*, v(zy) > v(x) > n which implies
that zy is in P,.

This shows that P,D* C P,; i.e., for each n, P, is a product ideal.

For property (iii), let = be in (P,),; i.e., x is in P, and there exists a y in D
such that y + D C P,,. Applying the Euclidean algorithm, there exist elements ¢
and 7 in D with y = z¢+r and r = 0 or v(z) > v(r). Hence, r = y + z(—q) is in
y + D C P,, which implies that v(r) > n and in turn, v(z) > v(r) > n, so that
v(r) >n+1and z is in Py4q.

This proves property (iii), (Pn)g C Pry1-

For property (iv), clearly D* = Py = {x € D* | v(x) > 0} and application of
(iii) gives D = (Py)y C P1. Assuming that D}, C P,, Lemma 2.18 and (iv) yield

Dy 1 =(D})y C (P,)y C Puy1, as we desired. O

Corollary 2.20. If D§ = (D{), # @, then D is not a Euclidean domain.

Proof. The hypotheses of this corollary implies D}, = Dy for all n. If D is a Euclidean
domain, by Theorem 2.19, we have @ # D§ = (D}, = @, which is a contradiction.

Therefore, if D§ = (D{)y # @, then D is not a Euclidean domain. O
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Lemma 2.21. Let D and U be as above. Then
(a) D =D*—-U

(b) Dg — (D§)y = the set of all universal side divisors in D

Proof. (a) If z is a unit in D, say xy = 1 for some y € D, and z is any element
of D, then z+ x(—yz) = 0 is not in D*, that is, z+xD ¢ D* for any z € D.
This shows that units are not in Djj.
If £ is not a unit in D, then using z = —1, z 4+ zy # 0 for all y in D, that is,
—1+ zD C D*. Which shows that if = is not a zero and not a unit, then x

. N
is in Dy.

(b) If z is in (Dg), then  is in D, and so there is a y in D such that y+xD C
Dy=D*"-U.

Case 1. If z = 0, then for any w € D,
ytarw#0=2z <= y#z(-w)=z(—w)+0=2z(—w)+=z
= r{y=y+0
=  zty+=z

Case 2. If z is unit, then for any w € D,
Y+ zw # (—2) — z(—w) #y+z
= iy + 2z
By Cases 1 and 2, x never divides y + z if z is zero or a unit. Thus, x is not a
side divisor of y, and therefore, not a universal side divisor.
Conversely, if  is not in (D), and it is in D, then for every y in D there exists
aw in D with y 4+ zw not in D{; i.e., y + zw is a zero or a unit, and thus z | (y + 2)

where z ¢ D§ = D* — U, i.e., = is a side divisor of y. Since this holds for every y in
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D, z is a universal side divisor.
Therefore, these two arguments show that (Dg), is the set D exclusive of the

universal side divisors, that is, z | (y +0), « | (y + unit). O

If D has no universal side divisors, then D§ = (Dg), # ©@. Therefore the corollary
will complete the proof that D is not a Euclidean domain.
Corollary 2.20 and Lemma 2.21 are now used to show that D is not a Euclidean

domain.

Lemma 2.22. Let D and U be as above. A side divisor of 2 in D is a non-unit

divisor of 2 or 3.

Proof. Let x be a side divisor of 2 in D. Then z € Dj = D*—U, i.e., = is a non-unit,
and there is an element z ¢ Djj, that is, by Lemma 2.21, z € {0} |JU = {0, £1}.

Thus z | (2 + 2), i.e.,
z|(240), z|(24+1)=3, z|(2-1)=1,

and so z | 2 or x | 3, as we wished. O

++v/-13
2

1
Lemma 2.23. Let D and U be as above. Then a side divisor of in D is

a divisor of

L+v-13 3+4v-13  —1+-13
2 2 2
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14++/—13
Proof. Let x be a side divisor of % in D.

Then, by Lemma 2.21, there exists z € {0} |JU = {0, £1}, such that

(257).

and hence

<1+\/—13> . 1+=13 3+—13 —1+/-13
2 b )

2 2 or 2

which completes the proof. O

Theorem 2.24 (Theorem 3.22, [2]). If a1, ag, ... , a, are nonzero integers, then
the equation
a1r1 + asxo + ... +apnxry, =C

has an integral solution if and only if

(a1,a2,...,a,) =d | c.

