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AN INTEGRALLY CLOSED DOMAIN Z[/2p]

HYUN-NAM KONG

1. Introduction

Let Z be a ring of integers and Q be the field of rational numbers.

In this thesis, we study some properties of a ring Z[v/2p] = {a + by/2p | a,b € Z}
when p is an odd prime number.
In Section 2, we introduce some properties of integral elements, and we show that if
S is an extension ring of R and s € S and s is integral over R, then R[s] is a finitely
generated R-module (see Remark 3). And we prove that Rs = {s € S| s is integral

over R} is a ring which is integral over R (see Lemma 6).

In Section 3, we introduce integrally closed domains. We show that if D is a
unique factorization domain, then D is integrally closed (see Lemma 8). For exam-

ple, Z is integrally closed.

Let s = a+ (/pq € Q[\/pq] where o, B € Q, p and ¢ are distinct prime numbers.
We prove that if s is integral over Z[,/pq], and s € Q[\/pg] — Q, then s is a zero of
2?4+ axr + b € Z[z] with a,b € Z and 8 # 0, then a = —2«a and b = o? — pgB? (see
Lemma 18).

Using the above result, we obtain that Z[/2p] is integrally closed when p is an
odd prime (see Theorem 19).
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2. Preliminaries

First we introduce following lemmas to see some properties of integral elements.

Definition 1 (Definition 5.2, [2]). Let S be an extension ring of R and s € S. If
there exists a monic polynomial f(z) € Rx] such that s is a root of f (that is,
f(s) = 0), then s is said to be integral over R. If every element of S is integral

over R, S is said to be an integral extension of R.

Lemma 2. Let R be a commutative ring with unity 1. Suppose (b1,...,by,) is a

solution of the linear system of a homogeneous linear equation

a111 + -+ a1y, =0

an1T1 + -+ appTp =0

where a;; € R for everyi,j =1,...,n. If A= (a;;) is the nxn matriz of coefficients,
then det(A)b; = 0 for every i.

Proof. If B; is the n x n diagonal matrix with diagonal entries 1,...,1,b;,1,...,1,
then det(AB;) = det(A) det(B;) = det(A)b;. Let A; = [a14, a0, ,an]t , for every
i =1,2,...,n. To show that det(AB;) = 0, we add b; times column j of AB; to

column i for every j # i, that is,

det(ABl) = det(Al, e ,biAi, cee ,An)
:det(Al,...,blAl + by Ag ++bnAn,,An)

j #i. Since (by,...,b,) is a solution of a linear system, we have

biaiy + baaiz + - - - + bpar, =0,
biagy + baage + - - - + bpag, =0,

birant + baap + -+ - + bpan, =0,
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that is,
biAy +b2As + - + by Ap = 0.
Thus
det(Ay, -+, Ai—1,0,Ai41,--- ,Ay) =0.
Therefore, we have that det(A)b;=0 for every i, as we wished. O

Remark 3. (a) Let S be an extension ring of R and s € S. Assume s is integral
over R. Then there exists a polynomial f(z) = 2" +a,_ 12" 1+ -+a1x+ag € R[]
such that f(s) = 0. In other words, we have

" ap 18" - Fas+ag =0

= Snz—an_lsn_l—"‘_als_a()
= s"€ER-1+R-s+ -+ R-s"!
= R[s]=(l,s,...,5""!) asan R-module,

which means that R][s| is a finitely generated R-module.

(b) If S is a finitely generated R-module, then there exist s1,..., s, € S such that

S=Rsi+ -+ Rs,.

Let s € S. Since ss; € S for every ¢ = 1,...,n, we have
§$1 = @1181 + - -+ A1nSp
§82 = a2151 + -+ G2pSp
§8n, = Qp1S1+ -+ ApnSn
for some a;; € R for every 7,j = 1,...,n. Consequently, we have

(a11 — 8)81 + a1982 + -+ + A1pSn

a21581 + (a22 — 8)82 + -4 aons, =

ap151 + an2sa + -+ (apn — 8)sp, = 0.
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Let A = (a;j) be the n x n matrix and let det(A —s1,,) = v € S where I, is the n xn
unit matrix. Then, by Lemma 2, we obtain that us; = 0 for every ¢ = 1,...,n.

Now, for every t € S, there exist ¢1,...,t, € R such that

t=1t1s1+ -+ t,sn-

Hence

u-t = wu(tisi+ -+ tnsp)
= wu(tys1) + - +u(tpsy)
= ti(usi) + -+ tn(usy)
= 0410
= 0.

In other words, u annihilates S, that is, v -S = {0}. In particular, since 1 € S, we
have u =u-1=0. If f(z) = det(A — zI,,) in R[z], then either f or —f is a monic
polynomial and +f(s) = +det(A — sI,,) = £u = 0, and thus S is integral over R as

we wished.