3. Some Example of a Principal Ideal Domain

which is not a Euclidean Domain

Theorem 3.1. The domain

14+v-1
D= {a + b(+23) a and b are integers}

is a principal ideal domain.
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Proof. We will show that the domain D under consideration satisfies the hypotheses

of Theorem 2.16.
Recall that N is a multiplicative norm on C. Note that IV is also a multiplicative

norm on D. Let z, y, z and w be in D. Then we observe that

0 < N(zz—yw) < N(y)

N(zz — yw)
N(y)

iff 0<N(W)<1
)

iff 0< <1

iff 0<N(x-z—w)<1,
Yy

for all z and w in D.

Let z and y be in D* and y { x, then we can write

t(1 +/—13)
e ST 24 t(14VCI8)  (2s+t) 4t/ 13
y quv(1+—\/73)  2u+v(l+v=13)  (2u+v)+ovyv/—13
2

((2s4+t) + tvV/—13) X ((2u +v) — vv/—13)
((2u+v) + vv/—13) x ((2u +v) — vy/—13)

((2s +t)(2u +v) + 13tv) + ((2s + t)(—v) + (2u + v)t)y/—13
(2u + v)? + 1302

where s, t, u, v are integers.

Let
ad = (2s41t)(2u+ v) + 13tv,

b o= (2s+1t)(—v)+ (2u+v)t,

d = (2u+v)?+ 1302
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Then we can rewrite

z _ (a+VV-13)  (a+bV/-13)

/

Y c c
where a, b, ¢ are integers with (a,b,c) = 1.
Note that
a+b/-13 = a+ 2b(1+2\/_Tg) —b
= (a—0b)+ 21)(1—1—;/?3) e D.
If c =1, then

z = (a+bv—13)y,

that is, y | z, a contradiction. Hence, ¢ > 1.

(i) First of all, assume that ¢ > 5.

By Theorem 2.24, there exist integers d, e, f such that
ae+bd+cf =1,
and by Division Algorithm, there exist ¢ and r in Z such that
ad — 13be = cq +r,

c
d < —.
and |r| < 5

Set z =d+ ey/—13 and w = ¢ — f/—13. Then



<x>.2_w _ W@.(dﬂm)—(q—f\/fa

(ad + aev/—13 + bdy/—13 — 13be)  (cq — cfv—13)
c

Cc

ad — 13be — cq + /—13(ae + bd + cf)

c
(g +r—cq+v—-13)
B c

r —13
= —+

c c

V13

= T4

c c

This complex number is not zero and has a nonzero norm

2
2 V1 241
N<x.z_w>:(7“> +< 3> _r 4; 3’
Y c c c

which is less than 1. In fact, since 72 < CZ’ c>5,
2
r2+13 7 T3 1 13 1 13 7
s p <-4 1.
2 2 4 2~ 4 52 100

The remaining possibilities are ¢ = 2, 3, or 4.

Consider these in order.

15
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(ii) If ¢ = 2, then y { z and (a,b,2) = 1, then both a and b are not even. If both a

and b are odd, then

T a+by/—13
2

(a—b)+b(1 + v/—13)
2

<a;b>+b(1+;/—TS)

a—2b

Since both a and b are odd, then a — b is even and is a integer, that is, d eD,
Y

a contradiction. Thus it is impossible that both a and b are odd.

Then we shall show that a? + 13b? = a? + b2 # 0 (mod 2).

Case 1. a =2k, b=2l+ 1. Then

a?+ 13> = a*>+b* (mod 2)
= (2k)?+ (204 1)?
= 4K+ 42 +4l+1
= 202k*+212+20)+1
Z 0 (mod 2).

Case 2. a = 2k + 1, b = 2. In this case, a® + 13b*> = a? + b #Z 0 (mod 2) by the

same idea as in Case 1.