In particular, s is integral over R if and only if R[s] is a finitely generated R-

module.

(c) Assume S is an extension ring of R and T is an extension ring of S. If S is
a finitely generated R-module and T is a finitely generated S-module, then T is a
finitely generated R-module.
In fact, suppose S = Rsy + --- + Rs, where s; € S for ¢ = 1,2,...,p, and T =
Sty +---+ Sty where t; € T for j = 1,2,...,q. Then, for every ¢t € T', there exist
bi,...,by € S such that t = byt + --- + byty. Moreover, since b; € S, for every

Jj=1,...,q, there exist a;1,...,a;, € R such that b; = aj151 + aj252 + -+ + ajpSp.
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In other words,
t = bit1+ -+ byly
= (a1181 +ai2sa + -+ apsy) - t1+
(ag181 + agess + -+ - + agpsy) - ta
(ag181 + agesa + -+ agpsp) - tg
= Y ailsiti),
1<i<p,1<j<q
which means that T is a finitely generated R-module.
In general, if S;; is an extension ring of S; and S;41 is a finitely generated S;-module

fori=1,2,...,n — 1, then S, is a finitely generated Si-module.

Definition 4 (Definition 31.3, [1]). An integral domain D is a unique factorization

domain (abbreviated UFD) if the following conditions are satisfied:

(a) Every element of D that is neither 0 nor a unit can be factored into a product
of a finite number of irreducibles of D.

(b) If p1---p, and q; - - - g5 are two factorizations of the same element of D into
irreducibles of D, then » = s and the ¢; can be renumbered so that p; and

q; are associates.

We recall some well-known results in the following remark for the rest of this

section.

Remark 5. (a) Let S be a ring extension of R. If S is finitely generated as an
R-module, then S is integral over R by Remark 3 (b).

(b) Let S and R be as in (a). Assume s1,...,s; € S are integral over R. Note

that R[s1,...,8] = R[s1,...,8i—1][s] is a finitely generated R][sq,...,s;—1]-

module. Hence, by Remark 3 (c¢), R[s1,...,s] is also a finitely generated

R-module, and so by Remark 3 (b), R][s1, ..., s is integral over R.
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(c) Assume T is an integral extension ring of S and S is an integral extension
of R. Then T is an integral extension of R.
In fact for every t € T, there exist sg,...,s,_1 € S such that sy + s1t +
coo+ 8y 1t" 1 4 ¢" = 0. In other words, t is integral over R[sg, 81, .., 8p_1]
and hence R[sg,...,Sn—1][t] = Rl[so,S1,...,Sn—1,t] is a finitely generated
R[s0, $1, - - ., Sn—1]-module by Remark 3 (a). Thus, by Remark 3 (b), R[so, - .., Sn—1, ]
is a finitely generated R-module, that is, ¢ is also integral over R.

(d) Let D be a unique factorization domain and F' be a field of quotients of
D. 1t is well-known that a nonconstant f(z) € D|x] factors into a product
of two polynomials of lower degrees r and s in F[z| if and only if it has a
factorization into polynomials of the same degrees r and s in D|x].

(e) Let D and F be as in (d) and f(x) be a primitive polynomial of positive de-
gree in D[x]. Then f(x) is irreducible in D[z] if and only if f(z) is irreducible
in F[x].

Lemma 6. Let S be a ring extension of R and let Ry := {s € S | s is integral over
R}. Then Ry is a ring such that
(a) < Rs <5,

R
(b) Ry is integral over R.

Proof. If suffices to show that Ry is a ring. For every a, 3 € Rs, note that Ra, (]
is integral over R by Remark 3 (b) (or Remark 5 (a)). In other words, o £ f,
af € Rla, (], that is, a + 3, aff € R, as we wished. O

3. Integrally Closed Domains



AN INTEGRALLY CLOSED DOMAIN Z[/2p 7

Definition 7 ([2]). (a) Let S be a ring extension of R. The ring R; of Lemma 6
is the integral closure of R in S. In particular, if R=R,, then R is integrally
closed in §S.
(b) An integral domain R is integral closed if R is integral closed in its quotient
field.

Lemma 8. Let D and F be as in Remark 5 (d) again. If s € F' is integral over D,
then s € D. In other words, D is integrally closed.

Proof. Let f(z) = 2™ 4+ ap—12" ' + - -+ + a17 + a¢ be a monic polynomial in D[z]
such that f(s) =0 and let s = 1% where p,q € D and ged(p, q) = 1.
(Note that ged(p, q) always exists since D is a UFD.)

Hence
(D" + a1 (D" 4+ ar(d) +ap=0

= ¢"+ap1¢" 'p+-+argp"  +agp” =0
= plq¢"
= pla
Since ged(p, ¢) = 1, we have p is a unit of D. In other words, s = % =plgisin D.

Hence D is integrally closed, as we wanted. O

Before we prove the main result in this section, we need the following lemma,

which we will also use in the next section.

Definition 9 (Definition 45.21, [1]). Let D be a UFD. A nonconstant polynomial
f(x)=ao+ a1z + -+ apx"

in D[z] is primitive if 1 is a ged of the a; for i =0,1,...,n.
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Lemma 10 (Lemma 45.13, [1]). If D is a UFD, then for every nonconstant f(x) €
Diz] we have f(z) = (¢)g(x), where c € D, g(x) € Dlz|, and g(x) is primitive. The
element c is unique up to a unit factor in D and is the content of f(x). Also g(x)

18 unique up to a unit factor in D.

Lemma 11 (Lemma 45.25, [1]). If D is a UFD, then a product of two primitive

polynomials in D[z| is again primitive.

Definition 12 (Definitions 29.6, 31.1, [1]). (a) An element a of an extension
field E of a field F is algebraic over F if f(a) = 0 for some nonzero
f(z) € Fla].

(b) An extension field E of a field F' is an algebraic extension of F if every

element in E is algebraic over F'.

Definition 13 (Definition 31.2, [1]). If an extension field E of a field F is of finite
dimension n as a vector space over F', then F is a finite extension of degree n
over F. We shall let [E : F| be the degree n of E over F.

Theorem 14 (Theorem 31.3, [1]). A finite extension field E of a field F is an

algebraic extension of F.

Theorem 15 (Theorem 29.18, [1]). Let E be a simple extension F(«) of a field F,
and let « be algebraic over F. Let the degree of irr(a, F') be n > 1. Then every

element 8 of E = F(«) can be uniquely expressed in the from
B=bg+bia+ - +by_1a"L,

where b; is in F'.
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Theorem 16 (Theorem 31.4, [1]). If E is a finite extension field of a field F', and
K is a finite extension field of E, then K is a finite extension of F', and

[K:F]=[K:FE]E:F)|.

Theorem 17 (Theorem 29.13, [1]). Let E be an extension field of F', and let o € E,
where « is algebraic over F. Then there is an irreducible polynomial p(x) € F|x]
such that p(a)) = 0. This irreducible polynomial p(x) is uniquely determined up to a

constant factor in F' and is a polynomial of minimal degree > 1 in F[x] having « as
a zero. If f(a) =0 for f(z) € Flz], with f(z) # 0, then p(x) divides f(x).

Lemma 18. Let p and q be distinct prime numbers.

(a) The integral domain Z[\/pq| is an integral extension of Z with quotient field
QL7

(b) Let s € Q[\/pq] be integral over Z[\/pq]. Then s is integral over Z. In
particular, if s € Q is integral over Z, then s € Z. If s € Q[/pq] — Q, then
s is a zero of x> + ax + b in Z[z].

(c) Let s = a+8,/pq € Q[\/pq] where o, B € Q. If s is a zero of 2*+azx+b € Z[x]
and 3 # 0, then a = —2a and b = o® — pg>.

Proof. (a) For every a+ b\/pq € Z[\/pq] with a,b € Z, a+ b,/pq is a zero of a monic
polynomial 22 — 2az + (a® — b*pq) € Z[z]. Hence a + b,/pq is integral over Z, Z[,/pq|
is an integral extension of Z.

Now let a+b,/pq and c+d./pq be in Z[,/pq] where a, b, ¢, and d € Z, and c+d,/pq # 0.

Then
a+by/pq _ (a +by/pq)(c — d\/Pq)
c+d\/pq ¢ — d?pq

_ac — bdpq cd — ad

+ VP € Qlyp,

2 —d?pq ¢

and so any quotient of two elements in Z[,/pq| is in Q[,/pg]. Conversely, for every
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p+qypq € Q[/pq] with p,q € Q, let p = ¢ and ¢ = § where a,c € Z and
b,d e Z— {0}.
Then

a C
PHavpl = 3+ 2VPa

ad + bey/pq
bd ’

Note that ad 4 be,/pq and bd are in Z[,/pq]. In other words, p + ¢,/pq is a quotient
of two elements in Z[,/pq]. Therefore, Q[,/pq] is contained in a quotient field of

Z[\/pq], that is, Q[/pq| is a quotient field of Z[,/pq].

(b) Since /pq is a zero of #* — pq € Z[z], we have ,/pq is integral over Z, and so
Z[\/pq] is integral over Z by Remark 5 (b).
Since Z[,/pq] is integral over Z, that is, Z[,/pq] is a finitely generated Z-module, and
so by Remark 3 (b), Z[,/pg, ] is also a finitely generated Z-module, that is, s is also

integral over Z.