Let a? 4 13b?> = 2¢ + r where ¢, r € Z and 0 < r < 2. Then, by Cases 1 and 2,

r=1. Set z=a—by/—13 and w = q.
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Thus,

<x>.2_w _ (““’fl?’).(a—b\/—*m)—q

a® + 13b? 2g+r
2T = —q

#0,

N3

and so

2
0<N<x-z—w>:r<1.
Y 4

(iii) Let ¢ = 3. Then we shall show that a® + 136> = a® + b? # 0 (mod 3) using
(a,b,3) = 1. Thus it is impossible that both a and b are multiple of 3.

Case 1. a =3k, b=3l+1. Then

a?+13v> = a*+b* (mod 3)
= (3k)?+ (3l £ 1)?
= 9k +912+6l+1
= 3(3k*+312£2])+1

Z 0 (mod 3).

Case 2. a = 3k £ 1, b = 3l. In this case, a® + 13b? = a® + b*> £ 0 (mod 3) by the

same idea as in Case 1.



18 Ji-Won Bang

Case 3. a=3k+1,b=3l+1. Then

a?+ 13> = a®>+b* (mod 3)
= (BkE£1)2+(31+1)?
= 9k +6k+1+92+60%+1
= 3(3k*+£2k+312+2])+2

#Z 0 (mod 3).

Let a? + 13b> = 3¢ + r where ¢, r € Z and 0 < r < 3. Then, by the above three

cases, r =1 or 2. Set z =a — by/—13 and w = q.

Thus,
bv/—13
<x>'z_w — (a+3).(a_b,/_13)_q
Yy
_ a2—|—13b2_ _3q+r
- 3 1=—5 1
r
= —-#0
370
and so

2
0<N<x-z—w>:r<1.
Y 9

(iv) If c =4, (a,b,4) = 1, then both a and b are not even.
Then we shall show that a? + 13b? = a? + b2 # 0 (mod 4).

Case 1. a =2k, b=2l+1. Then

a?+ 13 = a®>+b* (mod 4)
= (2k)?+ (20 + 1)?
= 4K+ 412 + 41+ 1
= 4K +P+1)+1
#Z 0 (mod 4).
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Case 2. a = 2k + 1, b = 2[. In this case, a® + 13b? = a® + b*> £ 0 (mod 4) by the

same idea as in Case 1.

Case 3. a =2k+1,b=2l+1. Then

a2+ 1302 = a®>+b* (mod 4)
= (2k+1)%+ (20 +1)?
= 4K+ 4k +1+4P2+4+1
= 4kP+Ek+P+1)+2
#Z 0 (mod4).

Let a® + 13b> = 4q + r where ¢, 7 € Z and 0 < r < 4. Then, by the above three

cases, 7 =1, 2 or 3. Set z =a — b\/—13 and w = ¢q. Thus,

(£) omw = T (e

a® + 13v? _dg+r
1 1=y 1

£0.

>~ =3

and so

2

x r
O<N|—-—2z— =— <1
<N (Zs-w) =<

Therefore, by Theorem 2.16, the integral domain D is a principal ideal domain,

as we desired. O

Theorem 3.2. The domain D with usual norm is not a Fuclidean domain.
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Proof. Using Theorem 2.19, Corollary 2.20, and Lemma 2.21, it can now be shown
that D has no universal side divisor.

b(1++—1
Ifx:a+(—i_23)

is a universal side divisor where a, b € 7Z, then z is a side
divisor of 2.

A side divisor of 2 in D must be a non-unit divisor of 2 or 3, by Lemma 2.22.

Note that, by Lemma 2.10, 2 and 3 are irreducible in D. In other words, any side
divisor of 2 are 2, —2, 3, and —3, by Lemma 2.9. Then x is one of the element 2,
-2, 3, or —3.

On the other hand, by Lemma 2.23, a side divisor of must be a non-unit

(14 +v/-13)
2

divisor of
(1++v-13) (3++v—-13) or (—14++/-13)
2 ’ 2 ’ 2 ’
7 11 7 . .
and these elements of D have norms of 3 o5 and 3 respectively, while the norms

of £2 and +3 are 4 and 9, respectively.

(14 /=13)
2

As a result, any side divisor of 2 cannot be a side divisor of , and thus
there are no universal side divisors in D.

Therefore, the domain D with usual norm is not a Euclidean domain. O
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