Now let s € Q be integral over Z. Since Z is a UFD and Q is a field of quotient
of Z, by Lemma 8, s € Z.

Assume s € Q[,/pq] — Q. Note that /pq is a zero of 22 —pq € Q[z] and VPq ¢ Q,
that is, [Q[,/pq] : Q] = 2. In other words, Q[,/pq] is a finite extension of Q, that is, by

Theorem 14, s € Q[,/pq] — Q is algebraic over Q. Hence there exists a nonzero poly-
nomial f(z) € Q[z] such that f(s) = 0. Moreover, since s is integral over Z, we may
assume that f(z) € Z[x] and f(x) is a monic polynomial. Since Q < Q[s] < Q[/pq]
and [Q[,/pq] : Q] = 2, by Theorem 16, [Q[s] : Q] = 2. In other words, s is a zero of
a quadratic irreducible polynomial g(z) € Q[z].

Note that f(z) = g(z) - h(x) where h(z) € Qz], by Theorem 17. Note that
cg(z),dh(z) € Z[x] for some nonzero integers ¢,d € Z. Hence cg(x) = (c1) - ¢1(x),
dh(z) = (d1)hi(x) where ¢1,d; € Z are contents of cg(z) and dh(x), respectively.

Since f(x) is a monic polynomial in Z[x].
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Thus
(cd)f(z) = (cg())
( (w

dh(x
)

)
dlhl(ﬂ?))

(
)

Note that f(z) and g1(x)hi(x) are all primitive polynomials by Lemma 11. More-
over, by Theorem 17, f(x) = +gi(x) - h1(z). Without loss of generality, we may
assume that g (z) and hq(z) are monic polynomials in Z[z].

Furthermore, s is a zero of gi(x) € Z[z] and deggi(z) = 2. That is, s is a zero of
g1(z) = 2% + azx + b € Z[z].

(c) Let s be a zero of 22 + ax + b € Z[x], such that,

(o + By/PD)? + ala + By/pa) + b =0
= (o’ + pq + aa +b) + (203 + aB)\/pg = 0
= o+ /*pg+aa+b=0and 2a8 +af = 0.

Since 2a0 4+ a8 =0 and (§ # 0, we set a = —2a.. Moreover,
o + Fpg+ (=20%) +b=0

= —a?+0%pg+b=0
= b=oa®—- 3?*pq.

Therefore a = —2a and b = o — pg3>. O
Theorem 19. Let p be an odd prime number. Then Z[\/2p] is integrally closed.

Proof. First, by Lemma 18 (a), the quotient field of Z[/2p] is Q[v/2p].

Let s = a+ (8v/2p € Q[v/2p] with «, 5 € Q and s be integral over Z[y/2p]. Then, by
Lemma 18 (b), s is integral over Z. In particular, by Lemma 18 (b) again, if s € Q,
then s € Z, and hence s € Z[v/2p].



12 HYUN-NAM KONG

So, we assume s € Q[/2p] —Q. Then, by Lemma 18 (c), s is a zero of 22 +ax+b €
Zlz] with a,b € Z, and

a=—2a, b=a?—2¢6%

Assume a is odd. Let 8 =% (k,0 € Z, (k,¢) = 1).

= 2|02 (. (a,2) =1)

= [ is even.
Let £ = 2m and m € Z. Then
4b0% = a®4m? — 8qk?
& 4bm?® = a®>m? — 2qk?
= 2| a*m?

= 2| m? (. (a,m)=1)

= 2|m.
Let m = 2r and r € Z. Then

8br? = 2a2r? — qk2
= 2|qk?
= 2|k ((g,2)=1)
= 2|k

= k is even.

Thus (k, ¢) > 2, a contradiction. Hence a can not be odd, that is, a has to be even.
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Then o = —§ € Z. Since b € Z and « € Z,
b—a?=-2¢3%:=ncZ.
Let 5 = % where ¢,d € Z and (c,d) = 1. Hence

d2
c2

(—2¢q)(

= c|-2qd*=c*n

)=n

= c¢|2q (. (c,d) = (¢,d?) =1)
First, if ¢ = 2 - e for some e € Z, then
—2qd? = 4e?n

= —qd?=2e%n

= 2| (—qd®)

= 2|d® (29 =1)

= d is even.
Hence, (c,d) > 2, a contradiction.

If c=¢q- f, for some f € Z, then
—2qd*> = ¢ f*n

= 2d>=qf’n
= q|(-2d%
= qld (2,9 =1)

Hence, (¢,d) > g > 1, a contradiction. In other words, ¢ = £1, that is § = +d € Z.
Therefor s = a+(+/2p € Z[\/2p] and so Z[+/2p] is integrally closed, as we desired. [
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